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Scaling of entanglement in many-body systems 

• generic state of  ℋ𝐴⊗ℋ𝐵 

How does entropy scale with   ? 𝐿 

• ground state of a local Hamiltonian 

𝐿 

𝐴 𝐵 𝐵 

𝐴 

𝐵 
𝑆 𝐴 ~ 𝐴 = 𝐿𝐷 

bulk law 

𝑆 𝐴 ~ 𝜕𝐴 = 𝐿𝐷−1 

boundary law 



Ground states of local Hamiltonians are special/non-generic states 
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𝐴 

𝐴 

𝐴 

𝑆(𝐴)~ 𝜕𝐴 ~𝐿𝐷−1 

boundary law  
for entanglement entropy 

𝑆(𝐴)~ 𝐴 ~𝐿𝐷 

instead of 
bulk law  

𝑆 𝐴 ~ 𝐿𝐷−1log (𝐿) 

sometimes,  
logarithmic corrections 

ℋ(𝑁) 

ground states of  
local Hamiltonians  

generic state 
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Scaling of entanglement in many-body ground states (complete list?) 

gapped system 
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APPLICATION: tensor network states 
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MERA 

branching MERA 
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- log(𝐿) 

APPLICATION: quantum criticality and topological order 

• quantum criticality:  

S L  ≈  
𝑐

3
log(𝐿) 𝑐 central  

charge 

• topological order: 

S L  ≈  𝑎𝐿 −  log 𝐷   𝐷 
total  
quantum  
dimension 



Beyond entanglement entropy of a block? 

• entanglement spectrum 

𝐴 

𝐵 𝜌𝐴 = 𝑝𝛼
𝛼

|Ψ𝛼⟩⟨Ψ𝛼| 

𝑝𝛼 = 𝑒
−𝐸𝛼  

In chiral topological order,  
entanglement spectrum related to 
spectrum of the boundary theory 



Beyond entanglement entropy of a block? 

• entanglement shape 

Where are the entangled  
degrees of freedom? 

𝐴 

𝐵 
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𝐿 

𝐴 𝐵 𝐵 

𝐻 = (𝑎𝑖
† 𝑎𝑖+1 + ℎ. 𝑐. )

𝑖

+ 𝛾 (𝑎𝑖
 𝑎𝑖+1 + ℎ. 𝑐. )

𝑖

+ 𝜇 𝑎𝑖
† 𝑎𝑖  

𝑖

 

Hamiltonian 

ground  
state 

|Ψ⟩ 

reduced  
density  
matrix 

𝜌𝐴 
Γ𝐴 𝑖𝑗 ≡ ⟨Ψ 𝑎𝑖

† 𝑎𝑗 Ψ⟩  
correlation  
matrix 

Γ𝐴 

Entanglement entropy in free fermions 

* more generally, majorana fermion formalism  
    if particle number is not preserved 



𝐿 

𝐴 𝐵 𝐵 reduced  
density  
matrix 

𝜌𝐴 
correlation  
matrix 

Γ𝐴 𝑖𝑗 ≡ ⟨Ψ 𝑎𝑖
† 𝑎𝑗 Ψ⟩  

Γ𝐴 

Γ𝐴 = 𝑈
𝑞1
⋱
𝑞𝐿

𝑈† 

Hermitian 
matrix 

𝑎𝑖
 = 𝑈𝑖𝑚𝑏𝑚
𝑚

 

Ψ 𝑏𝑚
† 𝑏𝑛 Ψ = 𝛿𝑚𝑛𝑞𝑚  

𝑆𝐴 = 𝑆𝑚
𝑚

= −𝑞𝑚 log 𝑞𝑚 − 1 − qm log (1 − qm) 

𝑚

  Entropy 

𝑠𝑖 ≡ 𝑈𝑖𝑚
2 𝑆𝑚

𝑚

  Entropy 
of site 𝑖 

 𝑠𝑖
𝑖

= 𝑈𝑖𝑚
2𝑆𝑚

𝑖𝑚

= 𝑆𝑚
𝑚

= 𝑆𝐴 

 𝑈𝑖𝑚
2

𝑖

= 1 



* For majorana modes (only fermion parity conservation)  

𝑆𝐴 = 𝑆𝑚
𝑚

= −
1+ 𝜈𝑚
2
log(
1 + 𝜈𝑚
2
) +
1 − 𝜈𝑚
2
log(
1 − 𝜈𝑚
2
)

𝑚

  
Entropy 

𝑠𝑖 ≡ 𝑝𝑖𝑚 𝑆𝑚
𝑚

  Entropy 
of site 𝑖  𝑠𝑖

𝑖

= 𝑝𝑖𝑚𝑆𝑚
𝑖𝑚

= 𝑆𝑚
𝑚

= 𝑆𝐴 

Γ𝐴 = 𝑂 ⊕𝑚
0 𝜈𝑚
−𝜈𝑚 0

𝑂𝑇 

𝑐2𝑖−1 
𝑐2𝑖
= 

𝑂2𝑖−1,2𝑚−1 𝑂2𝑖−1,2𝑚
𝑂2𝑖,2𝑚−1 𝑂2𝑖,2𝑚

𝑑2𝑚−1 
𝑑2𝑚

𝑚

 

 𝑝𝑖𝑚
𝑖

= 1 𝑝𝑖𝑚 ≡
1

2
𝑂2𝑖−1,2𝑚−1

2
+ 𝑂2𝑖−1,2𝑚

2
+ 𝑂2𝑖,2𝑚−1

2
+ 𝑂2𝑖,2𝑚

2
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• infinite chain  
• finite block (100 sites) 

𝐻 = (𝑎𝑖
† 𝑎𝑖+1 + ℎ. 𝑐. )

𝑖

+ 𝛾 (𝑎𝑖
 𝑎𝑖+1 + ℎ. 𝑐. )

𝑖

+ 𝜇 𝑎𝑖
† 𝑎𝑖  

𝑖

 

gapped gapless 



gapped gapless 

• finite periodic chain (200 sites) 
• region A (B) has 100 sites 

𝐻 = (𝑎𝑖
† 𝑎𝑖+1 + ℎ. 𝑐. )

𝑖

+ 𝛾 (𝑎𝑖
 𝑎𝑖+1 + ℎ. 𝑐. )

𝑖

+ 𝜇 𝑎𝑖
† 𝑎𝑖  

𝑖

 



gapped gapless 

• finite open chain (200+ sites) 
• region A (B) has 100 sites 

𝐻 = (𝑎𝑖
† 𝑎𝑖+1 + ℎ. 𝑐. )

𝑖

+ 𝛾 (𝑎𝑖
 𝑎𝑖+1 + ℎ. 𝑐. )

𝑖

+ 𝜇 𝑎𝑖
† 𝑎𝑖  

𝑖

 

              this tail explains divergence of  
entanglement of half an infinite chain at criticality 



central  
charge 

𝐻 = (𝑎𝑖
† 𝑎𝑖+1 + ℎ. 𝑐. )

𝑖

+ 𝛾 (𝑎𝑖
 𝑎𝑖+1 + ℎ. 𝑐. )

𝑖

+ 𝜇 𝑎𝑖
† 𝑎𝑖 

𝑖

 

• infinite chain, gapless  
• finite block 

• CFT prediction 
      (Rob Myers) 𝑠𝑥 =

𝑐

3

𝑙

𝑙2 − 𝑥2
 

[−𝑙, 𝑙] 
𝑐 

𝑐 = 1/2 

critical 
 Ising  
model 

𝑐 = 1 
critical 
   XX 
model 



𝐻 =  (𝑎𝑖
† 𝑎𝑗 + ℎ. 𝑐. )

<𝑖,𝑖>

+ 𝛾  (𝑎𝑖
 𝑎𝑗 + ℎ. 𝑐. )

<𝑖,𝑗>

+ 𝜇 𝑎𝑖
† 𝑎𝑖  

𝑖

 2D  

gapped gapless gapless II 

𝑠 ≈ 𝐿 𝑠 ≈ 𝐿 𝑠 ≈ 𝐿 log(𝐿)   



gapped gapless gapless II 
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• gapless system (200+200 sites) 

𝐻 = (𝑎𝑖
† 𝑎𝑖+1 + ℎ. 𝑐. )

𝑖

+ 𝛾 (𝑎𝑖
 𝑎𝑖+1 + ℎ. 𝑐. )

𝑖

+ 𝜇 𝑎𝑖
† 𝑎𝑖  

𝑖

 

• local quench -- disconnect A and B 



Detect low energy decoupling (e.g. spin charge separation)  
without knowing what degrees of freedom separate. 



• gapless to gapped 

• gapped to gapless 

𝐻 = (𝑎𝑖
† 𝑎𝑖+1 + ℎ. 𝑐. )

𝑖

+ 𝛾 (𝑎𝑖
 𝑎𝑖+1 + ℎ. 𝑐. )

𝑖

+ 𝜇 𝑎𝑖
† 𝑎𝑖 

𝑖

 Global quench 
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several possible generalizations 

• Holevo’s 𝜒 quantity 

𝜒(𝐴2) ≡ 𝑆  𝑝𝛼𝜌𝛼
𝐴2

𝛼

− 𝑝𝛼𝑆(𝜌𝛼
𝐴2)

𝛼

 

𝐴 𝐵 

𝐴1 𝐴2 
𝑥 

• mutual information 

𝐼 𝐴1𝐵 ≡ 𝑆 𝐴1 + 𝑆 𝐵 −  𝑆 𝐴1𝐵 = 𝑆 𝐴1 + 𝑆 𝐴1𝐴2 − 𝑆(𝐴2) 

• negativity 

𝐸𝑁 𝐴1|𝐵 ≡ log 𝑡𝑟( 𝜌
𝐴1𝐵 𝑇𝐵) 

Ψ = 𝑝𝛼 𝜓𝛼
𝐴 |𝜓𝛼

𝐵⟩

𝛼

 

define entanglement shape through subtraction or derivative: 

𝜒 𝑥 − 𝜒 𝑥 + 1  𝐼 𝑥 + 1 − 𝐼 𝑥  𝐸𝑁 𝑥 + 1 − 𝐸𝑁 𝑥  

𝑑𝐼

𝑑𝑥
=
𝑐

3

1

𝑥
 

𝑑𝐸𝑁
𝑑𝑥
=
𝑐

4

1

𝑥
 

in a CFT: in a CFT: 
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