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Gauge symmetry as a
fundamental principle

Standard model: for every
force there is a gauge boson,

e The photon is the “carrier”
of the electromagnetic force.

eThe W*, W- and Z° are the “carriers”
of the weak force.

* The gluons are the “carriers”
of the strong force.




Gauge symmetry as a
fundamental principle

Standard model: for every Gauge theories on a
force there is a gauge boson, discrete lattice structure.
. . Non-perturbative approach to
* The photon is the “carrier” fundamental theories of matter,
of the electromagnetic force. K. Wison, Phys. Re. e.g. Q.C.D.
_1 —S[e,U]
eThe W*, W- and Z° are the “carriers” // g /LZ 0) = A /D ¥, Ule Ol Ul
of the weak force. ' ;/ / N
/ / ~ 1 Ze—s[men]O U, U]
/ N — ny“Yn

* The gluons are the “carriers” AZ 1

of the strong force. ~ N > O [¢n, Uy

P[Un]oce_shpnaUn]

Monte Carlo simulation = Classical Statistical Mechanics
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Gauge symmetry as a
fundamental principle

Achievements by classical
Monte-Carlo simulations:

ofirst evidence of quark-gluon plasma
e ab-initio estimate of the entire
hadronic spectrum
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S. Durr, et al., Science (2008)
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K. Fukushima, T. Hatsuda, Rep. Prog. Phys. (2011)

Frustrated spin models:
Spin liguid physics, RVB states
(High Tc superconductivity?)
E. Dagotto, Science (2005)
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What is this talk about?

Feynman’s universal
quantum simulator

Controlled guantum device which
efficiently reproduces the dynamics of
any other many-particle quantum system.

How?... cold atoms, ions, photons,
superconducting circuit, etc.

J.l. Cirac, P. Zoller (%)
|. Bloch, J. Dalibard, S. Nascimbéne %
R. Blatt, C.F. Roos, &
A. Aspuru-Guzik, P. Walther o
A.A. Hock, H.E. Tureci, J. Koch
Nature Physics Insight - Quantum Simulation (2012)

Related works at ICFO, Barcelona (M. Lewenstein’s group) and MPQ, Munich (l. Cirac’s group)
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What is this talk about?

See talks by G. Vidal,
G. Brennen and T. Osborne

Feynman’s universal Tensor network
quantum simulator simulation

Controlled quantum device which
efficiently reproduces the dynamics of
any other many-particle quantum system.

Sr—1 S Sx+1

Variational (non-perturbative)
for Hamiltonian systems

How?... cold atoms, ions, photons, Extremely useful in 1D systems (MPS)

superconducting circuit, etc. Proposals and extensions in higher
dimensions (TNS)

Ground states

J.l. Cirac, P. Zoller (%)
l. Bloch, J. Dalibard, S. Nascimbéne - i i
o Donbard, S, Nas o © o‘b Low-energy excitations
A. Aspuru-Guzik, P. Walther
A.A. Hock, H.E. Tureci, J. Koch Therma' States
Nature Physics Insight - Quantum Simulation (2012) T| me eVOl ution

Related works at ICFO, Barcelona (M. Lewenstein’s group) and MPQ, Munich (l. Cirac’s group)
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(degrees of freedom, symmetry generators, dynamics)

. Tensor Networks and Gauge Symmetry
e Phase diagram of a U(1) Quantum Link Model in (1+1)-d
. Implementation of qguantum link models

o Outlook & Conclusions

String breaking
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Hamiltonian formulation of
lattice gauge theories

J.B. Kogut, L. Susskind, PRD (1975)

Global symmetries: Local symmetry:
H = —t Zaz (wlww—l—l -+ hC) V = exp —zzeywzwy
_ Yy _
Invariant under global > 0.
U(1) transformations Vo = Yo = VIV = e iy

Force to introduce a link operator

H=—t Zx (w;;Ua?,w—l-lwai—l—l -+ hC)

3 I Ve __—10, 10541
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Yy — @Zm — VwaV — G_W%

V =exp |—if )y v,
_ Y -

Global conserved quantities

:Ha Zy 1@%: =0




Hamiltonian formulation of

Global symmetries:

Invariant under global
U(1) transformations

Yy — @Zm — VwaV — G_W%

V =exp |—if )y v,
_ Y -

Global conserved quantities

:Ha Zy 1@%: =0

lattice gauge theories

J.B. Kogut, L. Susskind, PRD (1975)

Local symmetry:

V=exp|—i» 0,0,
Yy -

%; — 1233 — VTwa:V — e_w“"%;
Force to introduce a link operator

H=—t Zx (w;;Ua?,w—l-lwai—l—l -+ hC)

3 I Ve __—10, 10541
Ux,y — Ua:,a:—l—l =V Um,w—l—lv — C Ux,m—l—le

Local conserved quantities

V = e " 2.y 0 Gy ; [H, Gy] = 0, Vy
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Hamiltonian formulation of
lattice gauge theories

A gauge invariant model is defined by:

Set of local operators acting on the vertices
(matter fields) and on the links (gauge fields)

41 - ( : o) Upy ¥
‘ 1
U4» 1 U 2.3 -
) ) (operators acting on a Hilbert space)
1 2

J.B. Kogut, L. Susskind, PRD (1975)
J.B. Kogut, Rev. Mod. Phys. (1979)
ref. Creutz and Montvay/Muenster books




Hamiltonian formulation of
lattice gauge theories

Gauge invariant guantum Hamiltonian:

Local conserved quantitites

[H7 Gm] =0 \V/$ Gauge (local) symmetries
/ AN
Hamiltonian Gauge (local)
generators




Hamiltonian formulation of
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Hamiltonian formulation of
lattice gauge theories

Set of local generators of gauge transformations

Generators of the local U(1) symmetry:

Local phase

............. ... transformation U:E’,—I—y
~ B 0.
Yo = €77 (UF;
— 6222 QZszxe—ZZZ QZGZ Uf—ib ‘
Ux y = 6—@933 N yeiey .
= i L 0:Ga  o—i 3. 0:G- 7,9
Y
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Hamiltonian formulation of
lattice gauge theories

Set of local generators of gauge transformations

Define the “physical” B , _
Hilbert space: H,G,] =0 Va G |physical) =0

ex.- U(1) group Gy = ¢l¢x — Z E:c,a:—l—,& — Ea;—ﬂ,a:
Z o Gauge
matter electric field : f variant
' = B . Gauge .;{
_/0 —V - E_ e — () : Gauss’ law o
Wilson’s formulation: [J.  — o'Pxy E. . — —i 0
T,y 4 8¢x7y H = %inv D Hvar




Quantum link formulation

Gauge fields span a finite-dimensional
local Hilbert space

+ 4 / 3
Ug,z+1 — Sy a1 o ) T
D. Horn, Phys. Lett. B (1981)

P. Orland, D. Rohrlich, Nucl. Phys. B (1990) 7

S. Chandrasekharan, U.-J. Wiese, Nucl. Phys. B (1997) / /
E — 57 /4
x,r+1 S r,r+1 *—

SpinS=7,,1, ...
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Quantum link formulation

Gauge fields span a finite-dimensional
local Hilbert space

+ 4 / 3
Ug,z+1 — Sy a1 o ) T
D. Horn, Phys. Lett. B (1981)

P. Orland, D. Rohrlich, Nucl. Phys. B (1990) 7

S. Chandrasekharan, U.-J. Wiese, Nucl. Phys. B (1997) / /
E — 57 /4
x,r+1 S r,r+1 *—

SpinS=7,,1, ...

Q.C.D. can be formulated as a
non-abelian quantum link model

R. Brower, S. Chandrasekharan, U.-J. Wiese, Phys. Rev. D (1999)
R. Brower, S. Chandrasekharan, S. Riederer, U.-J. Wiese, Nucl. Phys. B (2004)
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Quantum Link models

Connections with Condensed Matter
(U(1) gauge theory-Quantum Spin Ice model)

Local degrees of freedom.-

Quantum two level system living on the link

C. L. Henley, Ann. Rev. Cond. Matt. Phys. (2010)
C. Castelnovo, R. Moessner, and S.L. Sondhi, ' ) ' )
Ann. Rev. Cond. Matt. Phys. (2012)

/ /
el
/ / /
3) (+) (- / / /
(o). 043043 .
/ /
/ / /
/ / /
L. Balents, Nature (2010) ‘ Y ‘ /! |
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Quantum Link models

Connections with Condensed Matter
(U(1) gauge theory-Quantum Spin Ice model)

Local generator of gauge transformations.-

Local generator around every vertex

I Hvert ] (+) I Hvert |
. . Overt (1)
Rl Gert | 079 €Xp | —i 9 Gyert | = €707 5

Crors = 0 + o) 1+ o) 4 o)

U(1) gauge transformation
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Quantum Link models

Connections with Condensed Matter
(U(1) gauge theory-Quantum Spin Ice model)

Local generator of gauge transformations.-

“Physical” Hilbert space (Gauss’ law)

Gvert ‘phyS> — O

6-vertex model:
zero magnetization subspace




Quantum Link models

Connections with Condensed Matter
(U(1) gauge theory-Quantum Spin Ice model)

Gauge invariant Hamiltonian.-

_ + - 4+ - -+ -+
H = — E [01,202,303,404,1 ‘|‘01,20—2,303,404,1}

plaq

magnetic term

[H7 Gvert] — O, YV vertex




Quantum Link models

Local degrees of freedom.-

Quantum link carrying an electric flux

— g+
Ux,y — Sa:‘,y Spin-Yz: Spin-1:

— > E=+1

3 E=1/2 — E=0, no flux
T,y — S( ) E=1/2. —— ——~—  E=-1
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Quantum Link models

Local degrees of freedom.-

Quantum link carrying an electric flux

U"L'ay — Sa_:‘|_,y Spin-Yz: Spin-1:
—_— E=+1
E=1/2 — E=0, no flux
vy =S8 e —— g
Gauge invariant Hamiltonian.-
3 — +
S5 Soy 52y
o | |
H = ‘% > [Buyl’ 72 Z {U 2Us 3U3 4Ua + Ur 2Us 3Us Uy |
(z,y) plag

Electric term Magnetic term
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U(1) Quantum Link
model with matter

£~

X Y
e— 0O
H:—tzwlsafywy%—h.cﬁ—...
(T,Y)

Matter - gauge interaction
= hopping of fermions mediated by a quantum link
= hopping of particle and flips spin




U(1) Quantum Link
model with matter

£~

X Y
e— 0O
H=—t Z zpj;sjyzpy + h.c. + ...
(T,Y)

Matter - gauge interaction
= hopping of fermions mediated by a quantum link
= hopping of particle and flips spin

Gauge invariance L < T > T 1%
. . —> <
[Gx, HI=0 Vx (physicalHilbertspace) [\ | | ' E
_(

<

Gauss law ¢ 1 ’ 1 )_V
G ¥)=0 Vx T)Te”’
; < <
GCE — %;%: N Z (Ea:,x—k% B Ew—fz,x)
; dynamical charge

p—V-E=0
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Schwinger representation

WV o WY

Link operator Us,y =S, , = y c,
Electric field o3 1 P
[U(1) generator] Em L Sxay o 2 [Cycy Cazczv}

{Cx, C;} — (5x’y Schwinger fermions (rishons)

[Cx, C;;] — 556,3/ Schwinger bosons




Schwinger representation

W W
X Y X Y
-+ T

Link operator Ug,y = Sz = CyCa

Electric field
[U(1) generator]

{Cx, C;} — (5x’y Schwinger fermions (rishons)

[Cx, C;;] — 556,3/ Schwinger bosons

Spin representation: ] i
{Sa},y} = = = 1

N, —cle —|—6le
7y y 2 I 2

Y




Schwinger representation

W W
T Y X Y

Link operator

Electric field
[U(1) generator]

{Cx, CZ} — 5x’y Schwinger fermions (rishons)

[Ca;, C;;] — 55,;,3/ Schwinger bosons

Spin representation: ]
Ny | Nioy

f f = 17
Npy = cle, +cle, {sxy} = Moy | Moy

Spin-2:

E=1/2 —— E=-1/2 ——
Spin-1:
E=+1 —>— E=0 —— E=-1 —

[AVAYAVA Av)
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Tensor networks
and gauge symmetry

Two independent local constraints

“Physical” Hilbert space (Gauss’ law)
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Tensor networks
and gauge symmetry

AO—N—O)
% 5 Aqa Gvert‘svert> = (
O Q.C —0 Svert) = Z Aq(fc‘:j;fg\nc,nw}
) . N, M)

Lol




Tensor networks
and gauge symmetry

AO—N—O)
% 5 Aqa Gvert‘svert> = (
O— Q‘: —0 Svert ) Z AnSV‘;;:fp)\n o)
| ) . N, M)
Lol

Ngy = Ny + Ny




Tensor networks
and gauge symmetry

AO—N—O)
% 5 Aqa Gvert‘svert> = (

. G
Q
A 9@,,@,;{9@
{
0K o, —P [Svert) = E Aq(f"nfp)\nc,w e

)

L cobeod

nnw

Ngy = Ny + Ny

Exact description of the gauge invariant subspace
with tensor network states

phys) = > a(s1,-o- e, )T |AGD A sy sy )

Sl)... )Smj...




Schwinger model: QED in (1+1)-d

Hamiltonian: staggered fermions in 1D coupled to quantum link spin S

2

H = % Z(Szw,$+l)2 — tz [wls;r,ﬁlwwrl T h'C'} ™ mZ(—l)xﬁblwaz

I

electric term interaction term staggered fermions




Schwinger model: QED in (1+1)-d

Hamiltonian: staggered fermions in 1D coupled to quantum link spin S

2

"= %Z(s'zax,xﬂf _tz V387 w1 o1 +hic] +mz Vit

I

electric term

interaction term staggered fermions

e ' '
O—0—%0—0 O
~_
Staggered fermions: energy
A
empty
WW\O s can
mass gap filling =" *
fermi sea

0 1 2
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Phenomenology

Phase diagram: QED link model in (1+1)-d

Spin-1/2 representation

| = 1/2) | +1/2)

-

Vacuum (reference) state

_ 1Y% ot
Staggered H = H Z ( 1) wxww Total electric flux
mass term T /
M<O EZZEQ;’QHJ:O M>O EZZEa:,:U—I—l#O
O (D) O © O © Qo O o O © O

2 —1 2x 2x+1 o O o O © O
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H = ,uz

Phenomenology

Phase diagram: QED link model in (1+1)-d

)" i, + Zw;ijﬂwm + h.c.

0.8}

0.6}

w0.4f

0.2

1. = 0.655

08 009

O Qo O ©

n>0: E=) Epap1 #0

Total electric flux
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Phenomenology

Phase diagram: QED link model in (1+1)-d

H = uZ ¢T¢x+zws+x+1%+1 +h.e

n>0: E=) Epap1 #0

0.6}

w0.4f

Total electric flux
T 0.2t

07 08 09 1
L

Second order phase transition: Parity and charge
conjugation spontaneously broken (Ising universality class)

0.6

D

Critical exponents: 1.0 Central charge:
2\)1.1* 1
1 = _ =
6 = — UV = ]. ~ 1 C = 2
8 Maximum overlap of
0.9 the electric flux curve - 0550 (1/6) log, L
‘ ‘ ‘ ‘ ‘ ‘ 0.5 " 09 095 1 105 11 115
0 2 4 6 8 10 0 20 40 60 80 100

(1= o) L” :
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Atomic implementation

H = % S (% ar1)? =t [WSF et +he] +m Y (—1)ple,

X

Building blocks:

Gauge field: bosonic double-well potentials

_ t 39° (..2 9
T 39 2 2
—tpB Za:even 62,x627$+1 | 8 (n2,$-|-1 + nQ,iB) + h.c.




Atomic implementation

2
g z
H o= 53 (SPewn) —t %j WISt e + hee!] +m§ 1) plab,

X

Building blocks:

Gauge field: bosonic double-well potentials

_ t 39° (..2 9
T 39 2 2
—tpB Za:even 62,x62>$+1 | 8 (n2,$-|-1 + nQ,iB) + h.c.

Fermionic field: fermionic optical super-lattice

O/ \— & \— :—tFZ@waHJrhC +mz RETIRTN




Atomic implementation
H_ %Z (n@ z+1 _nza:> +mz WL%:—tZ WTC”}CZ i1 Wrr +hc}

T,1

electric term staggered fermions interaction term

Building blocks:

Gauge field: bosonic double-well potentials

_ t 39° (..2 9
T 39 2 2
—tpB Za:even 62,x62>$+1 | 8 (n2,$-|-1 + nQ,iB) + h.c.

Fermionic field: fermionic optical super-lattice

O/ \— & \— :—tFZ@waHJrhC +mz RETIRTN
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Atomic implementation

H:%Z(nzx—l—l_nzaz> _|_mz

T,1

et ciaCl oo + e

electric term staggered fermions

Building blocks:

interaction term

Gauge field: bosonic double-well potentials

H = —1iB Zazodd C’Lxcl,x—l—l
T
—1lB Za:even 627:562@4_1

3qg° 2

-2 (nf .4 +ni,) +hee

39° (.2 y
- =3 (nQ,x—l—l_l_nQ,:c

) + h.c.

Fermionic field: fermionic optical super-lattice

\ZA A\ A :—tFZM%+1+hc +mz

Gauge condition: Local Bose-Fermi interaction

1 v
Ga =MNyaz +N1e+N20 =25+ 3 (=1)" —1]

H=A» G

) plab, \/v/

A,

Al > |tpl, |tr]
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Atomic implementation

Hopping is a perturbation:

Hpert — tB Z Cq wcl rx+1 tB Z 02 a;CQ rx+1 tF Zwwa—l—l + h.c.

x odd T even

Gauss’ law constraint the biggest energy scale A:

AHy =

Starting with a W
“physical” configuration
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Atomic implementation

Hopping is a perturbation:

Hpert — tB Z Cq xcl rx+1 tB Z 02 a;CQ rx+1 tF Zwwa—l—l + h.c.

x odd T even

Gauss’ law constraint the biggest energy scale A:

AHy =

The action of the W takes the state out of the
perturbation 7; . .

physical” Hilbert space
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Atomic implementation

Hopping is a perturbation:

Hpert — tB Z Cq wcl rx+1 tB Z 02 a;CQ rx+1 tF Zwwa—l—l + h.c.

x odd T even

Gauss’ law constraint the biggest energy scale A:

AHy =

at second order in W
perturbation theory




Atomic implementation

Hopping is a perturbation:

Hpert — tB Z Cq wcl rx+1 tB Z 02 a;CQ rx+1 tF Zwwa—l—l + h.c.

x odd T even

Gauss’ law constraint the biggest energy scale A:

trtp I
t Y AH() —
eff A A

at second order in W
perturbation theory




Atomic implementation

Emergent lattice gauge theory

82 2
H = 7ZEx,x+1 —1)
X X

1//;LCUJC,JHIWJHI "‘h-C-] T mZ(—l)xU/;U/x

Gauss’ law constraint the biggest energy scale A:

/ _O- \ energyA

trtp AH, —

teff ~ A A /A (large)

<« G, |physical states) = 0

Bose + Fermi Hubbard model
at second order in - i N Z a2 .
perturbation theory microscopie T z
X

Clinym
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Phenomenology

Confinement and string breaking: QED in (1+1)-d (Schwinger model)

Spin-1 representation

= 1) 0) [+ 1)
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Spin-1 representation Vacuum (reference) state
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Phenomenology

Confinement and string breaking: QED in (1+1)-d (Schwinger model)

Spin-1 representation Vacuum (reference) state
| —1) 0) [+ 1) 92 (3) T
veome H=G T (s8) +m T 0 el
Creating a quark - antiquark pair: oY
;xSZv,Qx—l—lwlv—l—l O QO © O 2;_ 1 233 2:[;(3'_ ) O
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Phenomenology

Confinement and string breaking: QED in (1+1)-d (Schwinger model)

Spin-1 representation Vacuum (reference) state
- 1) 0) +1) g° 3)) 2 x
0o e " H=%%" (SE) +m > (=1)" vl
Creating a quark - antiquark pair: o) '
© O © O O O

I ot -
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Phenomenology

Confinement and string breaking: QED in (1+1)-d (Schwinger model)

Spin-1 representation Vacuum (reference) state
- 1) 0) +1) g° 3)) 2 x
o e w H="5%" (88) +mY (~1)" vlv.
(z,y) z

Creating a quark - antiquark pair:

T o+ - © O © ® © ®
2xS2x,2x+1¢2@‘+1 @ O 2v —1 2x 2x+1

Estring — EO %(L _ 1)

Confinement
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Phenomenology

Confinement and string breaking: QED in (1+1)-d (Schwinger model)

Spin-1 representation Vacuum (reference) state
= 1) 0) |+ 1) g2 (3) 2 r
0o e - H=73"(88) +mY (~1)" vl
Creating a quark - antiquark pair: o) '
T+
2xSQw,2x—|—1w25’5+1 @ Bl ’ . 2:1(:)—1 2?1; 2:1;(11 .

String breaking
and

. . meson
hadronization meson
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Observability of phenomena

Preparation of
many body states
(Mott phase)

Greiner et al. (2002)
Joerdens et al. (2008)
Schneider et al. (2008)
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Observability of phenomena

Preparation of Evolution
many body states (Super-exchange)
(Mott phase)
\

Greiner et al. (2002)
Joerdens et al. (2008)
Schneider et al. (2008)

Anderlini et al. (2007)
Trotzky et al. (2008)

Detection
(Single-site fluorescence)

Bakr et al. (2010)
Weitenberg et al. (2011)
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Conclusions and Outlook

e MPS and TNS in higher dimensions are exact descriptions of the
“physical” gauge invariant subspace of QLM with Abelian and non-
Abelian symmetry.

e We have characterized the phase diagram of a (1+1)-d QLM version of
the Schwinger model, finding a phase transition between a CP ordered
to a CP disordered phase described by the Ising universality class.

e We have seen how to implement in an AMO setup this U(1) QLM which
IS a relevant explame as its implementation in cold atom gases can be
foreseen in the next years.
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