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• On the lattice    (genuine physics or UV cut-off)

translation ? discrete𝑥 → 𝑥′ = 𝑥 + 𝑎

𝑎 ≡ lattice spacing

scale transformation?

• Field theory

e.g. translation invariance 

space-time symmetries

𝑥 → 𝑥′ = 𝑥 + 𝜖

at criticality scale invariance 

𝑥 → 𝑥′ = 1 + 𝜖 𝑥

(augmented to 
global/local 
conformal group?)

Motivation:



Goals:

1) Define a global scale transformation on the lattice

Hamiltonian (Hilbert space)

Lagrangian (Euclidean path integral)

2) Define a local scale transformation on the lattice

Evenbly, Vidal PRL 2015
(arXiv:1412.0732)

Tensor network 
renormalization

Evenbly, arXiv:1509.07484 

Hamiltonian (Hilbert space)

Lagrangian (Euclidean path integral) Evenbly, Vidal, PRL 2015
arXiv:1510.00689

Czech, Evenbly, Lamprou, 
McCandlish, Qi, Sully, Vidal
arXiv:1510.07637

Evenbly, Vidal, PRL 2015
arXiv:1502.05385

Entanglement 
renormalization / MERA

Tensor network 
renormalization

Entanglement 
renormalization / MERA

PRL 2008 
(arXiv:quant-ph/0610099)

PRL 2007 
(arXiv:cond-mat/0512165)

on-going discussions with Tobias Osborne
and Vaughan Jones



global scale 
transformation 
(RG transformation)wave-functions /

Hamiltonians 

Euclidean path integrals / 
classical partition functions

local scale 
transformations 

global scale 
transformation 
(RG transformation)

local scale 
transformations 

Outline:



global scale transformation

Claim 1:

local scale transformation

Claim 2:



global scale 
transformation 
(RG transformation)wave-functions /

Hamiltonians 

Euclidean path integrals / 
classical partition functions

local scale 
transformations 

global scale 
transformation 
(RG transformation)

local scale 
transformations 



How do we define a scale transformation on the lattice?

• many possibilities

• here, isometric map 𝕍⊗𝑁/2 → 𝕍⊗𝑁

locality

variational

entanglement

How do we define a translation on the lattice?

• unitary map 𝕍⊗𝑁 → 𝕍⊗𝑁

0110010000

0011001000



• natural requirement:

reproduce expected RG flow, 
including explicit scale invariance at RG fixed-points

consistency with the QFT / continuum

field theory

scale 
transformation

discretization

𝑥 → 𝑒−𝑠𝑥

field theory

lattice model

lattice model

discrete scale 
transformation

𝑥 → 1/2𝑥



ℒ

ℒ′

PRL 2007 
(arXiv:cond-mat/0512165)Entanglement renormalization

𝕍⊗𝑁

𝕍⊗𝑁/2

𝑢
𝑤

spin blocking
(as Kadanoff 1966) 

1

Leo Kadanoff
1937 - 2015



ℒ

ℒ′

PRL 2007 
(arXiv:cond-mat/0512165)Entanglement renormalization

𝕍⊗𝑁

𝕍⊗𝑁/2

spin blocking
(as Kadanoff 1966) 

1
variational optimization
(as DMRG, White 1992)

only structural ansatz
ask the Hamiltonian 𝐻 !

(low energy) 

2

𝐻 → 𝐻′ ≡ 𝑊†𝐻𝑊

𝑊: 𝕍⊗𝑁/2 → 𝕍⊗𝑁

𝑢
𝑤



ℒ

ℒ′

PRL 2007 
(arXiv:cond-mat/0512165)Entanglement renormalization

𝕍⊗𝑁

𝕍⊗𝑁/2

entanglement
3

failure to remove 
some short-range
entanglement ! 

removal of all
short-range
entanglement ! 

𝑢
𝑤



ℒ

ℒ′

PRL 2007 
(arXiv:cond-mat/0512165)Entanglement renormalization

𝕍⊗𝑁

𝕍⊗𝑁/2

locality
4

=
𝑢
𝑢†

=
𝑤

𝑤†

𝑢
𝑤



ℒ

ℒ′

PRL 2007 
(arXiv:cond-mat/0512165)Entanglement renormalization

𝕍⊗𝑁

𝕍⊗𝑁/2

locality
=

𝑢
𝑢†

=
𝑤

𝑤†

4

𝑢
𝑤



ℒ

ℒ′

PRL 2007 
(arXiv:cond-mat/0512165)Entanglement renormalization

𝕍⊗𝑁

𝕍⊗𝑁/2

locality
=

𝑢
𝑢†

=
𝑤

𝑤†

local 
operator

on    

scale
transf.

ℒ

local 
operator

on    ℒ′

4

𝑢
𝑤



1D quantum Hamiltonian on the lattice

• at a critical point

input

𝐶𝜖𝜎𝜎 =
1

2
𝐶𝜖𝜇𝜇 = −

1

2

𝐶𝜓𝜇𝜎 =
𝑒−
𝑖𝜋
4

2
𝐶 𝜓𝜇𝜎 =

𝑒
𝑖𝜋
4

2

𝐶𝜖𝜓 𝜓 = 𝑖
𝐶𝜖 𝜓𝜓 = −𝑖

(±6 × 10−4)

e.g. critical Ising model (approx. an hour on your laptop) Pfeifer, Evenbly, Vidal 08

Δ𝜎 ≈ 0.124997

Δ𝜀 ≈ 0.99993

Δ𝜇 ≈ 0.125002

(Δ𝕀= 0)

Δ𝜓 ≈ 0.500001

Δ 𝜓 ≈ 0.500001

Numerical extraction of conformal data

of underlying CFT:

• central charge 𝑐

• scaling dimensions Δ𝛼 ≡ ℎ𝛼 +  ℎ𝛼
and conformal spins  s𝛼 ≡ ℎ𝛼 −  ℎ𝛼

• OPE coefficients 𝐶𝛼𝛽𝛾

output

Entanglement renormalization
defines a proper scale transformation on the lattice

• Explicit scale invariance 
at criticality !

Claim:

1 - optimization

scaling 
operators

2 - diagonalization



PRL 2008 
(arXiv:quant-ph/0610099)multi-scale entanglement renormalization ansatz

(MERA)

|Ψ〉



PRL 2008 
(arXiv:quant-ph/0610099)multi-scale entanglement renormalization ansatz

(MERA)

|Ψ′〉



PRL 2008 
(arXiv:quant-ph/0610099)multi-scale entanglement renormalization ansatz

(MERA)

|Ψ′′〉



PRL 2008 
(arXiv:quant-ph/0610099)multi-scale entanglement renormalization ansatz

(MERA)

|Ψ′′′〉



Phase A Phase B

stable 
fixed 
point A

stable 
fixed 
point B

critical 
fixed 
point

Ψ → Ψ′ → Ψ′′ → |Ψ′′′〉⋯

ℒ

ℒ′
ℒ′′

MERA defines an RG flow 
in the space of wave-functions

PRL 2008 
(arXiv:quant-ph/0610099)

ℒ′′′

⋮

𝐻 → 𝐻′ → 𝐻′′ → 𝐻′′′⋯… and in the space of Hamiltonians



global scale 
transformation 
(RG transformation)wave-functions /

Hamiltonians 

Euclidean path integrals / 
classical partition functions

local scale 
transformations 

global scale 
transformation 
(RG transformation)

local scale 
transformations 



Czech, Evenbly, Lamprou, 
McCandlish, Qi, Sully, Vidal
arXiv:1510.07637

MERA defines a global scale 
transformation on the lattice

discrete RG flow with 
expected structure, including

scale invariance at criticality

Expected behaviour 
from continuum (CFT), including

local scale invariance 
(covariance) at criticality

Claim 1:

MERA also defines local scale 
transformations on the lattice

Claim 2:



Czech, Evenbly, Lamprou, 
McCandlish, Qi, Sully, Vidal
arXiv:1510.07637

|Ψ〉

on infinite (discrete) line

ground state 

Example of local scale transformation on the lattice:

(involving both coarse-graining and fine-graining)

?



Czech, Evenbly, Lamprou, 
McCandlish, Qi, Sully, Vidal
arXiv:1510.07637Test: compare with CFT in the continuum

Can we do the same on the lattice?

Euclidean path integral 
on half upper plane
prepares the ground state

|Ψ〉
on the infinite line

𝑧 → 𝑤 =
𝛽

𝜋
log(𝑧)

conformal transformation

𝜌𝛽

Euclidean path integral 
on infinite strip
prepares thermal state

on the infinite line

[*comment to 
experts: TFD]



Czech, Evenbly, Lamprou, 
McCandlish, Qi, Sully, Vidal
arXiv:1510.07637

Yes!
(but first, let us put it in a finite geometry)

|Ψ〉

on infinite (discrete) line

ground state 

𝑧 → 𝑤 =
𝛽

𝜋
log(𝑧)

conformal transformation

𝜌𝛽

?

thermal state 

on infinite (discrete) line

[*comment to 
experts: TFD]



𝑧 𝑤

01
𝑒
2𝜋2𝐿
𝛽

2𝜋𝐿

𝑖𝛽

𝑧 → 𝑤 =
𝛽

𝜋
log(𝑧)

conformal transformation

quotient: 
infinite strip / translation

= flat cylinder

𝜌𝛽
thermal state 

on finite circle

quotient: 
half upper plane / scaling

= topological cylinder

Luckily, this scaling is an exact symmetry of the MERA 



Scaling on a regular MERA without local scale transformation



Scaling on a MERA after a local scale transformation



Scaling on a MERA after a local scale transformation



quotientscaling

Thermal state on (discrete) infinite line Thermal state on (discrete) finite circle



𝑘 = 1

𝑘 = 2
𝑘 = 3

2 4 6 8 10 12 14 16
0

2

4

6

8

10

12

𝜋

)log(2
≈ 4.532

−
𝑘

2𝜋Δ𝛼
log
𝜆𝛼
𝜆0

Thermal spectrum of Ising CFT

𝑘 = 16

𝑘



Czech, Evenbly, Lamprou, 
McCandlish, Qi, Sully, Vidal
arXiv:1510.07637𝑧 → 𝑤 =

𝛽

𝜋
log(𝑧)

conformal transformation

|Ψ〉 𝜌𝛽
on infinite (discrete) line

ground state thermal state 

on infinite (discrete) line

Thus, under “our” local scale transformation on the lattice, the ground state transformed 
as it would under a local scale transformation in the continuum. 

This is evidence that 

local scale transformations
on the lattice

disentanglers and isometries 
in MERA 



This year, the workshop will have a special focus on the connections between 
topology, quantum many-body physics, and quantum information...

“semi-continuous limit” of tensor networks / discrete analogue of conformal group

Tobias Osborne: “Effective conformal field theories for tensor network states”

Vaughan Jones: “Quantum spin chains, block spin renormalization, 
scale invariance and Thompson’s groups F and T”

Illegal sub-theme of Coogee’16:

Official theme of Coogee’16: 



What local scale transformations can we implement “naturally”?



What local scale transformations can we implement “naturally”?

• dyadic rational
𝑎

2𝑏
• site: standard dyadic interval 𝑎

2𝑏
,
𝑎 + 1

2𝑏

𝑏 = 2

𝑏 = 3

𝑏 = 4

𝑎 = 4𝑎 = 3𝑎 = 2𝑎 = 1𝑎 = 0



• dyadic subdivision

What local scale transformations can we implement “naturally”?



• dyadic rearrangement

What local scale transformations can we implement “naturally”?



(Perhaps): Local scale transformations in MERA are
Thompson’s group F

+ translations: Thompson’s group T



global scale 
transformation 
(RG transformation)wave-functions /

Hamiltonians 

Euclidean path integrals / 
classical partition functions

local scale 
transformations 

global scale 
transformation 
(RG transformation)

local scale 
transformations 



Euclidean path integral

𝑍 𝜆 = 𝑡𝑟 𝑒−𝛽𝐻𝑞
1𝑑

𝑍(𝑇) = 

𝑠

𝑒−
1
𝑇
𝐻𝑐𝑙
2𝑑

𝛽

𝐿 𝐿𝑥

𝐿𝑦~1d
quantum

2d
classical

Classical partition function

as a tensor network

𝑍 =

𝐴𝛼𝛽𝛾𝛿

TRG Levin, Nave (2006)
SRG     Xiang et al (2009)
TEFR Gu, Wen (2009)
…
Loop-TNR Yang, Gu, Wen (Dec2015)



𝑍 𝜆 = 𝑡𝑟 𝑒−𝛽𝐻𝑞
1𝑑

𝐻𝑞
1𝑑 = 

𝑖

(𝜎𝑧
𝑖 + 𝜎𝑥

𝑖𝜎𝑥
𝑖+1)

Euclidean path integral

𝑍(𝑇) = 

𝑠

𝑒−
1
𝑇
𝐻𝑐𝑙
2𝑑

Classical partition function

𝐻𝑐𝑙
2𝑑=  

<𝑖,𝑗>

𝜎𝑖𝜎𝑗

𝐴𝑖𝑗𝑘𝑙 = 𝑒
−(𝜎𝑖𝜎𝑗+𝜎𝑗𝜎𝑘+𝜎𝑘𝜎𝑙+𝜎𝑙𝜎𝑖)/𝑇

𝜎𝑖

𝜎𝑗

𝜎𝑘

𝜎𝑙

𝐴

𝐴 𝐴

𝐴 𝐴

𝐴

𝐴

𝐴

𝐴



𝑍 𝜆 = 𝑡𝑟 𝑒−𝛽𝐻𝑞
1𝑑

Euclidean path integral

𝑍(𝑇) = 

𝑠

𝑒−
1
𝑇
𝐻𝑐𝑙
2𝑑

Statistical partition function

as a tensor network

𝑍 =

𝐴𝛼𝛽𝛾𝛿



𝐴 0 𝐴 1
𝐴 2

How do we define a global scale transformation on the lattice?



Tensor Network Renormalization (TNR) 
Evenbly, Vidal PRL 2015
(arXiv:1412.0732)

Evenbly, arXiv:1509.07484 



Tensor Network Renormalization (TNR) 
Evenbly, Vidal PRL 2015
(arXiv:1412.0732)

Evenbly, arXiv:1509.07484 



𝑇 = 𝑇𝑐

critical critical 
fixed point

𝑇 = 1.1 𝑇𝑐

above critical disordered 
(trivial) 

fixed point

𝑇 = 0.9 𝑇𝑐

below critical ordered (Z2)
fixed point

|𝐴 1 | |𝐴 2 | |𝐴 3 | |𝐴 4 |

𝐴 → 𝐴′ → 𝐴′′ → ⋯ → 𝐴𝑓𝑝

also TEFR of  Gu, Wen (2009)

also TEFR of  Gu, Wen (2009)

Tensor Network Renormalization (TNR)
defines a proper RG flow in the space of tensors 

Example: 2D classical Ising model 



𝑇 = 2.0 𝑇𝑐

𝑇 = 1.1 𝑇𝑐

|𝐴 1 | |𝐴 2 | |𝐴 3 | |𝐴 4 |

Without disentanglers: (TRG, Levin Nave 2006)

𝑇 = 1.1 𝑇𝑐

𝑇 = 2.0 𝑇𝑐

With disentanglers: (TNR 2014)

different “fixed-points”
for every 𝑇 in same phase

unique fixed-point
for any 𝑇 in same phase



|𝐴 1 | |𝐴 2 | |𝐴 3 | |𝐴 4 |

|𝐴 5 ||𝐴 6 ||𝐴 7 ||𝐴 8 |

𝑇 = 𝑇𝑐

critical point:

𝜒 = 4

TNR with
bond dimension:

• at criticality, approximate fixed-point

|𝐴 9 | |𝐴 10 | |𝐴 11 | |𝐴 12 |



𝑇 = 1.002 𝑇𝑐

more difficult!

|𝐴 1 | |𝐴 2 | |𝐴 3 | |𝐴 4 |

|𝐴 5 ||𝐴 6 ||𝐴 7 ||𝐴 8 |

|𝐴 9 | |𝐴 10 | |𝐴 11 | |𝐴 12 |

• near criticality…

𝜒 = 4

TNR with
bond dimension:



global scale 
transformation 
(RG transformation)wave-functions /

Hamiltonians 

Euclidean path integrals / 
classical partition functions

local scale 
transformations 

global scale 
transformation 
(RG transformation)

local scale 
transformations 



𝑍 = 𝐴
𝐴′

global scale
transformation

𝑤 = 𝜆𝑧𝑥
𝑦

𝜃

𝑠

local scale
transformation

𝑤 = log (𝑧)

𝑦

𝑥

identification

𝑥 + 2𝜋𝑟 ~ 𝑥

Can we do the same on the lattice?

Conformal symmetry:
translation operator
on both cylinders
has same spectrum

~ Δ𝛼



Plane to cylinder
Evenbly, Vidal
arXiv:1510.00689



• Extraction of scaling 
dimensions, OPE

plane

cylinder

𝑥

𝑦

𝜃

𝑠

Plane to cylinder

• radial quantization in CFT

𝑠 ≡ 𝑙𝑜𝑔 𝑥2 + 𝑦2

𝑧 → 𝑤 = log(𝑧)
conformal transformation

𝑤 ≡ 𝑠 + 𝑖𝜃 (cylinder)

𝑧 ≡ 𝑥 + 𝑖𝑦 (plane)

Evenbly, Vidal
arXiv:1510.00689



𝕀

𝜀

𝜎 𝜇
𝜓  𝜓

Evenbly, Vidal
arXiv:1510.00689



Evenbly, Vidal
arXiv:1510.00689



Euclidean time evolution on different geometries

Euclidean path integral

𝑍 𝜆 = 𝑡𝑟 𝑒−𝛽𝐻𝑞
1𝑑

𝛽

𝐿

1d
quantum

torus

⋯⋯

⋮

|Ψ⟩

ground state

upper half-plane

⋯⋯ 𝛽𝜌𝛽

thermal  state

infinite strip



Ψ ~𝑒−𝜏𝐻|𝜙0〉

Upper half plane
Evenbly, Vidal, PRL 2015
arXiv:1502.05385



Ψ ~𝑒−𝜏𝐻|𝜙0〉

TNR produces MERA

Upper half plane
Evenbly, Vidal, PRL 2015
arXiv:1502.05385



MERA = variational ansatz

energy 
optimization

MERA = by-product of TNR

transform
tensor network
into MERA

energy minimization

• 1000s of iterations over scale

• local minima

• correct ground ?

TNR -> MERA

• single iteration over scale

• rewrite tensor network for ground state

• certificate of accuracy



𝜌𝛽~𝑒
−𝛽𝐻

infinite strip of finite width 𝛽
Evenbly, Vidal, PRL 2015
arXiv:1502.05385



global scale 
transformation 
(RG transformation)

local scale 
transformation 

Summary:

on the lattice !

What about diffeomorphism invariance on the lattice?

(quantum gravity?)

What about 2+1 dimensions? (3+1 …?)

Frontier:

(QCD?)

What about tensor networks in the continuum?

(space-time symmetries)


