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Renormalisation



Hilbert space




Like the toric code:



what lives on the edges?



Position basis




Particle on a sphere
S —

\
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(SU(2) is diffeomorphic to the sphere S8)



(cf. toric code: G = Z»)



Hilbert space: edge

) = /w(u>|u> dU

He =2 L*(SU(2))



cf. toric code

V) = c0|0) + al)

He = L*({0,1}) = C°



Momentum space

[2(SU(2)) = ED Vi@ V}

(Peter-Weyl theorem)



Momentum space

2141
L*(SU(2)) = D

le 2 Z+



= Mmixture of qudit pairs



Momentum space: basis

j)ilk) = V21 + 1t

e lZt and jok=—1,—1+1,..,1



(J, k) - matrix element of spin-/
representation of SU(2)
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Examples

ti1(U) = ([U]11)°
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L*(SU(2))
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J. Baez, Adv. Math. 117, 253-272 (1996)



Position observables

ui|U) = 3 (U)|U)



(classical) Wilson loops

/



tr(uy) = > uj(er)u,(e2)---uj,_,j(en)
where

/7 — (e].v 621 "y en)



Rotations

Ly|U) =|VU)
and

Ryv|U) = |UVT)



Momentum observables







Laplacian

—A=) (1P =) (k) =EP(df - 1)

/

where

d =2/+1




Dynamics



Kogut-Susskind
hamiltonian

J. Kogut and L. Susskind, Phys. Rev. D 11, 395 (1975)

).



What is the ground
state Q(g))?




Ground state: strong coupling

Q(c0)) = (X) [00)0

ecE



Ground state: weak coupling

|Q(O)> _ superposition of all Ue — 1V

configurations s.t.
ec




Ground state: weak coupling

configurations s.t.

|Q(O)> _ superposition of all H Ue — IV
ec

(In toric code the weak-coupling case Is the ground state)



(Any configuration:

U) = Q)| Ue)

ecE

such that
[]v.=1v
e

s called flat.)




The problem



Find |¢(g)) such that

1. The family |®(g)) is a contractible TNS
2. The state |®(g)) is manifestly gauge invariant

3. It interpolates from zero coupling to strong
coupling, i.e., |®(0)) = |2(0)) and |P(c0)) = |Q2(c0))

4. The state |®(g)) differs from |Q2(g)) only by
irrelevant features

5. The family |®(g)) admits a continuum limit,
and is Lorentz invariant



1-2. The local gauge
group




One copy of SU(2) per vertex



The local gauge group acts via

X Lx. Re... x€G

ecE












Gauge-invariant sector Hg:

®L_X\¢ ), xX€G

eckE



Gauge-invariant sector Hg:

X L. R..

eckE

) =), xe€g

(Toric code: star operators are exactly satisfied)



Single loop




Single loop: Hg

o) = [ w(Iu) v
such that

p(x"HUx) = (V)



(classical) parallel transport

u(v) =l ue ™"

ecy



U, UTUT U UL UL U]



Controlled rotations

CUE/|U><U|  1(U) dU

where w(U) is a representation, e.g.

7T(U) — LU
olf
7T(U) — RU



Quantum parallel transport

CU, = H CU,. °8"€

ecy



Edge addition ano
subdivision

J. Baez, Adv. Math. 117, 253-272 (1996)

E. Dennis, A. Kitaev, A. Landahl, and J. Preskill, J. Math. Phys. 43, 4452 (2002)
M. Aguado and G. Vidal, Phys. Rev. Lett. 100, 070404 (2008)

O. Buerschaper, M. Aguado, and G. Vidal, Phys. Rev. B 79, 085119 (2009)

R. Kénig, B. W. Reichardt, and G. Vidal, Phys. Rev. B 79, 195123 (2009)



-Adge addition

1. Add in a gauge invariant loop at a vertex:

o

2. Parallel transport ends to destination vertices
via

CL, and CR,


















-Adge subdivision

1. Add an edge In the trivial representation

|CUO> — |OO>()

2. Parallel transport the end of old edge to new
ocation via:

CL.*












Gauge-invariant sector Hg:





















3. Interpolation



Dimensional
transmutation



| attice spacing a plays no
role in diagonalising H(9):




How to work out a%



Ground state has
correlation lengtn:

é(g)



Require;

a(g) = const.



Continuum limit:

£(g) — oo



Decreasing g equivalent
to zooming In
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Laplace interpolation
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Laplace interpolation
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What Is interpolation for
nonabelian gauge fields”



Curvature interpolation




Curvature interpolation




Minimise:

n—1
—2) Re(tr(U;AlAj_1))

J=0



(classical) solution

A =00, k)nUp---U;, k=0,1,...,n—1

where

Lo
T t e O
and

—i%(¢—27rk) 0
. [ e
0U. k) = ( 0 eif;(qbzwk))



Quantum interpolation






5

b d
NN

e
N

@

-

b

-



5

o/ T\

5

e
N



G A

5



e " s
. -
[ ! * [
) .
[ 1
1 1
Y Il
® . . ®
N .
Cels?

S
YT



o O < ®

-
S

YA

t/
N

® < ®

AN
\T/

X
A
X

® © < ®

N
/
@,

==
LS
=

v

@@
63 ¢
s



I'his process Is an
iIsometry u




Ground-state ansatz



(M) = Unlhm—1 - - - U1|82(0))



P(m)) = Upldm—1 - - - U |§2(0))



P(m)) = Upldm—1 - - - U |§2(0))



P(m)) = Upldm—1 - - - U |§2(0))

m = &(m) = a(m)



d(m)) 1S a tree tensor
network state (MERA)

E. Dennis, A. Kitaev, A. Landahl, and J. Preskill, J. Math. Phys. 43, 4452 (2002)
M. Aguado and G. Vidal, Phys. Rev. Lett. 100, 070404 (2008)

O. Buerschaper, M. Aguado, and G. Vidal, Phys. Rev. B 79, 085119 (2009)

R. Kénig, B. W. Reichardt, and G. Vidal, Phys. Rev. B 79, 195123 (2009)



How to match g to m?



4. Renormalisation

(see C. Bény and T. J. Osborne, arXiv:1310.3188)



5. Continuum limit
























Where are the
guantum fields”



Fluctuation operators

S

Fu(f) = lim Z(a Zf (aj)(tr(T

ug,,,, ) — (tr(

E,(F) = lim Z(a) > F(aj) (0 — (€,)

o “H. Lieb, He
Verbeu e, Many-Bod

lv. Phys. Acta 46, 573 (1973).
y Boson Systems (Springer, Lon

don, 2011)

u

)



Lorentz invariance?



£ = im 3~ / ik SHE() (j)]Q,) dt

a—0

J. Haegeman, S. Michalakis, B. Nachtergaele, T. J. Osborne, N. Schuch, F.
Verstraete, Phys. Rev. Lett. 111, 080401 (2013)



Lorentz invariance:

w(k) =/ k2 + m?




Quantum-information
Inspired ground state
ansatz for Yang-Mills



