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Main result: 
All pure non-Gaussian fermionic states 

are magic states for matchgate computations.



Magic states (Bravyi & Kitaev 2004)

Gate gadgets (for Clifford circuits)

Example 1: Clifford gates with                             is UQC

Magic state 

T =

✓
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<latexit sha1_base64="55E0cke9mGmI1/n08FcZifmgH7w="></latexit><latexit sha1_base64="55E0cke9mGmI1/n08FcZifmgH7w="></latexit><latexit sha1_base64="55E0cke9mGmI1/n08FcZifmgH7w="></latexit><latexit sha1_base64="55E0cke9mGmI1/n08FcZifmgH7w="></latexit>
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<latexit sha1_base64="d4hp+4FO43M2jxKTv/+ZIUfCqi4="></latexit><latexit sha1_base64="d4hp+4FO43M2jxKTv/+ZIUfCqi4="></latexit><latexit sha1_base64="d4hp+4FO43M2jxKTv/+ZIUfCqi4="></latexit><latexit sha1_base64="d4hp+4FO43M2jxKTv/+ZIUfCqi4="></latexit>

Replace each T gate by the “T-gadget”:

get 
m =0,1

adaptation

S m

X

T | i
<latexit sha1_base64="UmdNkGGg+oE9W2ex05+Ee8+SfOk=">AAAB9HicbZBNS8NAEIYnftb6VfXoZbEInkoiBT0WvHis0C9oQ9lsJ+3SzSbubgol9nd48aCIV3+MN/+N2zYHbX1h4eGdGWb2DRLBtXHdb2djc2t7Z7ewV9w/ODw6Lp2ctnScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpvX2xNUmseyYaYJ+hEdSh5yRo21/MZTL9G8p6gcCuyXym7FXYisg5dDGXLV+6Wv3iBmaYTSMEG17npuYvyMKsOZwFmxl2pMKBvTIXYtShqh9rPF0TNyaZ0BCWNlnzRk4f6eyGik9TQKbGdEzUiv1ubmf7VuasJbP+MySQ1KtlwUpoKYmMwTIAOukBkxtUCZ4vZWwkZUUWZsTkUbgrf65XVoXVc8yw/Vcq2ax1GAc7iAK/DgBmpwD3VoAoNHeIZXeHMmzovz7nwsWzecfOYM/sj5/AEQUJI7</latexit><latexit sha1_base64="UmdNkGGg+oE9W2ex05+Ee8+SfOk=">AAAB9HicbZBNS8NAEIYnftb6VfXoZbEInkoiBT0WvHis0C9oQ9lsJ+3SzSbubgol9nd48aCIV3+MN/+N2zYHbX1h4eGdGWb2DRLBtXHdb2djc2t7Z7ewV9w/ODw6Lp2ctnScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpvX2xNUmseyYaYJ+hEdSh5yRo21/MZTL9G8p6gcCuyXym7FXYisg5dDGXLV+6Wv3iBmaYTSMEG17npuYvyMKsOZwFmxl2pMKBvTIXYtShqh9rPF0TNyaZ0BCWNlnzRk4f6eyGik9TQKbGdEzUiv1ubmf7VuasJbP+MySQ1KtlwUpoKYmMwTIAOukBkxtUCZ4vZWwkZUUWZsTkUbgrf65XVoXVc8yw/Vcq2ax1GAc7iAK/DgBmpwD3VoAoNHeIZXeHMmzovz7nwsWzecfOYM/sj5/AEQUJI7</latexit><latexit sha1_base64="UmdNkGGg+oE9W2ex05+Ee8+SfOk=">AAAB9HicbZBNS8NAEIYnftb6VfXoZbEInkoiBT0WvHis0C9oQ9lsJ+3SzSbubgol9nd48aCIV3+MN/+N2zYHbX1h4eGdGWb2DRLBtXHdb2djc2t7Z7ewV9w/ODw6Lp2ctnScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpvX2xNUmseyYaYJ+hEdSh5yRo21/MZTL9G8p6gcCuyXym7FXYisg5dDGXLV+6Wv3iBmaYTSMEG17npuYvyMKsOZwFmxl2pMKBvTIXYtShqh9rPF0TNyaZ0BCWNlnzRk4f6eyGik9TQKbGdEzUiv1ubmf7VuasJbP+MySQ1KtlwUpoKYmMwTIAOukBkxtUCZ4vZWwkZUUWZsTkUbgrf65XVoXVc8yw/Vcq2ax1GAc7iAK/DgBmpwD3VoAoNHeIZXeHMmzovz7nwsWzecfOYM/sj5/AEQUJI7</latexit><latexit sha1_base64="UmdNkGGg+oE9W2ex05+Ee8+SfOk=">AAAB9HicbZBNS8NAEIYnftb6VfXoZbEInkoiBT0WvHis0C9oQ9lsJ+3SzSbubgol9nd48aCIV3+MN/+N2zYHbX1h4eGdGWb2DRLBtXHdb2djc2t7Z7ewV9w/ODw6Lp2ctnScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpvX2xNUmseyYaYJ+hEdSh5yRo21/MZTL9G8p6gcCuyXym7FXYisg5dDGXLV+6Wv3iBmaYTSMEG17npuYvyMKsOZwFmxl2pMKBvTIXYtShqh9rPF0TNyaZ0BCWNlnzRk4f6eyGik9TQKbGdEzUiv1ubmf7VuasJbP+MySQ1KtlwUpoKYmMwTIAOukBkxtUCZ4vZWwkZUUWZsTkUbgrf65XVoXVc8yw/Vcq2ax1GAc7iAK/DgBmpwD3VoAoNHeIZXeHMmzovz7nwsWzecfOYM/sj5/AEQUJI7</latexit>

| i
<latexit sha1_base64="9BxtSRfrbpGiQt8h6XZiW4ESszE=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBfsBTSib7aRdutmE3Y1QYv+GFw+KePXPePPfuG1z0NYXFh7emWFm3zAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTDFss0QkqhdSjYJLbBtuBPZShTQOBXbDye283n1EpXkiH8w0xSCmI8kjzqixlv/kp5r7isqRwEG15tbdhcg6eAXUoFBrUP3yhwnLYpSGCap133NTE+RUGc4Ezip+pjGlbEJH2LcoaYw6yBc3z8iFdYYkSpR90pCF+3sip7HW0zi0nTE1Y71am5v/1fqZiW6CnMs0MyjZclGUCWISMg+ADLlCZsTUAmWK21sJG1NFmbExVWwI3uqX16FzVfcs3zdqzUYRRxnO4BwuwYNraMIdtKANDFJ4hld4czLnxXl3PpatJaeYOYU/cj5/AGgHkd0=</latexit><latexit sha1_base64="9BxtSRfrbpGiQt8h6XZiW4ESszE=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBfsBTSib7aRdutmE3Y1QYv+GFw+KePXPePPfuG1z0NYXFh7emWFm3zAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTDFss0QkqhdSjYJLbBtuBPZShTQOBXbDye283n1EpXkiH8w0xSCmI8kjzqixlv/kp5r7isqRwEG15tbdhcg6eAXUoFBrUP3yhwnLYpSGCap133NTE+RUGc4Ezip+pjGlbEJH2LcoaYw6yBc3z8iFdYYkSpR90pCF+3sip7HW0zi0nTE1Y71am5v/1fqZiW6CnMs0MyjZclGUCWISMg+ADLlCZsTUAmWK21sJG1NFmbExVWwI3uqX16FzVfcs3zdqzUYRRxnO4BwuwYNraMIdtKANDFJ4hld4czLnxXl3PpatJaeYOYU/cj5/AGgHkd0=</latexit><latexit sha1_base64="9BxtSRfrbpGiQt8h6XZiW4ESszE=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBfsBTSib7aRdutmE3Y1QYv+GFw+KePXPePPfuG1z0NYXFh7emWFm3zAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTDFss0QkqhdSjYJLbBtuBPZShTQOBXbDye283n1EpXkiH8w0xSCmI8kjzqixlv/kp5r7isqRwEG15tbdhcg6eAXUoFBrUP3yhwnLYpSGCap133NTE+RUGc4Ezip+pjGlbEJH2LcoaYw6yBc3z8iFdYYkSpR90pCF+3sip7HW0zi0nTE1Y71am5v/1fqZiW6CnMs0MyjZclGUCWISMg+ADLlCZsTUAmWK21sJG1NFmbExVWwI3uqX16FzVfcs3zdqzUYRRxnO4BwuwYNraMIdtKANDFJ4hld4czLnxXl3PpatJaeYOYU/cj5/AGgHkd0=</latexit><latexit sha1_base64="9BxtSRfrbpGiQt8h6XZiW4ESszE=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBfsBTSib7aRdutmE3Y1QYv+GFw+KePXPePPfuG1z0NYXFh7emWFm3zAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTDFss0QkqhdSjYJLbBtuBPZShTQOBXbDye283n1EpXkiH8w0xSCmI8kjzqixlv/kp5r7isqRwEG15tbdhcg6eAXUoFBrUP3yhwnLYpSGCap133NTE+RUGc4Ezip+pjGlbEJH2LcoaYw6yBc3z8iFdYYkSpR90pCF+3sip7HW0zi0nTE1Y71am5v/1fqZiW6CnMs0MyjZclGUCWISMg+ADLlCZsTUAmWK21sJG1NFmbExVWwI3uqX16FzVfcs3zdqzUYRRxnO4BwuwYNraMIdtKANDFJ4hld4czLnxXl3PpatJaeYOYU/cj5/AGgHkd0=</latexit>

| i
<latexit sha1_base64="9BxtSRfrbpGiQt8h6XZiW4ESszE=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBfsBTSib7aRdutmE3Y1QYv+GFw+KePXPePPfuG1z0NYXFh7emWFm3zAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTDFss0QkqhdSjYJLbBtuBPZShTQOBXbDye283n1EpXkiH8w0xSCmI8kjzqixlv/kp5r7isqRwEG15tbdhcg6eAXUoFBrUP3yhwnLYpSGCap133NTE+RUGc4Ezip+pjGlbEJH2LcoaYw6yBc3z8iFdYYkSpR90pCF+3sip7HW0zi0nTE1Y71am5v/1fqZiW6CnMs0MyjZclGUCWISMg+ADLlCZsTUAmWK21sJG1NFmbExVWwI3uqX16FzVfcs3zdqzUYRRxnO4BwuwYNraMIdtKANDFJ4hld4czLnxXl3PpatJaeYOYU/cj5/AGgHkd0=</latexit><latexit sha1_base64="9BxtSRfrbpGiQt8h6XZiW4ESszE=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBfsBTSib7aRdutmE3Y1QYv+GFw+KePXPePPfuG1z0NYXFh7emWFm3zAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTDFss0QkqhdSjYJLbBtuBPZShTQOBXbDye283n1EpXkiH8w0xSCmI8kjzqixlv/kp5r7isqRwEG15tbdhcg6eAXUoFBrUP3yhwnLYpSGCap133NTE+RUGc4Ezip+pjGlbEJH2LcoaYw6yBc3z8iFdYYkSpR90pCF+3sip7HW0zi0nTE1Y71am5v/1fqZiW6CnMs0MyjZclGUCWISMg+ADLlCZsTUAmWK21sJG1NFmbExVWwI3uqX16FzVfcs3zdqzUYRRxnO4BwuwYNraMIdtKANDFJ4hld4czLnxXl3PpatJaeYOYU/cj5/AGgHkd0=</latexit><latexit sha1_base64="9BxtSRfrbpGiQt8h6XZiW4ESszE=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBfsBTSib7aRdutmE3Y1QYv+GFw+KePXPePPfuG1z0NYXFh7emWFm3zAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTDFss0QkqhdSjYJLbBtuBPZShTQOBXbDye283n1EpXkiH8w0xSCmI8kjzqixlv/kp5r7isqRwEG15tbdhcg6eAXUoFBrUP3yhwnLYpSGCap133NTE+RUGc4Ezip+pjGlbEJH2LcoaYw6yBc3z8iFdYYkSpR90pCF+3sip7HW0zi0nTE1Y71am5v/1fqZiW6CnMs0MyjZclGUCWISMg+ADLlCZsTUAmWK21sJG1NFmbExVWwI3uqX16FzVfcs3zdqzUYRRxnO4BwuwYNraMIdtKANDFJ4hld4czLnxXl3PpatJaeYOYU/cj5/AGgHkd0=</latexit><latexit sha1_base64="9BxtSRfrbpGiQt8h6XZiW4ESszE=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBfsBTSib7aRdutmE3Y1QYv+GFw+KePXPePPfuG1z0NYXFh7emWFm3zAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTDFss0QkqhdSjYJLbBtuBPZShTQOBXbDye283n1EpXkiH8w0xSCmI8kjzqixlv/kp5r7isqRwEG15tbdhcg6eAXUoFBrUP3yhwnLYpSGCap133NTE+RUGc4Ezip+pjGlbEJH2LcoaYw6yBc3z8iFdYYkSpR90pCF+3sip7HW0zi0nTE1Y71am5v/1fqZiW6CnMs0MyjZclGUCWISMg+ADLlCZsTUAmWK21sJG1NFmbExVWwI3uqX16FzVfcs3zdqzUYRRxnO4BwuwYNraMIdtKANDFJ4hld4czLnxXl3PpatJaeYOYU/cj5/AGgHkd0=</latexit>

T becomes

|Ai
<latexit sha1_base64="upEt7qzqb9l9FxAi0wQdwbb6UIQ=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4sVjBfshbSib7aRdutmE3Y1QYn+FFw+KePXnePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5EpXks780kQT+iQ8lDzqix1sPTdU9RORTYL1fcqjsXWQUvhwrkavTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWpQ0Qu1n84Wn5Mw6AxLGyj5pyNz9PZHRSOtJFNjOiJqRXq7NzP9q3dSEV37GZZIalGzxUZgKYmIyu54MuEJmxMQCZYrbXQkbUUWZsRmVbAje8smr0LqoepbvapV6LY+jCCdwCufgwSXU4RYa0AQGETzDK7w5ynlx3p2PRWvByWeO4Y+czx/LMJBY</latexit><latexit sha1_base64="upEt7qzqb9l9FxAi0wQdwbb6UIQ=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4sVjBfshbSib7aRdutmE3Y1QYn+FFw+KePXnePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5EpXks780kQT+iQ8lDzqix1sPTdU9RORTYL1fcqjsXWQUvhwrkavTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWpQ0Qu1n84Wn5Mw6AxLGyj5pyNz9PZHRSOtJFNjOiJqRXq7NzP9q3dSEV37GZZIalGzxUZgKYmIyu54MuEJmxMQCZYrbXQkbUUWZsRmVbAje8smr0LqoepbvapV6LY+jCCdwCufgwSXU4RYa0AQGETzDK7w5ynlx3p2PRWvByWeO4Y+czx/LMJBY</latexit><latexit sha1_base64="upEt7qzqb9l9FxAi0wQdwbb6UIQ=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4sVjBfshbSib7aRdutmE3Y1QYn+FFw+KePXnePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5EpXks780kQT+iQ8lDzqix1sPTdU9RORTYL1fcqjsXWQUvhwrkavTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWpQ0Qu1n84Wn5Mw6AxLGyj5pyNz9PZHRSOtJFNjOiJqRXq7NzP9q3dSEV37GZZIalGzxUZgKYmIyu54MuEJmxMQCZYrbXQkbUUWZsRmVbAje8smr0LqoepbvapV6LY+jCCdwCufgwSXU4RYa0AQGETzDK7w5ynlx3p2PRWvByWeO4Y+czx/LMJBY</latexit><latexit sha1_base64="upEt7qzqb9l9FxAi0wQdwbb6UIQ=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4sVjBfshbSib7aRdutmE3Y1QYn+FFw+KePXnePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5EpXks780kQT+iQ8lDzqix1sPTdU9RORTYL1fcqjsXWQUvhwrkavTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWpQ0Qu1n84Wn5Mw6AxLGyj5pyNz9PZHRSOtJFNjOiJqRXq7NzP9q3dSEV37GZZIalGzxUZgKYmIyu54MuEJmxMQCZYrbXQkbUUWZsRmVbAje8smr0LqoepbvapV6LY+jCCdwCufgwSXU4RYa0AQGETzDK7w5ynlx3p2PRWvByWeO4Y+czx/LMJBY</latexit>

Special input states that extend classically simulatable circuits to 
full universal QC power (UQC) while retaining same gate set, 
and allowing intermediate measurements with adaptive choices.



Example 2: More generally – gate teleportation (relevant for later) 

If U P = (Clifford) U  then can correct Pjk with (allowed) 
Clifford gate (depending adaptively on outcome jk ).
i.e. need             = Clifford
i.e. U in 3rd level of Clifford hierarchy e.g. T gate is there.

(Level n conjugates Paulis into level n-1).

UPU †
<latexit sha1_base64="auc9aSCcHYfV0V4/RuEV35VwkPI=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSRV0GPRi8cKpi2ksWw2k3TpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MGNUacf5tipr6xubW9Xt2s7u3v5B/fCoq0QuCXhEMCH7IVbAKAdPU82gn0nAacigF45vZ37vCaSigj/oSQZBihNOY0qwNpLvdbzHQYSTBOSw3nCazhz2KnFL0kAlOsP61yASJE+Ba8KwUr7rZDoosNSUMJjWBrmCDJMxTsA3lOMUVFDMT57aZ0aJ7FhIU1zbc/X3RIFTpSZpaDpTrEdq2ZuJ/3l+ruProKA8yzVwslgU58zWwp79b0dUAtFsYggmkppbbTLCEhNtUqqZENzll1dJt9V0L5qt+8tG+6aMo4pO0Ck6Ry66Qm10hzrIQwQJ9Ixe0ZulrRfr3fpYtFascuYY/YH1+QP0LpEK</latexit>

( Pjk ’s Pauli’s) 

(I ⌦ U)|�+i
<latexit sha1_base64="N//uU8gp33UejKbqiquZzYlqISg=">AAACBHicbVDLSgMxFM3UV62vUZfdBItQEcpMFXRZdKO7Ck5b6Iwlk2ba0EwyJBmhjF248VfcuFDErR/hzr8xfSy09cCFwzn3cu89YcKo0o7zbeWWlldW1/LrhY3Nre0de3evoUQqMfGwYEK2QqQIo5x4mmpGWokkKA4ZaYaDy7HfvCdSUcFv9TAhQYx6nEYUI22kjl0sX/tC05go6B3BBz/p07tjXyLeY6Rjl5yKMwFcJO6MlMAM9Y795XcFTmPCNWZIqbbrJDrIkNQUMzIq+KkiCcID1CNtQzkya4Ns8sQIHhqlCyMhTXENJ+rviQzFSg3j0HTGSPfVvDcW//PaqY7Og4zyJNWE4+miKGVQCzhOBHapJFizoSEIS2puhbiPJMLa5FYwIbjzLy+SRrXinlSqN6el2sUsjjwoggNQBi44AzVwBerAAxg8gmfwCt6sJ+vFerc+pq05azazD/7A+vwBaC6XUA==</latexit>

(UPjk)|⇠i
<latexit sha1_base64="wHf2AHFI6uxrOJoiCBhQ8UCHnFs=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxC3ZSkCrosunFZwbSFJoTJdNKOnUzCzESssfgrblwo4tb/cOffOH0stHrgwuGce7n3njBlVCrb/jIKC4tLyyvF1dLa+sbmlrm905RJJjBxccIS0Q6RJIxy4iqqGGmngqA4ZKQVDi7GfuuWCEkTfq2GKfFj1OM0ohgpLQXmXsVtBPnNYHT04N1RTyDeYyQwy3bVnsD6S5wZKcMMjcD89LoJzmLCFWZIyo5jp8rPkVAUMzIqeZkkKcID1CMdTTmKifTzyfUj61ArXStKhC6urIn6cyJHsZTDONSdMVJ9Oe+Nxf+8TqaiMz+nPM0U4Xi6KMqYpRJrHIXVpYJgxYaaICyovtXCfSQQVjqwkg7BmX/5L2nWqs5xtXZ1Uq6fz+Iowj4cQAUcOIU6XEIDXMBwD0/wAq/Go/FsvBnv09aCMZvZhV8wPr4BVTiVJw==</latexit>

|⇠i
<latexit sha1_base64="7a6UDoGpFgWiIgChWRN67HfWnOo=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YAklM120y7d7IbdjVhif4YXD4p49dd489+4bXPQ1gcDj/dmmJkXpZxp47rfzsrq2vrGZmmrvL2zu7dfOThsa5kpQltEcqm6EdaUM0FbhhlOu6miOIk47USjm6nfeaBKMynuzTilYYIHgsWMYGMl/yl4ZIHCYsBpr1J1a+4MaJl4BalCgWav8hX0JckSKgzhWGvfc1MT5lgZRjidlINM0xSTER5Q31KBE6rDfHbyBJ1apY9iqWwJg2bq74kcJ1qPk8h2JtgM9aI3Ff/z/MzEV2HORJoZKsh8UZxxZCSa/o/6TFFi+NgSTBSztyIyxAoTY1Mq2xC8xZeXSbte885r9buLauO6iKMEx3ACZ+DBJTTgFprQAgISnuEV3hzjvDjvzse8dcUpZo7gD5zPH6G2kXo=</latexit> Bell

jk
<latexit sha1_base64="J0v8oXQLrKhOGed3yOt5jwcb2tY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGK/YA2lM12067dbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/nHUK5XdijsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbphJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDKz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpyiDcFbfHmZNKsV77xSvbso167zOApwDCdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nD5nYjWc=</latexit>

magic state

want just U here

?



Matchgates (MGs)  - any 2-qubit gate of the form

G(A,B) =

2

664

p 0 0 q
0 a b 0
0 c d 0
r 0 0 s

3

775

<latexit sha1_base64="+O/DIwFgH+jrjmfmFna+SKnXQoo="></latexit>

A =


p q
r s

�
B =


a b
c d

�

<latexit sha1_base64="RQfpDySGkFkXQ8dvuNmSQ9LYuS4="></latexit>

with A and B in U(2) both with same determinant,
and acting only on nearest neighbour (n.n.) qubit lines. 

Note: SWAP = G(I,X)  is not a MG!
but fSWAP = G(Z,X) is a MG.

acts in even { |00>,|11> } and odd  { |01>,|10> }
subspaces respectively.

Physical significance
Introduce n fermionic modes:  a1, … , an  with

maps
|00> to |00>     |11> to -|11>
|01> to |10>     |10> to |01>

Quadratic hamiltonians: quadratic in  ai ’s  and  ai
† ’s

(CCRs) {ai, aj} = {a†i , a
†
j} = 0 {ai, a†j} = �ij i, j = 1, . . . , n

<latexit sha1_base64="jBXzQfzEYFJeZkOMsCzR6gwJ4Pg="></latexit>

!



Map n fermionic modes to n qubits:
introduce vacuum state          and define n -qubit basis by|⌦i

<latexit sha1_base64="9MFMFR0HaBVuSc5Ep8NMIQ7FQzk=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mqoMeiF29WsB/QhLLZTtKlm03Y3RRK7D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgpQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRWyWZpNCiCU9kNyAKOBPQ0kxz6KYSSBxw6ASj25nfGYNULBGPepKCH5NIsJBRoo3Ut+0n7N3HEBHsSSIiDn276tScOfAqcQtSRQWaffvLGyQ0i0FoyolSPddJtZ8TqRnlMK14mYKU0BGJoGeoIDEoP59fPsVnRhngMJGmhMZz9fdETmKlJnFgOmOih2rZm4n/eb1Mh9d+zkSaaRB0sSjMONYJnsWAB0wC1XxiCKGSmVsxHRJJqDZhVUwI7vLLq6Rdr7kXtfrDZbVxU8RRRifoFJ0jF12hBrpDTdRCFI3RM3pFb1ZuvVjv1seitWQVM8foD6zPH9ackyU=</latexit>

|k1 . . . kni = (a†1)
k1 . . . (a†n)

kn |⌦i ki
0s = 0, 1

<latexit sha1_base64="vONGoOxEXQ6GIJZ8ns/hlxBMZZU="></latexit>

Then (CCRs)            
these states are orthonormal and matrix of ai ’s  and  ai

† ’s  
are the standard Jordan-Wigner representation:       

=)
<latexit sha1_base64="Wzbx+fYonUbSaFxY86Z+T7wbSR0=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBU0mqoMeiF48V7Ae2oWy2m3bp7ibsboQS+i+8eFDEq//Gm//GTZuDtj4YeLw3w8y8MOFMG8/7dkpr6xubW+Vtd2d3b/+gcnjU1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSec3OZ+54kqzWL5YKYJDQQeSRYxgo2VHvtM2C1Uu+6gUvVq3hxolfgFqUKB5qDy1R/GJBVUGsKx1j3fS0yQYWUY4XTm9lNNE0wmeER7lkosqA6y+cUzdGaVIYpiZUsaNFd/T2RYaD0Voe0U2Iz1speL/3m91ETXQcZkkhoqyWJRlHJkYpS/j4ZMUWL41BJMFLO3IjLGChNjQ8pD8JdfXiXtes2/qNXvL6uNmyKOMpzAKZyDD1fQgDtoQgsISHiGV3hztPPivDsfi9aSU8wcwx84nz+yV5BF</latexit>

Fact: for any U on n qubits -
U corresponds to an evolution of fermionic modes 
under a quadratic Hamiltonian   if and only if
U is a circuit of (n.n.) matchgates.

c2j�1 = Z ⌦ Z ⌦ . . .⌦ Z ⌦Xj ⌦ I ⌦ . . .⌦ I
c2j = Z ⌦ Z ⌦ . . .⌦ Z ⌦ Yj ⌦ I ⌦ . . .⌦ I

<latexit sha1_base64="C87Uhfc42vJh7ASdZQhhkCWb8HY="></latexit>

c̃2j�1 = (aj + a†j) c̃2j = �i(aj � a†j)

<latexit sha1_base64="tfmE1nfqekAVZSV6+9z54uDQg/4="></latexit>



Classical simulation properties of MG computations

Poly-sized circuit of MGs on n qubit lines.
Measurements (final or intermediate) are always in comp basis.

Scenarios:
Comp-in:  only computational basis inputs                   allowed.
Prod-in:   general product state inputs                      allowed.
1-out:      single line output (1 bit).

Many-out: multi-line output (           bits).
Ad-Mmt: intermediate mmts allowed and later MGs can be chosen

adaptively to depend on earlier mmt outcomes.

|↵1i . . . |↵ni

<latexit sha1_base64="/7ayijQUXjvVIgxlC4EgAfvW9y8=">AAACEXicbZDLSsNAFIYnXmu8RV26GSxCVyWRgi6LblxWsBdoSjiZTNuhk0mYmQgl9hXc+CpuXCji1p0738ZpG0Fbfxj4+c45nDl/mHKmtOt+WSura+sbm6Ute3tnd2/fOThsqSSThDZJwhPZCUFRzgRtaqY57aSSQhxy2g5HV9N6+45KxRJxq8cp7cUwEKzPCGiDAqdy7wNPhxB4vgQx4BT7PEq0sn+4KHjglN2qOxNeNl5hyqhQI3A+/SghWUyFJhyU6npuqns5SM0IpxPbzxRNgYxgQLvGCoip6uWziyb41JAI9xNpntB4Rn9P5BArNY5D0xmDHqrF2hT+V+tmun/Ry5lIM00FmS/qZxzrBE/jwRGTlGg+NgaIZOavmAxBAtEmRNuE4C2evGxaZ1WvVq3d1Mr1yyKOEjpGJ6iCPHSO6ugaNVATEfSAntALerUerWfrzXqft65YxcwR+iPr4xvihJ2x</latexit>

|i1 . . . ini

<latexit sha1_base64="UcJ25BIyhy95v+N4VNgY7eY3r08=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5JIQY9FLx4r2A9oQthsNu3SzSbsboQSC/4VLx4U8erv8Oa/cdvmoK0PBh7vzTAzL8w4U9pxvq2V1bX1jc3KVnV7Z3dv3z447Kg0l4S2ScpT2QuxopwJ2tZMc9rLJMVJyGk3HN1M/e4DlYql4l6PM+oneCBYzAjWRgrs40cWuB6PUq0QC4QnsRhwGtg1p+7MgJaJW5IalGgF9pcXpSRPqNCEY6X6rpNpv8BSM8LppOrlimaYjPCA9g0VOKHKL2bnT9CZUSIUp9KU0Gim/p4ocKLUOAlNZ4L1UC16U/E/r5/r+MovmMhyTQWZL4pzjnSKplmgiElKNB8bgolk5lZEhlhiok1iVROCu/jyMulc1N1GvXHXqDWvyzgqcAKncA4uXEITbqEFbSBQwDO8wpv1ZL1Y79bHvHXFKmeO4A+szx8zIZWm</latexit>

k  n

<latexit sha1_base64="rufCjj37TafFYNqbBu+Oaj+du/U=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fj04rGC/YA2lM120i7ZbOLuRiihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHAThDdzvzOEyrNE/lgJin6MR1JHnJGjZU6UV/gI5GDStWtuXOQVeIVpAoFmoPKV3+YsCxGaZigWvc8NzV+TpXhTOC03M80ppRFdIQ9SyWNUfv5/NwpObfKkISJsiUNmau/J3Iaaz2JA9sZUzPWy95M/M/rZSa89nMu08ygZItFYSaIScjsdzLkCpkRE0soU9zeStiYKsqMTahsQ/CWX14l7cuaV6/V7+vVxk0RRwlO4QwuwIMraMAdNKEFDCJ4hld4c1LnxXl3Phata04xcwJ/4Hz+AAVrj14=</latexit>



Theorem 1 (Valiant, Terhal&DiVincenzo, Knill ~2000)
Comp-in and Many-out: any output probability or marginal
can be classically efficiently computed, so can efficiently sample too.
Theorem 2 (Terhal&DiVincenzo 2000)
Comp-in with Ad-Mmt and Many-out: output distribution can be 
classically efficiently sampled.
Theorem 3 (RJ and A. Miyake 2008)
Prod-in and 1-out: output probabilities can be classically efficiently
computed (so sampled too).
(!)Theorem 4 (D. Brod 2016)
Prod-in with Ad-Mmt and Many-out: output distribution can be 
classically efficiently sampled.



Theorem 1 (Valiant, Terhal&DiVincenzo, Knill ~2000)
Comp-in and Many-out: any output probability or marginal
can be classically efficiently computed, so can efficiently sample too.
Theorem 2 (Terhal&DiVincenzo 2000)
Comp-in with Ad-Mmt and Many-out: output distribution can be 
classically efficiently sampled.
Theorem 3 (RJ and A. Miyake 2008)
Prod-in and 1-out: output probabilities can be classically efficiently
computed (so sampled too).
(!)Theorem 4 (D. Brod 2016)
Prod-in with Ad-Mmt and Many-out: output distribution can be 
classically efficiently sampled.

Compare(!): Clifford circuits have wide range of classical simulation 
complexities (including quantum universal) in analogous scenarios!
MG circuits appear “more classically simulatable” yet 
Clifford gates/circuits have representation as classical stochastic maps 
on a phase space (viz. the discrete Wigner function formalism).



Brod’s method: reduce Prod-in to Comp-in
(will be relevant for magic states, in a moment)

We’ll use the following simple facts about MGs:
(A1): G(Z,X) acts as usual SWAP if one of the lines is |0>.
(A2): For any 1-qubit phase gate P(f), I ⊗P(f) and P(f) ⊗I  are MGs.
(A3): G(H,H) |f>|+> = (H |f>) |+>  so if we have an extra ancilla |+> 

next to a line, we can implement H on that line.
Also know (A4): {H, P(f) } is universal for all 1-qubit gates.

So:
Start with |0>… |0>|0>|+>  and make |0>…|0> |a1>|+>  (by (A2),(A3),(A4))

Next swap |a1> to left end giving |a1 >|0>…|0> |+>  (by (A1))

Continue in same way, making |a2>  in rightmost |0> and swap it to the left
over all |0>’s etc, to finally get

|0>… |0>|+>                         |a1>…|an>|+>
MG circuit



Thus for Prod-in, any MG circuit 
C on |a1>…|an>
can be reduced to a (slightly larger) MG circuit 
C* now on |0>… |0>|+> .

MG circuits preserve parity of any input Comp-in string
so for input |0>… |0>|+> the two branches from
𝟏
𝟐

|0>...|0>|0>  and 𝟏
𝟐

|0>…|0>|1>  never interfere

and output probabilities are averages 
of the two Comp-in processes with input
|0>…|0>|0>  and |0>…|0>|1> respectively.



Matchgates with (n.n.) SWAP is UQC
Encode 0 and 1 as |00> and |11>  i.e. use the even subspace.
Then any 1-qubit gate U encodes as Uenc = G(U,U)
and can get (CZ)enc  (which then suffices for UQC) using SWAP :

|j>
|j>

|k>
|k>

G(Z,X) SWAP = |j>
|j>

|k>
|k>

CZ = (CZ)enc on
|jj>|kk>

Definitions for n qubit states
Fermionic state: superposition of only even parity or only 

odd parity bit strings.
Gaussian state: any state obtainable via action of a MG circuit 

on a computational basis input.
(so Gaussian is special case of fermionic)
(MG analogue of stabiliser state)



Magic states for matchgate circuits
more subtle than the Clifford case

An m qubit state          is a magic state for a k qubit gate R if
(M1): there is a MG circuit C with adaptive measurements 
(“the R- gate gadget”)  such that

(and         may depend on measurement outcomes but not on       )  .     

More generally (inexact implementation of R ):
For any              there is an adaptive MG circuit of size                  with

with probability                   (over intermediate measurement outcomes).
This suffices to represent R in bounded error computations like BQP.

|Mi
<latexit sha1_base64="RbDNvxhf1uwUUBN3nw6Tboqi3nE=">AAAB8HicdVBNSwMxEJ2tX7V+VT16CRbBU9m2SnssevEiVLAf0i4lm2bb0CS7JFmhrP0VXjwo4tWf481/Y9quUEUfDDzem2Fmnh9xpo3rfjqZldW19Y3sZm5re2d3L79/0NJhrAhtkpCHquNjTTmTtGmY4bQTKYqFz2nbH1/O/PY9VZqF8tZMIuoJPJQsYAQbK909XPcUlkNO+/mCW3TnQEukVjmv1KqolCoFSNHo5z96g5DEgkpDONa6W3Ij4yVYGUY4neZ6saYRJmM8pF1LJRZUe8n84Ck6scoABaGyJQ2aq8sTCRZaT4RvOwU2I/3bm4l/ed3YBDUvYTKKDZVksSiIOTIhmn2PBkxRYvjEEkwUs7ciMsIKE2MzytkQvj9F/5NWuViqFMs3Z4X6RRpHFo7gGE6hBFWowxU0oAkEBDzCM7w4ynlyXp23RWvGSWcO4Qec9y8TRJCY</latexit>

|M̃i
<latexit sha1_base64="6I6xjiaKcAQTCX8X1QeAOoK0yoA=">AAAB+XicdVBNS8NAEN3Ur1q/oh69LBbBU0lapT0WvXgRKtgPaErZbCft0s0m7G4KJfafePGgiFf/iTf/jds2QhV9MPB4b4aZeX7MmdKO82nl1tY3Nrfy24Wd3b39A/vwqKWiRFJo0ohHsuMTBZwJaGqmOXRiCST0ObT98fXcb09AKhaJez2NoReSoWABo0QbqW/bD55mfAD41pNEDDn07aJTchbAK6RWuazUqtjNlCLK0OjbH94gokkIQlNOlOq6Tqx7KZGaUQ6zgpcoiAkdkyF0DRUkBNVLF5fP8JlRBjiIpCmh8UJdnUhJqNQ09E1nSPRI/fbm4l9eN9FBrZcyEScaBF0uChKOdYTnMeABk0A1nxpCqGTmVkxHRBKqTVgFE8L3p/h/0iqX3EqpfHdRrF9lceTRCTpF58hFVVRHN6iBmoiiCXpEz+jFSq0n69V6W7bmrGzmGP2A9f4FjcaTnQ==</latexit>

|↵i
<latexit sha1_base64="IQJGQqHR2Hika6wckFiNntW8qXI=">AAAB9XicdVBNS8NAEN3Ur1q/qh69LBbBU0lapT0WvXisYD+giWWy3bRLN5uwu1FK7P/w4kERr/4Xb/4bt22EKvpg4PHeDDPz/JgzpW3708qtrK6tb+Q3C1vbO7t7xf2DtooSSWiLRDySXR8U5UzQlmaa024sKYQ+px1/fDnzO3dUKhaJGz2JqRfCULCAEdBGun1wgccjcCWIIaf9Ysku23PgJVKvnlfrNexkSgllaPaLH+4gIklIhSYclOo5dqy9FKRmhNNpwU0UjYGMYUh7hgoIqfLS+dVTfGKUAQ4iaUpoPFeXJ1IIlZqEvukMQY/Ub28m/uX1Eh3UvZSJONFUkMWiIOFYR3gWAR4wSYnmE0OASGZuxWQEEog2QRVMCN+f4v9Ju1J2quXK9VmpcZHFkUdH6BidIgfVUANdoSZqIYIkekTP6MW6t56sV+tt0ZqzsplD9APW+xcLB5Lf</latexit>

|↵i|Mi C�! (R|↵i) |M̃i for any |↵i on k qubits
<latexit sha1_base64="JVD141F+Wkh28Mw81lxRi6RM3Pk="></latexit>

|↵i|Mi⌦p C�! (R|↵i) |M̃i with p =poly(1/✏)
<latexit sha1_base64="nW9HydhZhCBN13T6wR5naqu7bsI="></latexit>

✏ > 0
<latexit sha1_base64="iQxt5eBAWyi4CnJXD1FTsFM/HhA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mtgp6k6MVjBfsB3aVk02wbmk1CkhVK6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzYsWZsb7/7RXW1jc2t4rbpZ3dvf2D8uFRy8hME9okkkvdibGhnAnatMxy2lGa4jTmtB2P7mZ++4lqw6R4tGNFoxQPBEsYwdZJYUiVYVwKdIP8XrniV/050CoJclKBHI1e+SvsS5KlVFjCsTHdwFc2mmBtGeF0WgozQxUmIzygXUcFTqmJJvObp+jMKX2USO1KWDRXf09McGrMOI1dZ4rt0Cx7M/E/r5vZ5DqaMKEySwVZLEoyjqxEswBQn2lKLB87golm7lZEhlhjYl1MJRdCsPzyKmnVqsFFtfZwWanf5nEU4QRO4RwCuII63EMDmkBAwTO8wpuXeS/eu/exaC14+cwx/IH3+QP4DpD6</latexit>

poly(1/✏)
<latexit sha1_base64="Y7vucOCdvM5cK3NlDQ2Z90r+zcQ=">AAACAnicbVDLSgMxFM3UV62vUVfiZrAV6qbOVEGXRTcuK9gHdIaSSTNtaCYJSUYchuLGX3HjQhG3foU7/8b0sdDWAxcO59zLvfeEghKlXffbyi0tr6yu5dcLG5tb2zv27l5T8UQi3ECcctkOocKUMNzQRFPcFhLDOKS4FQ6vx37rHktFOLvTqcBBDPuMRARBbaSufeDHIX/IBKdpqeyd+lgoQjk7KY26dtGtuBM4i8SbkSKYod61v/weR0mMmUYUKtXxXKGDDEpNEMWjgp8oLCAawj7uGMpgjFWQTV4YOcdG6TkRl6aYdibq74kMxkqlcWg6Y6gHat4bi/95nURHl0FGmEg0Zmi6KEqoo7kzzsPpEYmRpqkhEElibnXQAEqItEmtYELw5l9eJM1qxTurVG/Pi7WrWRx5cAiOQBl44ALUwA2ogwZA4BE8g1fwZj1ZL9a79TFtzVmzmX3wB9bnD2TOlsY=</latexit>

> 1� ✏
<latexit sha1_base64="GJWJU32r9h+al2VrkzljffG7aiE=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBG8WJIq6EmKXjxWsB+QhrLZTtqlm92wuxFK6c/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbTzv21lZXVvf2CxsFbd3dvf2SweHTS0zRbFBJZeqHRGNnAlsGGY4tlOFJIk4tqLh3dRvPaHSTIpHM0oxTEhfsJhRYqwU3PjnHUw141J0S2Wv4s3gLhM/J2XIUe+Wvjo9SbMEhaGcaB34XmrCMVGGUY6TYifTmBI6JH0MLBUkQR2OZydP3FOr9NxYKlvCuDP198SYJFqPksh2JsQM9KI3Ff/zgszE1+GYiTQzKOh8UZxx10h3+r/bYwqp4SNLCFXM3urSAVGEGptS0YbgL768TJrVin9RqT5clmu3eRwFOIYTOAMfrqAG91CHBlCQ8Ayv8OYY58V5dz7mrStOPnMEf+B8/gCvB5De</latexit>

However we will need more conditions on |M> to be a magic state...



Example
MGs with R = H is known to be UQC.
H can be implemented with MGs if  |+> ancilla available (Brod)
i.e. |+> functions as a ‘magic state’ for H 
(and |+> is even preserved in the gadget!) 
(!) But also: MG circuits with Comp-in and input |+>’s is 
classically simulatable (even with Ad-mmt and Many-out). 
So conclude BQP = BPP!?



Example
MGs with R = H is known to be UQC.
H can be implemented with MGs if  |+> ancilla available (Brod)
i.e. |+> functions as a ‘magic state’ for H 
(and |+> is even preserved in the gadget!) 
(!) But also: MG circuits with Comp-in and input |+>’s is 
classically simulatable (even with Ad-mmt and Many-out). 
So conclude BQP = BPP!?
(!) But |+> needs to be adjacent to the line of H action!

For UQC we generally want to implement many R’s in a n.n. MG circuit 
But (unlike Clifford case):
(a) generally cannot swap |M > next to |a> line to implement a gadget 

by n.n. MGs;
(b) cannot initially place |M >’s between input lines (where later needed)

as this partitions the circuit into independent sectors for n.n. MGs!

Use of  |+> is debilitatingly constrained by (a) and (b) above!



So impose a second condition on |M > to be a magic state:
(M2): |M > can be swapped through arbitrary states 

using n.n. MGs only.

Example.
|0> can be swapped anywhere using G(Z,X)
|1> can be swapped anywhere using G(-Z,X)
|+> cannot be swapped around (unless BQP=BPP)

Theorem: 
|M > satisfies (M2)  if and only if  |M > is a fermionic state.
Thus any magic state must be a fermionic state.

|1>|1> maps to –|1>|1>
but never get |1>|1> 
to swap.
Similarly for |0>|0>.

Not a priori clear that any state satisfies both (M1) and (M2)?..



Magic state for SWAP gate in MG circuits
Remark
Smallest number of qubits for any magic state is four since:
(i) for one qubit, any adaptive MG circuit is classically simulatable;
(ii) all 2- and 3-qubit fermionic states are Gaussian.

Introduce:

|M > is fermionic so satisfies (M2).
|M > is Choi state for SWAP with the reordering and partition 14|23

We’ll use                 to teleport from 14 over to 23
i.e. do gate teleportation for U = SWAP

|Mi1234 = |�+i13|�+i24 =
1

2
[|0000i+ |0101i+ |1010i+ |1111i]

<latexit sha1_base64="XBEQ07WB2LxT8qFaNXsPGKafvkI="></latexit>

|Mi1234 = I14 ⌦ SWAP23

1X

i,j=0

|iji14|iji23
<latexit sha1_base64="3/Qop9gTWrD/3ri6c59WfYDj0eg="></latexit>

|Mi1234
<latexit sha1_base64="PDLlzHU9/6RxPPwQFkindx9Lm7c=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiRptO2u6MaNUME+oA1lMp22QyeTMDMRS8yvuHGhiFt/xJ1/4/QhqOiBC4dz7uXee4KYUals+8PIrayurW/kNwtb2zu7e+Z+sSWjRGDSxBGLRCdAkjDKSVNRxUgnFgSFASPtYHIx89u3REga8Rs1jYkfohGnQ4qR0lLfLN5f9QTiI0b6qeOWvaxQ6Jsl26rUPM+tQNuyz05rjjMnZbdWhY5lz1ECSzT65ntvEOEkJFxhhqTsOnas/BQJRTEjWaGXSBIjPEEj0tWUo5BIP53fnsFjrQzgMBK6uIJz9ftEikIpp2GgO0OkxvK3NxP/8rqJGlb9lPI4UYTjxaJhwqCK4CwIOKCCYMWmmiAsqL4V4jESCCsd1yyEr0/h/6TlWk7Zcq+9Uv18GUceHIIjcAIcUAF1cAkaoAkwuAMP4Ak8G5nxaLwYr4vWnLGcOQA/YLx9AqSDk4k=</latexit>

(up to factor of a half)



Bell

Bell

1

2

3

4

Bell
0/1

0/1

The SWAP gadget for matchgates

For Z correction:                            is a matchgate.
For X correction:   bring in ancilla |0> with G(Z,X) ’s, apply 

, and then remove ancilla |1> with G(-Z,X) ’s.G(X,X) = X ⌦X
<latexit sha1_base64="RYyw6u1VhLVc02fKSxVVIzK6yp0=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCBSlJFfQiFD3osYJtA20om+22XbrZhN2JWEL/ihcPinj1j3jz37htc9DWBwOP92aYmRfEgmtwnG8rt7K6tr6R3yxsbe/s7tn7xaaOEkVZg0YiUl5ANBNcsgZwEMyLFSNhIFgrGN1M/dYjU5pH8gHGMfNDMpC8zykBI3Xt4m3ZO/VOrrDXiYCHTGOva5ecijMDXiZuRkooQ71rf3V6EU1CJoEKonXbdWLwU6KAU8EmhU6iWUzoiAxY21BJzBo/nd0+wcdG6eF+pExJwDP190RKQq3HYWA6QwJDvehNxf+8dgL9Sz/lMk6ASTpf1E8EhghPg8A9rhgFMTaEUMXNrZgOiSIUTFwFE4K7+PIyaVYr7lmlen9eql1nceTRITpCZeSiC1RDd6iOGoiiJ/SMXtGbNbFerHfrY96as7KZA/QH1ucPtIOS8Q==</latexit>

G(Z,Z) = Z ⌦ I
<latexit sha1_base64="S9hZtdkFqxqPgVxSLWdEKTqGwSg=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoICWpgl6Eogf1VsF+0DaUzXbbLt1kw+5GLKF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzPMjzpR2nG9raXlldW09s5Hd3Nre2bX3cjUlYklolQguZMPHinIW0qpmmtNGJCkOfE7r/vB64tcfqVRMhA96FFEvwP2Q9RjB2kgdO3dTaJ40jy9Rsy00C6hCdx077xSdKdAicVOShxSVjv3V7goSBzTUhGOlWq4TaS/BUjPC6TjbjhWNMBniPm0ZGmKzxkumt4/RkVG6qCekqVCjqfp7IsGBUqPAN50B1gM1703E/7xWrHsXXsLCKNY0JLNFvZgjLdAkCNRlkhLNR4ZgIpm5FZEBlphoE1fWhODOv7xIaqWie1os3Z/ly1dpHBk4gEMogAvnUIZbqEAVCDzBM7zCmzW2Xqx362PWumSlM/vwB9bnD6cpkug=</latexit>

Note:
(SWAP )(P2 ⌦ P3) =
(P3 ⌦ P2)⌦ (SWAP )

<latexit sha1_base64="82A+MlI6sGh5pG8CMREVI8xRH2k="></latexit>



Main theorem
All fermionic states that are not Gaussian are magic states 
for matchgate computations.

Outline of approach to proof
Introduce the (even fermionic) state

Lemma 1: any 4-qubit fermionic state |x> which is non-Gaussian 
Is MG-equivalent to           for some                   .

|M�i =
1

2

⇥
|0000i+ |0011i+ |1100i+ ei�|1111i

⇤
<latexit sha1_base64="h4+FgZSRT+dz6kAjKNSqiHqQF30="></latexit>

|M�i
<latexit sha1_base64="37rTz6YrZQQGNWB/fhh5bhhSLak=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBE8laQKeix68SJUsB/QxLLZTtqlm03Y3Sgl9n948aCIV/+LN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zbS0tr6yurRc2iptb2zu7pb39popTSbFBYx7LdkAUciawoZnm2E4kkijg2AqGVxO/9YBSsVjc6VGCfkT6goWMEm2k+6ebrpcMmCeJ6HPslspOxZnCXiRuTsqQo94tfXm9mKYRCk05UarjOon2MyI1oxzHRS9VmBA6JH3sGCpIhMrPpleP7WOj9OwwlqaEtqfq74mMREqNosB0RkQP1Lw3Ef/zOqkOL/yMiSTVKOhsUZhyW8f2JAK7xyRSzUeGECqZudWmAyIJ1SaoognBnX95kTSrFfe0Ur09K9cu8zgKcAhHcAIunEMNrqEODaAg4Rle4c16tF6sd+tj1rpk5TMH8AfW5w+z45Kk</latexit>

� 2 (0, 2⇡)
<latexit sha1_base64="BMMFejwl6IZo31Jt/lLMoImJXys=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCBSlJFfRY9OKxgv2AJpTNdtMu3WzC7kYsoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMCxLOlHacb6uwtr6xuVXcLu3s7u0f2IfltopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M7zxSqVgsHvQkoX6Eh4KFjGBtpL5d9pIRQx4TqOqc172EobO+XXFqzhxolbg5qUCOZt/+8gYxSSMqNOFYqZ7rJNrPsNSMcDoteamiCSZjPKQ9QwWOqPKz+e1TdGqUAQpjaUpoNFd/T2Q4UmoSBaYzwnqklr2Z+J/XS3V47WdMJKmmgiwWhSlHOkazINCASUo0nxiCiWTmVkRGWGKiTVwlE4K7/PIqaddr7kWtfn9ZadzkcRThGE6gCi5cQQPuoAktIPAEz/AKb9bUerHerY9Fa8HKZ47gD6zPH0q3kqc=</latexit>

Choi state for
C-phase      gate(�)

<latexit sha1_base64="jYh0lLqnq4NJDHUFXWZ7mNEcclI=">AAAB7XicdVDLSgMxFM34rPVVdekmWIS6GWbajnZ2RTcuK9gHtEPJpJk2NpMMSUYoQ//BjQtF3Po/7vwb04egogcuHM65l3vvCRNGlXacD2tldW19YzO3ld/e2d3bLxwctpRIJSZNLJiQnRApwignTU01I51EEhSHjLTD8dXMb98Tqajgt3qSkCBGQ04jipE2UqvUS0b0rF8oOrbn1/yqDx27XPM8/9wQp+JUXA+6tjNHESzR6BfeewOB05hwjRlSqus6iQ4yJDXFjEzzvVSRBOExGpKuoRzFRAXZ/NopPDXKAEZCmuIaztXvExmKlZrEoemMkR6p395M/MvrpjqqBRnlSaoJx4tFUcqgFnD2OhxQSbBmE0MQltTcCvEISYS1CShvQvj6FP5PWmXbrdjlm2qxfrmMIweOwQkoARdcgDq4Bg3QBBjcgQfwBJ4tYT1aL9bronXFWs4cgR+w3j4BYJ6PAw==</latexit>

In fact we give an explicit depth-3 MG circuit transforming |x>
into an  |Mf> for suitable f in (0,2p).                 .
Not also that   |Mf>  is Gaussian   iff f = 0 or 2p.

Then have three lemmas



Lemma 2: for k 4 let             be any (k+1)-qubit fermionic 
non-Gaussian state. Then using MGs and measurements, 

can be transformed with probability > 0 into a
k-qubit fermionic non-Gaussian state, and hence to k = 4 
and hence to          .

| k+1i
<latexit sha1_base64="6hXTIpxWgKOnLxTIl40Pe4YSieg=">AAAB+3icbVBNS8NAEN34WetXrEcvi0UQhJJUQY9FLx4r2A9oQthsp+3SzSbsbsQS81e8eFDEq3/Em//GbZuDtj4YeLw3w8y8MOFMacf5tlZW19Y3Nktb5e2d3b19+6DSVnEqKbRozGPZDYkCzgS0NNMcuokEEoUcOuH4Zup3HkAqFot7PUnAj8hQsAGjRBspsCtPXqJYkI3P3NyTRAw5BHbVqTkz4GXiFqSKCjQD+8vrxzSNQGjKiVI910m0nxGpGeWQl71UQULomAyhZ6ggESg/m92e4xOj9PEglqaExjP190RGIqUmUWg6I6JHatGbiv95vVQPrvyMiSTVIOh80SDlWMd4GgTuMwlU84khhEpmbsV0RCSh2sRVNiG4iy8vk3a95p7X6ncX1cZ1EUcJHaFjdIpcdIka6BY1UQtR9Iie0St6s3LrxXq3PuatK1Yxc4j+wPr8ARqRlHo=</latexit>

| k+1i
<latexit sha1_base64="6hXTIpxWgKOnLxTIl40Pe4YSieg=">AAAB+3icbVBNS8NAEN34WetXrEcvi0UQhJJUQY9FLx4r2A9oQthsp+3SzSbsbsQS81e8eFDEq3/Em//GbZuDtj4YeLw3w8y8MOFMacf5tlZW19Y3Nktb5e2d3b19+6DSVnEqKbRozGPZDYkCzgS0NNMcuokEEoUcOuH4Zup3HkAqFot7PUnAj8hQsAGjRBspsCtPXqJYkI3P3NyTRAw5BHbVqTkz4GXiFqSKCjQD+8vrxzSNQGjKiVI910m0nxGpGeWQl71UQULomAyhZ6ggESg/m92e4xOj9PEglqaExjP190RGIqUmUWg6I6JHatGbiv95vVQPrvyMiSTVIOh80SDlWMd4GgTuMwlU84khhEpmbsV0RCSh2sRVNiG4iy8vk3a95p7X6ncX1cZ1EUcJHaFjdIpcdIka6BY1UQtR9Iie0St6s3LrxXq3PuatK1Yxc4j+wPr8ARqRlHo=</latexit>

|M�i
<latexit sha1_base64="37rTz6YrZQQGNWB/fhh5bhhSLak=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBE8laQKeix68SJUsB/QxLLZTtqlm03Y3Sgl9n948aCIV/+LN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zbS0tr6yurRc2iptb2zu7pb39popTSbFBYx7LdkAUciawoZnm2E4kkijg2AqGVxO/9YBSsVjc6VGCfkT6goWMEm2k+6ebrpcMmCeJ6HPslspOxZnCXiRuTsqQo94tfXm9mKYRCk05UarjOon2MyI1oxzHRS9VmBA6JH3sGCpIhMrPpleP7WOj9OwwlqaEtqfq74mMREqNosB0RkQP1Lw3Ef/zOqkOL/yMiSTVKOhsUZhyW8f2JAK7xyRSzUeGECqZudWmAyIJ1SaoognBnX95kTSrFfe0Ur09K9cu8zgKcAhHcAIunEMNrqEODaAg4Rle4c16tF6sd+tj1rpk5TMH8AfW5w+z45Kk</latexit>

Useful technical ingredient in this proof (and in other proofs)
Fact (Bravyi 2005) 

⇤n =
2nX

i=1

ci ⌦ ci

<latexit sha1_base64="DvYHK+cmQd+Fn8HcMQveZx+S7sE=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUlKQTeFohsXLirYBzQxTCaTduhkEmYmQgn9Bjf+ihsXirh15c6/cdJmoa0HBg7nnMude/yEUaks69sorayurW+UNytb2zu7e+b+QVfGqcCkg2MWi76PJGGUk46iipF+IgiKfEZ6/vgq93sPREga8zs1SYgboSGnIcVIackzz5wbHQ6Qx2HTkWnkZbRpT++zOp9C7FEnVjQiMqeeWbVq1gxwmdgFqYICbc/8coIYpxHhCjMk5cC2EuVmSCiKGZlWnFSSBOExGpKBphzpRW42O2kKT7QSwDAW+nEFZ+rviQxFUk4iXycjpEZy0cvF/7xBqsILN6M8SRXheL4oTBlUMcz7gQEVBCs20QRhQfVfIR4hgbDSLVZ0CfbiycukW6/ZjVrjtlFtXRZ1lMEROAanwAbnoAWuQRt0AAaP4Bm8gjfjyXgx3o2PebRkFDOH4A+Mzx+PzZ1r</latexit>

⇤n (|⇠i ⌦ |⇠i) = 0

<latexit sha1_base64="31oPYCzY14JbXB43aZQVDvb5QbQ=">AAACInicbVDLSgMxFM34rPVVdekmWATdlBkpqAuh6MaFiwq2Cp2hZNI7bTCTGZI7Yhn7LW78FTcuFHUl+DGmtYKvA4HDOedyc0+YSmHQdd+cicmp6ZnZwlxxfmFxabm0sto0SaY5NHgiE30RMgNSKGigQAkXqQYWhxLOw8ujoX9+BdqIRJ1hP4UgZl0lIsEZWqld2vdPbLjD2or6EiLcuvGvBfU1U10JfoIiBkOH2pekRbeH2/TAbZfKbsUdgf4l3piUyRj1dunF7yQ8i0Ehl8yYluemGORMo+ASBkU/M5Ayfsm60LJUMbs6yEcnDuimVTo0SrR9CulI/T6Rs9iYfhzaZMywZ357Q/E/r5VhtBfkQqUZguKfi6JMUkzosC/aERo4yr4ljGth/0p5j2nG0bZatCV4v0/+S5o7Fa9aqZ5Wy7XDcR0Fsk42yBbxyC6pkWNSJw3CyS25J4/kyblzHpxn5/UzOuGMZ9bIDzjvH0iWpB4=</latexit>

[⇤n, R⌦R] = 0

<latexit sha1_base64="f6XMMKXaThseSHWACtGHNUwqe9E=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgQkoiBd0IRTcuXNRiH5CEMJlM2qGTSZiZCCV058ZfceNCEbf+gjv/xmmbhbYeGDiccy537glSRqWyrG+jtLS8srpWXq9sbG5t75i7ex2ZZAKTNk5YInoBkoRRTtqKKkZ6qSAoDhjpBsPrid99IELShN+rUUq8GPU5jShGSku+eehA91bHQ+RzeApbbqJoTCRsQQ/CS8s3q1bNmgIuErsgVVCg6ZtfbpjgLCZcYYakdGwrVV6OhKKYkXHFzSRJER6iPnE05Ugv8/LpHWN4rJUQRonQjys4VX9P5CiWchQHOhkjNZDz3kT8z3MyFV14OeVppgjHs0VRxqBK4KQUGFJBsGIjTRAWVP8V4gESCCtdXUWXYM+fvEg6ZzW7Xqvf1auNq6KOMjgAR+AE2OAcNMANaII2wOARPINX8GY8GS/Gu/Exi5aMYmYf/IHx+QNSi5cK</latexit>

Let
Then 
(a) Any fermionic state |x> is a Gaussian state iff
(b) Any even operator R is Gaussian iff

(No such neat exact algebraic characterization for 
stabilizer states and Clifford operations?)

�

<latexit sha1_base64="5v/rahShn3otljcSOtH9wY78CpQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fj04rGC/YA2lM120i7dTeLuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pR8AhbhhuB3UQhlYHATjC5zf3OEyrN4+jBTBP0JR1FPOSMmlzqj/BxUKm6NXcOskq8glShQHNQ+eoPY5ZKjAwTVOue5ybGz6gynAmclfupxoSyCR1hz9KIStR+Nr91Rs6tMiRhrGxFhszV3xMZlVpPZWA7JTVjvezl4n9eLzXhtZ/xKEkNRmyxKEwFMTHJHydDrpAZMbWEMsXtrYSNqaLM2HjKNgRv+eVV0r6sefVa/b5ebdwUcZTgFM7gAjy4ggbcQRNawGAMz/AKb450Xpx352PRuuYUMyfwB87nDw+pjkI=</latexit>



Lemma 3: |Mf> can be used to realise the 2-qubit C-phase(f) gate.
And known (Brod & Galvao 2011): 
MGs with C-phase(f) for any f in (0,2p) is UQC.

Proof idea
|Mf> is Choi state for C-phase(f). 
Use it in the SWAP gadget construction to implement 
C-phase(f) or C-phase(-f) with probabilities half.
Then show how this can be rectified to get C-phase(f)
with probability (1-e) using O(poly(1/e)) copies of |Mf>.

Finally putting together lemmas 1,2,3 gives the main result.


