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1. INTRODUCTION

In his 1968 paper [2], R.L. Guernsey de-
rived the dispersion relation for surface waves
on a semi infinite plasma confined by a perfect
reflecting wall. The aim of the current project
is to extend these results to the case of a fully
degenerate electron gas described by the unit
step function (a limiting case of the Fermi-
Dirac distribution). By only considering the
effects of the distribution function we are able
to use the results derived by Guernsey from
the “classical” formalism of the Vlasov equa-
tion. However the conclusions we ultimately
draw are limited by the fact that we are us-
ing a semi-classical description which neglects
some “quantum” effects.

2. BACKGROUND

Surface wave behaviour is an important
factor in many practical applications of
plasma. Although the electromagnetic field
arising due to surface waves is highly localised
in space to the boundary of the plasma (de-
caying exponentially or faster with distance
from the boundary) this field will determine
how the plasma responds to an applied elec-
tromagnetic field. The effect of such exter-
nal electromagnetic waves on the surface of
a plasma (whether or not they occur due to
surface waves of another plasma) will be de-
termined by nonlinear interactions with the
plasma surface waves.

The results on dispersion relation de-
rived in [2] are established for a classical
Maxwellian plasma, an appropriate model to
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describe the behaviour of an electron gas un-
der standard conditions. By extending these
results to the case of a degenerate Fermi-Dirac
plasma, we have an appropriate model to ap-
ply to the case of an electron plasma inside a
volume of metal under standard conditions.

3. THE VLASOV-POISSON EQUATION

Consider a plasma composed of electrons
characterized by the electron charge e, mass
m and unperturbed density n against an im-
mobile background of ions. In addition to this
we will make a simplifying assumption about
the electronic distribution function, specifi-
cally that it can be written as a sum of an
unperturbed equilibrium function fo(v) and
a time dependent perturbation f(v,r,t) small
in comparison to fo.

F(v,rt) = fo(v) + f(v,r, 1) (3.1)

Working in three dimensional Euclidean
space the plasma is confined to the region
x > 0 by a perfect reflecting wall on the
boundary formed by the yz plane. With the
condition for reflection at the boundary given

by:
FO, —u, Ry, vy, ) = £(0,u, Ry, vy, 1) (3.2)

We will refer to the velocity component per-
pendicular to the boundary by v or v, and the
two velocity components in the plane paral-
lel to the boundary by v|. Similarly we refer
to the distance component perpendicular to
the boundary by x and the two distance com-
ponents in the plane of the boundary by Ry
The linearized Vlasov-Poisson equation (as-
suming no applied electromagnetic field and
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neglecting relativistic effects) for this geome-
try is given by:

—) [z, u, Ry, vy, 1)

/ dx’ /d2R||f93 u', Ry, v, 1)

1 0

&B \/(RH _ R1|)2 +(z — )2 ou

n 0 1 -0
OR; \/(RH R+ (z—a)2) OV
. fo(u, VH). (33)

The subtle difference between this and the
normal Vlasov-Poisson equation is the fact
that the integral involving the spacial compo-
nents is taken over the half space from x = 0
to x = co. As pointed out by Guernsey in [2]
it is this integral that leads to surface wave
solutions.

Following the procedure in [2] we will ap-
ply a Laplace transform with respect to time
since we are concerned with the initial value
problem for a given initial perturbation to F'.
In the spacial components R, parallel to the
boundary we can clearly proceed with a dou-
ble Fourier transform since f is defined in the
whole R plane. To this end we define:

flzou, v kp,w) = /00 dt exp(—iwt) /d2R||
0
: exp(—z’kH . R”) f(l’, U, V|| RH,t) (34)

for the region x > 0 as a consequence of the
definition of f. The subtlety arises in the
treatment of f; while it would seem obvious
at first glance to take a Laplace transform of
f with respect to z this neglects the impor-
tant fact that we do not know the value of f

for x = 0. We do however have the condi-
tion for reflection at the boundary given by
equation 3.2. In light of these conditions we
define the function f as the continuation of
f into the left half-plane x < 0 such that
it is continuous, satisfies the condition 3.2 at
x = 0 and satisfies equation [2, Equation (8)]*
which reduces to equation [2, Equation (4)]
(the transform of equation 3.3) in the region
2 > 0. Such a function f will now be defined
for all x and accordingly we may now take the
Fourier transform of f:

o0

flu, vk k) :/_

oo

(3.5)

This leads naturally to the definition of the
transformed charge density, explicitly:

1% /(k) = e/du dQVHf(u,VH, kJ_, kH>‘ (3.6)

Next we define two functions of interest which
will form part of the denominator of p ' (the
context in which these functions arise is ex-
plicitly given in [2]). The first being the Lan-
dau denominator given by:

4me? dgvk. 2 fo(v)
k-v—w

. (3.7)

The second being the function whose roots
give rise to surface wave solutions given by:

Ry [k (1
o) k2 Aw, k) )

(3.8)

e(w, ky) =

4. DEGENERATE PLASMA

To model the statistical behaviour of a
fully degenerate electron gas we consider the
Fermi-Dirac distribution. This is based on
the semi classical description of electrons as
wave functions which obey the Pauli exclu-
sion principle. This leads to degenerate be-
haviour as temperature approaches zero since

1Guernsey has used the subscript notation L for components parallel to the boundary and || for components
perpendicular to the boundary, the opposite of what has been used here.

dx exp(—ilﬁx)f(x, u, v, k).
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only two electrons of opposite spins can oc-
cupy any single energy state. The equilibrium
distribution function is given by:

1
fo(v) = exp (m(v? — v2)/2kpT) + 1

(4.1)

where T is the temperature, kg is the Boltz-
mann constant and v is the Fermi velocity.
In the limit T — 0 or when T" << wvp this
becomes the degenerate distribution:

—é:vg, ifv<ovp
fo(v)—{6 ) if v>uvp
n
3TVR

where H(x) is the Heaviside step function.
This step function, constant up to the Fermi
velocity corresponds to the phenomenon of
Pauli blocking of electrons in a degenerate
electron gas.

Substituting this function for fy in 3.7 we
obtain:

127ne*  6mne’w w — kvy
1 1 R S— 4.3
i k2mu} * k3mu?, °8 </ﬂ)p +w) (4:3)
applying the change of variables @ =
and k = k),, where

w

P

_ [4mne? N — VR
Wp = ) d —

m o3

we obtain a dimensionless expression for A in
terms of the scaled variables:

) ) e
k2 k3243 @+ 3k
(4.5)

(4.4)

I

Al@, k) =1

5. MAXWELLIAN PLASMA

To facilitate a comparison between the clas-
sical and the semi-classical cases we consider
the Maxwell-Boltzman distribution given by:

folv) =n (%) exp (‘?T“Q) (5.1)

wleo

where T is the temperature of the plasma.
Which describes a system of classical parti-
cles close to thermal equilibrium.

We apply a change of variables as above
where w), is identical and \,, is given by:

V2T

Ay, = 2
T (5:2)
to obtain A in a dimensionless form.
. ~ 2
A(a),k):1+3+~2w mM
k2 k3w v, — w/k
(5.3)

6. SURFACE WAVE SOLUTIONS

We are particularly interested in how the
surface wave components of the solution
evolve with time. The time behavior of
the solution is given by the inverse Laplace
transform which is an integral along the line
(iy — 00, iy +00) in the complex @ plane such
that all poles w, of the transformed function
satisfy Re(w,) < 7.

N 1 177400

27 iy—00

where p ' is the transformed charge density
function. It is important to note that a pole
at w = a + b corresponds to a solution which
behaves like e?*e,

By applying a method similar to that used
in [3] we deform the contour of integration
such that v — —oo but the contour still
passes above each pole of p’. This allows us to
consider the dominant behaviour determined
by the pole with the largest real component,
as all other poles will correspond to terms in
the solution that become exponentially small
compared to this dominant behaviour as they
are more highly damped with time.

Following the reasoning laid out in [2] we
expect all singularities of p " to be due to one
of the following:

(i) the singularities arising due to the
transform of the initial perturbation,



these will be damped out in a few
plasma periods.

(ii) the roots of A(w, k) = 0 which corre-
spond to dispersion relation for bulk
waves in the plasma.

(iii) the roots of (@, INCH) = 0 which corre-
spond to surface waves on the bound-
ary of the plasma.

As a preliminary exploration of the disper-
sion relation for degenerate plasma we con-
sider the case of real wave vector k and angu-
lar frequency w + ¢0 with infinitesimal imagi-
nary part (this is used to avoid a divergent
integral for A in 3.7). By considering the
mazimum modulus principle we know that all
maxima and minima of analytic functions de-
fined on an open domain occur at the bound-
ary of said domain. We expect the function
1/€(@, kyj) to be meromorphic on the complex
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w plane, that is analytic on the open domain
defined by the w plane excluding the singular
points. This reasoning allows us to conclude
that any maxima of 1/e(@, k) along the line
of real w is caused by a pole ‘close’ to the real
axis (although we cannot say how close). Fur-
thermore we can associate the real component
of the singular point with the position of the
maximum on the real w axis as an approxi-
mation of angular frequency when we neglect
the damping effects.

7. RESULTS

Using numerical integration of the e func-
tion for the A functions derived in Equations
4.5 and 5.3 we look for the minima of |e| along
the real axis of the complex @ plane for vari-

ous values of k.

L
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Fig. 1: |e| vs @ for k = 0.1, degenerate
plasma

For small & = 0.1 we see a clear mini-
mum of |¢| for both the degenerate (Fig.1) and
Maxwellian plasma (Fig.2) which also appear
very close on the @ axis since both dispersion
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Fig. 2: |¢| vs @ for k = 0.1, classical

plasma

curves approach @ 12 as k — 0. Even

in this case it is evident that the minimum
of |e¢| for the Maxwellian plasma is slightly
less prominent than that of the degenerate

plasma.




SURFACE WAVES IN DEGENERATE PLASMA 5

20 20

L L L L L L Loy L L L L L L Loy
oo [} 04 LX) ng 10 12 oo [} 04 LK ng 1n 12

Fig. 3: |e| vs © for k = 0.5, degenerate ~ Fig. 4: [¢| vs & for k = 0.5, classical
plasma plasma

For a larger k = 0.5 we observe in Fig.3 minimum, while in Fig.4 it is clear that the
that |e| for degenerate plasma retains a clear minimum of |e| for Maxwellian plasma be-
comes much less distinct.
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Fig. 5: & vs k dispersion plot, degener- Fig. 6: @ vs k dispersion plot, classical
ate plasma plasma
In Fig.6 and Fig.7 we present contour plots 8. DiscussioN & CONCLUSION

of 1/|e| in the real &k plane for degenerate and
Maxwellian plasma respectively. Very close
contour lines correspond to the maximum of
1/|e|; indicating a minimum of |¢| and hence
an approximate dispersion curve for the roots
of |e| in the @ vs k plane.

While the plots above describe the approx-
imate relationship between the angular fre-
quency and wave vector along the surface of
the plasma, we can also extract some quan-
titative information about the damping rates
of surface waves. From Fig.4 and Fig.6 it is
clear that for values of k above 0.6 there are
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no clear minima of |¢| on the real @ line, this
implies that surface waves corresponding to
these wave numbers will be highly damped.
From Fig.3 and Fig.5 we can see that the sur-
face waves on a degenerate plasma are less
heavily damped since the plots retain the ap-
pearance of clear maxima/minima. Similarly
for degenerate plasma we have observed that
for values of k£ above 2 there are no clear min-
ima of |e| on the real @ line and hence we ex-
pect the surface waves corresponding to these
wave numbers to be heavily damped. This
differs significantly from bulk waves in degen-
erate plasma which are virtually undamped.

In the discussion given thus far we have
only compared the e function of the degener-
ate and Maxwellian plasma in terms of their
dimensionless units. however we have used
different normalisations for the two different
dimensionless k with the ratio of normalisa-
tion factors given by:

A VOET omT (8.1)
)\d - UF\/E’ N h(37r2n)1/3 '
where the Fermi Velocity is vp =

A(372n)Y3 /m. Substituting some character-
istic numerical values for metal plasma into
this expression we obtain:

h=1.055x10"%erg-s, m=9.11x10"2 ¢
T =293 K, -3
Am

d

n = 10%% em

= 1.8 x 107 KY2erg=1/? (8.2)
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which implies that a direct comparison of
the dispersion curves for the degenerate and
Maxwellian is not practical since they are of
vastly different magnitudes. From this we
expect that surface waves on a Maxwellian
plasma will oscillate with a much higher an-
gular frequency than those on degenerate
plasma in response to the same wave vector.
A natural extension of this work would be
to look at the explicit damping co-efficients
for each wave vector rather than the qualita-
tive suggestions we have provided currently.
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