PHYS220 — SCIENTIFIC MODELLING
2001
Weeks 7-12

Department of Physics, Macquarie University
Lecturer; M.S. Wheatland (E7A306)
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MATLAB will be used for all numerical work in this part of the course. Codes will be
made available at: http://www.physics.mq.edu.anfunits/phys220/lectures/msw/. For
questions concerning numerical procedures, 1 recommend:

o Press, W.H., Teukolsky, S.A., Vetterling, W.T. and Flannery, B.P. (1992) Numer-
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The codes in different editions of this book are in different programming languages.

However, the real value of the book is in its explanation of numerical methaods,
which can be appreciated without knowledge of the specific language.
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Bridgman’s proof of the Pi theorem

Reference: Bridgman, P.W., Dimensional Analysis, Yale University Press, 1931

Assume that there are n quantities o, B,...,¢, { involving the m units mi,ma,...,Mm,
such that the dimensions of the n quantities are

[e] = mfmy®..mim,
B8] = mPrm.mbe, ete

(1)

. Consider the effect of decreasing the size of the units mi, ..., My, by factors o1, ..., T,
" respectively. The new numerical values of the quantities @, §, ... will be o/, 8/, ..., where

o = zPsPlznra

g o= 2l afrmp, etc.
| ) @
. ¥
Suppose that we have a “complete equation” among the variables, i.e. a relation

$e, B,..) =0 (3)

that retains its functional form for any choice of the size of the units of the quantities.
Bridgman argues that any equation that describes a physical relationship can be put .
into a complete form. By definition we must have

$lo’,f,..) =0, (4)

or

¢ |5 057 o5 e (m?lmgﬂ...m&m)ﬁ,...] =90 (5)
Differentiating (5) partially with respect to z; gives
(xS L2 Jady (22 )a, ] + (et el B (=0 ey ]+ =0, (6)

where the subscripts 1,2, ... to ¢ denote differentiation with respect to that argument.
Setting all of the z; equal to unity gives

2 v pubgh+=0, "

Next introdnce the new variables
of =aller, pr=pit,. (3)

which evidently make o etc. of first degree in my. Under this change of variable the
derivatives in (7) transform according to

_i?_ da" 8 a’ 8 (9)
da da o oradat’ '




and hence (7) becomes

¢ ¢ _
Ba” + 3[3” =0 {10)
Next introduce the new variables
0.",’ 17 t
Zy = F, Zy = CT, Zn—-1 = '“C“,“,‘: €3))

where (" = ¢3¢ and ¢ is the nth of our original variables. The new variables are
dimensionless in my, by construction. In terms of the new variables

’ d’(aﬂ» ﬂ”) R gn) = ¢(zl CH: ZZCM, ey zn~1C”: CH)' (12)
“The function on the RHS of (12) can be shown to be independent of ¢:
. 5

31¢1 + z2¢2 +oF zn—l‘,bn—l + ¢n

=" (a1 + B2 + .o+ ") /O
= 0, (13)

6CH

using (10). Hence ¢(a’’, 5", ...,("} can be written as a function of the n - 1 variables
Z13 2%y ey Zn-1, 8BY .
‘35(0"” ”: 1y CH) = ‘I’(Z]_,Zg, ey zn—l)s ' (14)

" where the arguments z; are dimensionless i in the unit mq.

This argument can be repeated for the unit mz, taking as the startmg point the
function ¥z, 22, - — 1), and then repeated for ms, etc. The result is the “Pi
theorem,” stated below. '

Pi theorem: If the equation ¢(e, B, ..., ¢) = 0 describes a complete equation among n
variables ¢, §, ..., involving mn units, then it is equivalent to a relationship

F(H]_,Hg, sy Hn——m) =90 (15)

among n —m dimensionless variables Iy, IIa, ..., II,...,, that are formed by taking prod-
ucts of the original variables.
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PHYS220 Scientific Modelling 2001

Exercises in dimensional analysis

1. Assume that the velocity v of a surface wave in shallow water depends on the

depth d of the water, the density p of water and the acceleration g-due to gravity.

(a) Derive the functional form of the velocity.
(b} Use this result to explain why waves break as they approach the shore.

. The difference in pressure Ap between a point at a depth z and a point at the
surface of a body of water depends on the density p of water and the acceleration
g due to gravﬁ:y

: i

(a) Show that Ap - pgz. s : o R

(b) How deep ‘do you have to be to experience an increase in’ pressure of one
atmosphere? § el o

. A medical researcher studying spermatozoa determines that the speed of propa—
gation depends on the length ! of the prganism, the viscosity g of the fluid, and
the rate of expendlture of energy per unit time and per unit voluine ¢ by the
orgamsm (The speed dobs not depend on the density because on the small scales

';of _reievance, VlSCOuS forces dornmate over mert.lal forces ) s

A L1 g {XS{ ,’ ‘. P ﬁf
s (@), Detelmme how the ve}ocﬁ:y depends on p, ] and é. [Note ,u has dlmensmns
ML IT—-J} M . . . A . '.i'"-- P
(b) Ha spermatazoan begins with a total energy per unit volume €, obtain an

PUREY approxrmate expressmn for how far the orgamsm can swnn

R : L [N 4
At a critical angular speed of rotation. Q a ball of mcompresmble fuid that is sell
gr&wtatmg becomes tnstable. -Obtaid 4n expression for €, and 'show' that-ithis’

?

5.'A double pendulum (shown) mvolves two equal masses m and strmgs of equal
length I. The' system can'beé set intd motion 5o that the tiwvo masses.exhibit steady‘
oscillations with angular amplitudes 6; and 83, as shown.

oy - . -
' . i c +

i AR S S
[N . -




(b) obtain an expression for the period. [The exact answer is that there are
two such modes with periods Ty = 2w (1 :: 8, /85) /2(I/g)}*/?, where 8, /6, =

1/v2]

6. In 1908 Andrew Stephenson, a mathematics lecturer at Manchester University,
showed that a simple rigid pendulum can be maintained stably in the upside-
down position by oscillating the pivot up and down at a high frequency. For
pivot vibrations with a small amplitude @, the critical frequency w, for stability
depends only on a, the length { of the pendulum and the acceleration g due to
gravity. Determine an expression for w,. [The exact answer is w, = (2¢1)1/2/a.]
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PHYS220 Scientific Modelling 2001

Exercises in order of magnitude estimation
and simple modelling

How many rice grains would fit into a wine bottle? How many sand grains?
How many times will your heart beat in your lifetime?

Estimate the total volume of water on Earth.

How many cows would a meat-eater consume in their lifetime?

Estimate the number of piano tuners working in Sydney. [This question has been
used in job interviews by Management Consultancy companies.]

DNA can be crudely modelled as a cylinder with radius 7.9 x 104 pn. A typical
cell nucleus has radius 1.7 ym. If a DNA molecule is 1.5m long, what fraction of
a cell nucleus is DNAY

. Suppose you are standing on a hill 100 m above sea level looking out to sea. How

far away is the horizon?

. Around 230 BC Erastothenes estimated the radius of the Earth, based on the

following observation. At noon during the northern Summer solstice (i.e. when
the Sun follows its most northerly path in the sky), the Sun is dirvectly overhead
in Syene, whereas at the same time the Sun’s rays are inclined to the vertical
by 7.2 degrees in Alexandria, which is 787 km due north of Syene. Reproduce
Erasthothenes’ estimate. [The actual radius of the Farth is about 6380 km. What
is the percentage error in Erasthothenes’ result?}

. Aristarchus was a contemporary of Erastothenes, who estimated the distance to

the Moon in the following way. The duration of a lunar eclipse (when the moon
passes through the Earth’s shadow) is about 3 hours. Use this value to estimate
the ratio of the radius of the Moon’s orbit to the radius of the Earth. Hence use
Erastothenes’ value for the radius of the Earth to obtain the distance to the Moon.
[The average value for the orbital distance is 384000 km. What is the percentage
error in Aristarchus’ result?]
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After 10 tosses (3 heads)
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posterior probability distribution

bias

After 100 tosses (24 heads)
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posterior probability distribution




biased_coin.m

Bayesian treatment of a biased coin, following D.S. Sivia "Data Analysis
{A Bayesian Tutorial),* Clarendon Press, Oxford, 1996. A certain number of
tosses of a biased coin are simulated. Based on the results, the posterior
probability of the coin having a given bias is calculated, for a uniform
prior and for a Gaussian prior.

P P P o0 0P 9P OP oGP 4P

M.8. wheatland, 20 April 2001

NT0SS=100; % number of tosses
BIaS=0.25; % bias in coin

STEP=0.01; % plotting step
SIGMA=0.2; % width of Gaussgsian prior

% generate uniform deviates

x=rand{1,NTOS558};

bvals=f0:8TEP:1]; % bias values for plot
nn=size(bvals);

m=nn{2};

prob_unif=0*bvals;

prob_gauss=0*bvals;

prior_unif=ones (nn};

prior gauss=exp({-{bvals-0.5}.*{bvals~0.5)/(2*SIGMA"2)});
prior_gauss=prior_gauss/{STEP*sum{prior_gaugs}); % normalise

r=0; % counter for number of heads
for i=1:NT0SS, % at cach toss evaluate posterior probabilities...

1f{x{i)<BIAS} % if toss is heads
rart+l;
n=i;
else % if toss 1s tails
n=i;
end
for j=1:nn, % work out posterior probabilities
prob_unif{3)=prior_unif (3) *(bvals{j)*ri*{1l-bvals{j}}~(n-r);
prob_gause{j)=prior_gauss{j)*(bvals({j} r)*{1l-bvals{j}) )}~ (n-xr}:
end

nprob_unif=prob_unif/{STEP*sum{prob_unif)}; % normalise
nprob_gauss=prob_gauss/ (STEP*sum{prob_gauss}}; % normalise

% plot
plot{bvals,nprob_unif, '+’ ,bvals,nprob_unif,bvals,nprob_gauss, ‘o’ ,bvals, ...
nprob_gauss, bvals,prior_unif,’~* . bvals,prior_gauss,’'~."'} %

title{{'After *,num2str{i},’ tosses (’,num2skr(r},’ heads)’])
xlabel{'bias‘}

vlabel ('posterior probability distribution’)

pause(0,001) % pause to allow animation effect

end

% reset random number generator, so different results are obtained

rand(’'state’,sum(100%clock}}
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Fic. 1.3. Flow (cars per hour) versus vehicle concentration (cars per

mile) for the Lincoln and Holland Tunnels. The Lincoln Tunnel data are

those of Greenberg (1959). The solid curves correspond to least squares
fits of the reciprocal-spacing car-following model to the data.
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Fig. 1.6. Data on speed (feet per second) versus vehicle concentration
(cars per mile) plotted together with two speed-concentration relations
derived from car-following models. The data were obtained in the Holland
Tunnel. The solid curve is based on the reciprocal-spacing car-following
model and the dotted curve is from Edie’s model (see Section 1.2).
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PHYS220 Scientific Modelling 2001
Assignment 2 — due Monday May 21

1. For a certain ‘fractal’ curve, it is found that the measured length [ of the curve is proportional
to 7%, where § is the length of the ruler used in measuring the length, and « = 0.3, Given
that ! has dimensions L and 6% has dimensions I,~%, how can this be?

2. Consider a sphere moving through air.

{a) For small spheres at low speeds, viscous forces dominate over inertial forces. In this
case the drag force £p on the sphere can be assumed to depend on the viscosity p, the
radius r of the sphere and the velocity v of the sphere, and does not depend on the air
density. Using dimensional analysis, derive an expression for Fp.

{b) For larger spheres at higher speeds, the viscosiiy is not important, and the force Fp
depends on the air density p, the radius r of the sphere and the velocity v of the sphere.
Using dimensional analysis, derive an expression for Fp.

The expression derived in (a)} is appropriate to describe the force which keeps the water
droplets in clouds suspended in the air, and the expression derived in (b} describes air
resistance on macroscopic falling objects, e.g. sky divers.

3. Give an order of magnitude estimate of the total mass of air in the Earth’s atmosphere.

4. The NSW RTA recommends that drivers maintain a time interval of ai. Jeast A¢ == 35 between
themselves and the car ahead. We take this to mean that there is at least three seconds
between when the rear of the car ahead of a driver passes a point on the road and when the
front of the driver's own car passes the same point.

Consider an equilibrium situation involving *‘RTA drivers’ (i.e. drivers who maintain a gap
of exactly three seconds whenever possible) all moving with the same speed.

(a) Derive a velocity-density relationship for these drivers, taking into account the existence
of a speed limit on the road. Your expression for the velocity ¥ should depend only on
the speed limit v, the density p, the interval At and the length I of the cars.

(b} At what density is the velocity zero? Is this reasonable?
(¢) Write down the flux-density relationship for the RTA drivers.
{d) Sketch the velocity v and flux F as functions of p.

(e) For vjim = 60kmh™! and [ = 4m, how does this model compare with the ‘follow-the-
leader’ model presented in the lectures? Specifically, is the maximum flux better or
worse?
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‘Fig. 6.1. Growth of Paramecium populations grazing a vegetation

FIG. 3.1 -renewed at a constant rate.
Growth of sunfiower plants. Data of Reed and Holland. (From Lotka 1956.) i

Town Bowrks, p. 27
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populations N,P (non-dim.)

Lotka—-Volierra solution (abar=0.5} Phase space diagram
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% predator_preyl.m
g .

% Selve non-dimensional Lotka-Volterra equations
%
% M.S5. wWheatland, 2 May 2001

global a % makes this variable global so it is visible to fn defining
- % RHS of CDEs

a=0.5;

H0=0.5;

PO=0.5;

FTMAX=30; % maximum value of non-dimensicnal time

options = edeset{‘RelTol*,le-4, ‘AbsTol’, [1a-4 le-4]); % specify accuracy

% solve for t=0 to 10, using built-in procedure odeds
% RHS of ODEs is in letka_volterra.m

It,y1=0dedS(*lotka_volterra‘, [D TMAX}, [ND POJ);
% plot resuits

subploc{i, 2,1}
plot{t,y(:, 1), = t,y{:,2), -~}

*label{'time {non-dim.}"}

ylabel{'populations N, P {non-dim, )"}
title{[‘Lotka-Volterra solutien (abar=‘,numstr{a},*}'}}
subplet{1,2,2}

plotiy{:, 1), ¥(:,2},70)

xlabel (*prey population M (non-dim.)'})

ylabel!'predator population P inon-dim,}*}

title(‘Phase space diagram’)

function dy=lotka volterra(t,y}

% R.flis of Lotka-Volterra ODEs

global a % recognise these variables from maim program
dy=zerosi2,1}; % define colunn vector

dy{1p=(1-y{2)} *¥{1);
dy(2y=-a*{1-y{1))*y{2};

qure 3.3
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PIHYS220 Scientific Modelling 2001
Assignment 3 — due Monday June 4

1. The logistic equation introduced in lectures was

1 dN
By making the replacements
dN Ny — N;
i T At

discretise the logistic equation and put it into the form of the logistic map,

N - N;

Tipr = (1 — 2, (2
where z; = N; /A for some factor A,

(a) Identify the factor A and the coefficient 7 (they depend on Ny, a and At).

(b} Use the result of {a) to explain why an accurate numerical solution of Equation (1)
using the discrete version (2) will not produce limit cycles or chaos. (You may need
some results concerning the logistic map from Bairy’s half of the course.)

2. State whether the following populations are best described by a differential equation or by
a (finite-step) difference equation:

{a) a small population of mammals,
(b) Pacific salmon that spawn once a year, with the adults dying shortly after spawning,
{¢) bacteria in a Petri dish, with a very large growth rate.

Also, which of the above could (in principle} produce chaotic behaviour?

3. Consider the variation on logistic growth,

LV ap-yy) ®

(the “crowding” depends on the square of the population).
(a) Write down the ODE satisfied by v = N2,

(b} Using the result of (a) or otherwise, solve Equation (3) subject to N = Ny ai £ = 0.

{¢) Sketch the solution found in (b} for N, >» Ny, and on the same graph show the solution
to the logistic equation (1) (for the same values of o, N, and Ng).

4. The Lotka-Volterra equations may be written

N
E = (al—blP)N
‘i_f = (~az+bN)P. (4)

Show that trajectories {in the phase space) of solutions to Equation {4} satisly
el N+aylnP-—bN-P+C =0,

where C is a constant which labels a solution for a given N(0) and P(0).
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PIIYS220 Scientific Modelling 2001
Assignment 2 — due Monday May 21

. For a certain ‘fractal’ curve, it is found that the measured length ! of the curve is proportional

to §7%, where 4 is the length of the ruler used in measuring the length, and o =~ 0.3. Given
that [ has dimensions L and 6~ has dimensions L%, how can this be?

. Consider a sphere moving through air.

(a) For small spheres at low speeds, viscous forces dominate over inertial forces. In this
case the drag force Fp on the sphere can be assumed to depend on the viscosity g, the
radius r of the sphere and the velocity v of the sphere, and does not depend on the air
density. Using dimensional analysis, derive an expression for Fp.

(b} For larger spheres at higher speeds, the viscosity is not important, and the force Fp
depends on the air density p, the radius » of the sphere and the velocity v of the sphere.
Using dimensional analysis, derive an expression for Fp.

The expression derived in (a) is appropriate to describe the force which keeps the water
droplets in clouds suspended in the air, and the expression derived in (b) describes air
resistance on macroscopic falling objects, e.g. sky divers.

. Give an order of magnitude estimate of the total mass of air in the Earth’s atmosphere.

. The NSW RTA recommends that drivers maintain a time interval of at least Af = 35 between

themselves and the car ahead. We take this to mean that there is at least three seconds
between when the rear of the car ahead of a driver passes a point on the road and when the
front of the driver’s own car passes the same point.

Consider an equilibrium situation involving ‘RTA drivers’ (i.e. drivers who maintain a gap
of exactly three seconds whenever possible) all moving with the same speed.

(a) Derive a velocity-density relationship for these drivers, taking into account the existence
of a speed limit on the road. Your expression for the velocity v should depend only on
the speed limit vy, the density p, the interval At and the length I of the cars.

(b} At what density is the velocity zero? Is this reasonable?
{c) Write down the flux-density relationship for the RTA drivers.
(d) Sketch the velocity v and flux F as functions of p.

{e) For viim = 60kmh~! and | = 4m, how does this model compare with the “follow-the-
leader’ model presented in the lectures? Specifically, is the maximum Bux better or
worse?
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PHYS220 Scientific Modelling 2001
Assignment 3 — due Monday June 4

. The logistic equation introduced in lectures was

1 dN

Ao = all = N/N.). (1)

By making the replacements

dN Ny~ N

w0 a0 N
discretise the logistic equation and put it into the form of the logistic map,
Tip1 = (1 — )z, 2)

where 2; = N; /A for some factor A.

(a) Identify the factor A and the coefficient r {they depend on N,, a and' At).

(b) Use the result of (a) to explain why an accurate numerical solution of Equation (1)
using the discrete version (2} will not produce limit cycles or chaos. (You may need
some resulis concerning the logistic map from Barry’s half of the course.)

. State whether the following populations are best described by a differential equation or by

a (finite-step) difference equation:

(a) a small population of mammals,
(b) Pacific salmon that spawn once a year, with the adults dying shortly after spawning,
{c) bacteria in a Petri dish, with a very large growth rafe.

Also, which of the above could {in principle} produce chaotic behaviour?

. Consider the variation on logistic growth,

1 dN

~ o = e[l (V/NL)] (3)

(the “crowding” depends on the square of the population).

(a) Write down the ODE satisfied by u = N2,
b) Using the result of {a) or otherwise, solve Equation (3) subject to N = Ny at ¢t = 0.
i3

{c} Sketch the solution found in (b} for NV, » Ng, and on the same graph show the solution
to the logistic equation (1) (for the same values of a, N, and Ng).

. The Lotka-Volterra equations may be written

AN
h&? = (almblP)N

1P

f&? = (—az+bN)P. (4)

Show that trajectories {in the phase space) of solutions to Equation (4) satisfy
aeInN+tamP-bLN-LP+C =0

where € is a constant which labels a solution for a given N(0) and P(0).
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PART B:
Solve any two of the following three problems

‘{%‘. {a} (b marks)
A medical researcher studying spermatozoa determines that the speed of propagation
depends on the length ! of the organism, the viscosity p of the fiuid, and the rate of
expenditure of energy per unit time and per unit volume ¢ by the organism. (The speed
does not depend on the density because on the small scales of relevance, viscous forces
dominate over inertial forces.)

/ ‘3 Lo Usc dimensional analysis to determine how the velocity depends on H, land & Ifa
“spoiiatazoan begins with a total energy per unit volume €g, obtain afi approximate
z < o  expression for how far the 01ga"hlsm can swim.

(b) (5 marks)

Suppose that an alien is attempting to determine the formula describing the gravi-

tational force F' between two small point masses m1y and ma. The alien has worked
/ (% 4# out that the force depends on the masses, a dimensional constant she calls G (with

dimensions M~1L3T~?), and the distance r between the masses, The alien applies di-

mensional analysis to determine how F' depends on the other quantities. What will she

discover? Describe briefly how the alien could perform experiments involving varying
/ o H only one of the quantities to guess the exact form of the relationship.

{¢) (5 marks)
Estimate the number of cells in your body (a typical cell has diameter 50um).

{d) (5 marks)

-~ Recall the Bayesian treatment of a biased coin given in lectures. It was shown that
the posterior probability of the bias of a coin {the bias is the probability of a head in a
single toss) being H given r heads in n tosses is

2 .
‘) P(H|r heads in n tosses) o« H"(1 — HY* " f(H).
.

where f(H) describes the prior probability assigned to a bias H. Show that for a
uniform prior the most likely value of the bias is H, = »/n. ~What about for an .
albltlaly f(H )7 T
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5 Consider the ‘follow the leader’ equilibrium traffic model introduced in lectures, involving
the free parameters im, pmax and A. The following questions concern this model.

(a) (10 marks)
Work out the time At between when the rear of & driver's car passes a point on the road

and when the front of the following driver’s car passes the same point, as a functwn "

mw_ of speed v.. (Your answer should depend on v, puax, A and I, the length of "a"car.)
N Explalml} the behaviour of At as v — 0, Plot At versus v/win, using the values of the
" free parameters given in the lectures for Holland tunnel traffic and assuming { = 4m

{you may use a computer for this step if you wish). How does the time At compare

with that 1ecommenq"ed by the RTA? What can you infer about the way drivers dnve?
(bY (5 marks) -

Assuming that the follow-the-leader flux vs. density relationship also holds in time-
dependent situations, work out the speed of small amplitude density disturbances in
o S108HC Sketch this speed as a function of p. Show that this speed is zero when the flux”
is a maximum,. -

A

e, o
T oo e 1=

{c) (5 marks) ; S —
Consider traffic waiting at a set of traffic lights, which can be modelled by the initial
density profile

— _ Pmax if < 0
p(w’t‘e)‘{o ife>0.

The lights change to green at time £ = 0. Show that the information that the lights

& ha\re changed propagates backwards through the queue.of traffic with speed A, and the
- “same information propagates fo1wa1ds into the apen road with speed v;,.
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é@j Consider the following modification of the Lotka-Volterra equations:

anN

E = (ﬂ1—b1P)N+T

dP

& = (CaztbN)P, (1)

where the symbols have the same meaning as in lectures. The extra term r is a positive
constant which describes a rate of migration of prey into the ecosystem.

4" {g \:{“ . (a) (b marks)

Flany doowk Tos Determine the equilibrium point(s) for Equations (1). b ltaanpady de {2”;
W&o vaplals (b) (5 marks)
pa, 2arel 2 41 Non-dimensionalise the ODEs (I). A suitable non-dimensional version of r is § =

7‘bg/(a1 (12).

(¢} (5 marks)
Numerically solve the non-dimensional ODFEs obtained in (b} for a choice of initial
conditions and for § == 0.2. Briefly explain the method used and show the results. (A
Aﬁf‘ :.ﬁ'/“) suitable procedure would be to modify modify one of the MATLAB scripts provided
on the web.) Briefly describe the behaviour of the system, and comment on what it
{ _says about, th@#smtabihty« of-the Lotka-Volterra . equations to describe real predator-prey
ecosystems

{d) {5 marks)
Confirm the result found in (c) using a stability analysis about an equilibrium point,
assuming § < 1.
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bredator;preyz.m

%
%
% Solve non-dimensional modified Lotka-Volterra equations, with the prey
% following logistic growth {in the absence of predators).

%

%

M.S. Wheatland, 9 May 2001

global a DELTA % makes these variables global so they are visible to
% the function defining the RHS of ODEs

a=0.5;

DELTA=0.2;

N0=0.5;

PO=0.5;

THAX=50; % maximum value of non-dimensional time

options = odeset('RelTol’,le-4, ‘AbsTol’, [1e-4 le-41); % specify accuracy

% solve for t=0 tc TMAX, using bullt-in procedure oded5
% RHS of ODEs is in lotka_volterra_mod.m

{t,yl=odeds{’lotka_volterra _mod_e’, {0 TMAX], (NG PQ});
% plot results

subplot (1, 2,1}

plotit,y{:, ), ', t,¥yi:,2),'--"}

xlabel{’time (non-gim.)")

vlabel {‘populations N,P (non-dim.)}’)

title{f'Mod. L-V {a=',numistxr{a}l,’ delta=’,num2str{DELTA},’}'])
subplot{l,2,2)

plotiy{:,1},v{:,2}}

xlabel {‘prey population N {non-dim.}’}

vlabel {predator population P (non-dim.)}')

title('Phase space diagram’}




Eﬁnction dy=lotka_volterra_mod _e{t,y)
% RHS of modified Lotka-Volterra ODEs
global a DELTA % reccgnise these variables from main pregram
dy=zerosg(2,1}; % define column vector

dy(1)=(1-y(2})*y (1) +DELTA;
dy(2)=-a*{1-y {1} ) *v{2};




populations N,P (non—dim.)

2.5

Mod. L-V {a=0.5 delia=0.2)

T T

[
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Phase space diagram
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Linear second order ODEs

Reference: Zwillinger, D. Handbook of Differential Equations, Academic Press Inc.,
Boston, 1984

The treatment of linear stability analysis in the lectures involves solution of second
order linear ODEs. The general form is:

d’y  dy

@—Fa;—f;%-by:o, . (1)
where @ and b are constants. Substituting the trial solution y = Ce*® leads to the
charecteristic equation

M 4aed+b=0, (2)
which is a quadratic with solutions
~a =+ /a2 - 4}
A= TR 3)
The general solution to (1) is then
y = Crett® 4 C_et-?, {4)

where C.. are constants.
An important speeial case is when a = 0, L.e. when we are solving

- +by=0. {(5)

In this case the solutions to the characteristic equation are Ay = %(—b)1/2, There are

two possibilities that you should learn to recognise, as follows.

1. If & > 0, then writing b = k% where k is a positive constant, we are solving
Py 2
P +ky=0

The solutions to the characteristic equation are Ay = £{(—£)/? = ki, and
the general solution to the ODE is y = Ce*® + C_e~ %%, Noting that e =
cos@ + isind it follows that the solution can be written in the form

y = Acos(kz) + Bsin(kz) = A cos{kz + 4),

where A, b, and A’ are constants. For our purposes the solutions are always real,
80 the constants will be real.

2. If b < 0, then writing & = —&? where k is a positive constant, we are solving

&y

2,
o —k*y =0

The solutions to the characteristic equation are Ay = +(A%)}/2 = %k, and the
general solution to the ODE is y = C'.ef* + C_e~k2,
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