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Quantum correction to the linear response for a magnetized electron gas
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School of Physics, University of Sydney, NSW 2006, Australia
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It is shown how the fully relativistic quantum expression for the response of an arbitrary magnetized
electron~plus positron! gas reproduces its nonquantum counterpart. In the relativistic quantum case
the dispersion is due to both gyromagnetic absorption and one-photon pair creation. Although
one-photon pair creation has no classical counterpart, somewhat surprisingly it needs to be retained
to reproduce the nonquantum limit correctly. For unpolarized electrons it is shown that the first
quantum correction~order\! to the nonquantum limit for the dispersion vanishes when one sums
over all excited states, as for an unmagnetized electron gas. However, in the magnetized case there
is a contribution of order\ from the ground state, which is the only state with a specific
spin. © 2002 American Institute of Physics.@DOI: 10.1063/1.1515271#
st
o

ti

u
p
s

or
d’’

re
tro
si
n

-

-
g

ita
s

e
u

r

la
ll

t o
n

ive

n-
orp-
in-
hese
yro-
s to
er
in

ip

nec-
fects
ms
an-

in

pen-

tes,
dau

cit
an-

ion
l ex-
ical

in
he
to

e is
t
in-
und
ntri-
I. INTRODUCTION

The linear response tensor for a magnetized, relativi
quantum electron gas was first calculated by Svetozar
and Tsytovich1 and discussed further by later authors.2–6

However, it has not been shown in detail how the relativis
quantum case reproduces its well-known nonquantum lim
Moreover, the first quantum corrections to the nonquant
limit have not been determined. Our purposes in this pa
are to show explicitly that the relativistic quantum expre
sion for the linear response tensor reproduces the~relativis-
tic! nonquantum limit and to evaluate the first quantum c
rection to it for unpolarized electrons, where ‘‘unpolarize
is explained below.

Five intrinsically quantum effects need to be conside
in a general treatment of dispersion in a magnetized elec
gas. Three of these are included in the detailed discus
here: the quantum recoil; dispersion associated with o
photon pair annihilation; and dependence on the ratioB/Bc ,
where Bc5m2c2/e\54.43109 T is the so-called critical
magnetic field. The critical field is that for which the cyclo
tron energy,\V, V5eB/m, is equal to the rest energy,mc2.
The dependence onB/Bc arises from quantization of the gy
romagnetic motion and the inclusion of the spin. Gyroma
netic motion is simple harmonic, described by an orb
quantum number,l 50,1,... . The fourth quantum effect i
the spin, described by a spin quantum number,s561. Spin-
orbit coupling is an intrinsically relativistic effect and th
quantum numbersl and s are combined into the Landa

quantum number,n5 l 1 1
2 (11s)50,1,..., such that the per-

pendicular momentum is quantized as (2neB\)1/2. The en-
ergy eigenvalues for a particle with parallel momentumpz

are«n5@m2c4(112nB/Bc)1pz
2c2#1/2. The ground state, o

lowest Landau level,n50, l 50, s521, is nondegenerate
and each excited state is doubly degenerate. By ‘‘unpo
ized’’ electrons we imply that each excited state is equa
populated fors561. The fifth quantum effect is the vacuum
polarization, which is ignored in this paper.

Dispersive effects are described by the Hermitian par
the response tensor, and dissipative effects by the a
Hermitian part. There is a one-to-one relation~e.g.,
Kramers–Kronig! between dispersive effects and dissipat
4471070-664X/2002/9(11)/4473/8/$19.00
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effects.7,8 The only dispersive effect included in a nonqua
tum treatment is that associated with gyromagnetic abs
tion. The generalization to the relativistic quantum case
troduces three additional dissipative processes. One of t
may be treated classically: dispersion associated with g
magnetic absorption by positrons, whose presence need
be included in a relativistic quantum treatment. The oth
two are one-photon pair creation, which is most familiar
the context of the vacuum polarization,9 and gyromagnetic
absorption involving a spin–flip transition. The spin–fl
contribution disappears in the nonquantum limit.10 However,
at least in the approach adopted here, it turns out to be
essary to retain the terms that describe the dispersive ef
due to pair creation in the nonquantum limit; these ter
cancel otherwise spurious terms that arise from the nonqu
tum limit of the gyromagnetic absorption terms.

The nonquantum limit involves the zeroth order terms
an expansion inB/Bc . The dependence onB/Bc appears
both through the energy eigenvalues, and through the de
dence of the wave functions of functionsJn2n8

n (x) that are
related to Laguerre polynomials with the argumentx
5\k'

2 /2eB5(\k' /mc)2/2(B/Bc), with k'
2 5k22kz

2 . Dis-
persion is associated with virtual transitions between sta
and this decomposes into a sum over all pairs of Lan
states, labeledn, n8 here. The functionJn2n8

n (x) reduces to
a Bessel function,Jn2n8(z), z5k'p' /eB, in the nonquan-
tum limit, \→0, n→`, \n→p'

2 /2eB.
The main new result in this paper, apart from the expli

demonstration that the requirement that the known nonqu
tum limit be reproduced, is that the first quantum correct
vanishes when one averages over the spin states for al
cited states. This result is assumed implicitly in semiclass
treatments of gyromagnetic emission and absorption,
which the first quantum correction is included through t
quantum recoil, with emission and absorption contributing
the dispersion with opposite sign of the recoil so that ther
no correction of order\. However, this cancellation of firs
order quantum corrections does not apply to a sp
dependent electron gas, and it does not apply to the gro
state which is nondegenerate and which does give a co
bution of order\.
3 © 2002 American Institute of Physics
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This presence of a correction of order\ for electrons
~and positrons! in their ground state is relevant to an app
cation to pulsars; in a pulsar magnetosphere all the elect
are expected to be in their ground state, due to rapid g
magnetic losses depopulating all excited Landau levels.
dispersion in such a one-dimensional electron gas is con
tionally treated using a one-dimensional (p'50) classical
model11–17 for which B/Bc!1 applies. Use of the nonquan
tum result neglects corrections only of order (B/Bc)

2 for
excited states, but it neglects corrections of orderB/Bc for
the ground state, which is the case of relevance to puls
With B/Bc*0.1 in many pulsars, it is important to reta
corrections of orderB/Bc . ~There are some pulsars wit
B/Bc*1, when an expansion inB/Bc is not justified.!

The formalism used here to describe the response of
electron gas is covariant, with Greek indices taking on
values 0,1,2,3, and Latin indices describing the space c
ponent 1,2,3. The metric tensor,gmn, is diagonal (1,21,
21,21). SI units are used, withc51 henceforth, implying
m051/e0 (m0→4p in Gaussian units!. The plasma respons
is described in terms of the four-dimensional Fourier tra
form, Jm(k) of the four-current density, withk5@v,k# the
wave four-vector. The electromagnetic disturbance is
scribed by the four-potential,Am(k), and the linear respons
tensor,amn(k), is defined by writingJm(k)5amn(k)An(k).
Charge continuity and gauge invariance requirekmamn(k)
50 andknamn(k)50, respectively.

In Sec. II we write down general expressions foramn(k)
in the relativistic quantum and nonquantum cases. In Sec
we show how the nonquantum limit is reproduced start
from the relativistic quantum form. In Sec. IV we outline th
proof that the only nonzero first quantum correction to
response tensor for unpolarized electrons arises from
nondegenerate ground state. Our results are discussed b
in Sec. V.

II. GENERAL EXPRESSIONS FOR THE RESPONSE
TENSOR

The method used here to calculate the relativistic qu
tum form of amn(k) is a generalization of the calculation o
the vacuum polarization tensor in terms of the amplitude
the Feynman ‘‘bubble’’ diagram; the electron propagatorin
vacuois replaced by a statistically averaged propagator i
magnetic field. The classical calculation that is most clos
analogous to this relativistic quantum calculation is t
forward-scattering method.18 However, in taking the non-
quantum limit of the relativistic quantum form, the classic
form that is reproduced most directly is that derived us
the Vlasov approach. The Vlasov form, which involves d
Downloaded 09 Dec 2002 to 129.78.64.5. Redistribution subject to AIP
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rivatives of the particle distribution function, is related to th
forward-scattering form by a partial integration.

The relativistic quantum form is written down in thi
section, and the sum over spin states is performed assum
that the electrons are unpolarized. The Vlasov and forwa
scattering forms for the response tensor are then wri
down.

A. The response tensor derived using QED

The derivation of the response tensor involves start
from the Dirac wave functions for an electron in a magne
field. We assume plane-wave functions}exp@2ie(«t
2pzz)/\#, where the magnetic field is along thez axis, and
with e51 for electrons ande521 for positrons. The paral-
lel momentum,pz , is then the physical parallel momentu
for either an electron or a positron. For formal purposes
denote the set of quantum numbers byq, with the energy
eigenvaluese«q , and the occupation numbernq

e . In this no-
tation, a general expression for the linear response tenso4

amn~k!52
e3B

2p\ (
e,q,e8,q8

E dpz

2p\ E dpz8

2p\
2p\

3d~e8pz82epz1\kz!

1
2 ~e82e!1enq

e2e8nq8
e8

\v2e«q1e8«q81 i0

3@Gq8q
e8e

~k!#m@Gq8q
e8e

~k!#* n, ~1!

where the vertex function,@Gq8q
e8e (k)#m, depends on the

choice of spin operator. The response tensor~1! includes the
response of the magnetized vacuum, which correspond
the term1

2(e82e) in the numerator. The resulting expressio
diverges and a finite result for the vacuum response tens
derived from it by a regularization procedure.19,20 The
vacuum response is neglected here.

There are two sets of quantum numbers in~1!, denoted
by e,q and e8,q8. The setq includes the Landau quantum
numbern50,1,2,..., pz and the spins561, and similarly
q8 includesn8,pz8 ,s8. The energy eigenvalues depend on
on n,pz , and we adopt the notation«n5(m21pz

2

12\neB)1/2, «n8
8 5(m21pz8

212\n8eB)1/2.

B. The vertex function

An explicit form for the vertex function can be writte
down once a specific choice of spin operator is made. Th
is a uniquely preferred spin operator when considering gy
magnetic effects, and this is the magnetic-mom
operator,4,21–23which has eigenvaluess«n

0 , with s561 and
«n

05(m212\neB)1/2. For this choice of spin operator, th
vertex operator has the explicit form,
@Gq8q
e8e

~k!#m5b8n8
* bn~@le8s8

8 les1P8Pl2e8s8
8 l2es#@bs8

8 bsJn82n
n21

1s8sb2s8
8 b2sJn82n

n
#,

2s8@ls8
8 ls2P8Pl2s8

8 l2s#@b2s8
8 bse

2 icJn82n11
n21

1s8sbs8
8 b2se

icJn82n21
n

#,

2 is8@ls8
8 ls2P8Pl2s8

8 l2s#@b2s8
8 bse

2 icJn82n11
n21

2s8sbs8
8 b2se

icJn82n21
n

#,

P@ls8
8 l2s1P8Pl2s8

8 ls#@bs8
8 bsJn82n

n21
1s8sb2s8

8 b2sJn82n
n

# !,

bn5
~ ieic!n

~2«n
02«n!1/2, ls5~«n1es«n

0!1/2, bs5~«n
01sm!1/2, ~2!
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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with P5pz /upzu, and similarly for the primed quantities. I
~2! the wave vector is writtenk5(k' cosc,k' sinc,kz), and
one is free to choosec50 by rotating the axes so thatk is in
the x–z plane. TheJ-functions are related to generalize
Laguerre polynomials,

Jn
n~x!5~2 !nJ2n

n1n~x!5S n!

~n1n!! D
1/2

e2x/2xn/2 Ln
n~x!,

~3!

with argumentx5\k'
2 /2eB. It is implicit that the function

Jn
n(x) is identically zero for negativen. Relevant properties

of Jn
n(x) are written down in Appendix A.

C. Sum over spin states

When the occupation number is independent of spins,
or when one averages over anys dependence, only the sum
over the spins,s,s8, of the product of vertex functions ap
pears in~1!. The sum is written here as

@Pn8n
e8e

~k!#mn5(
s,s8

@Gq8q
e8e

~k!#m@Gq8q
e8e

~k!#* n. ~4!

The explicit form of@Pn8n
e8e (k)#mn, which is independent o

the choice of spin operator, is written down in Appendix

D. The response tensor derived classically

Two general methods for calculating the response t
sors for a magnetized plasma are the Vlasov method and
forward-scattering method.

The classical covariant derivation using the Vlas
method leads to the following response tensor:18

amn~k!5(
e

e2E d3p

g Fuz
m ]

]pzn
1

ui
mpi

n

p'

]

]p'

2 (
a52`

`
@Ue#m~a,k!@Ue#* n~a,k!

~ku! i2aV

3S ~ku! i

u'

]

]p'

1kz

]

]pz
D G f e~p!, ~5!

where um5pm/m is the four-velocity,a is an integer and
where f e(p) are the classical distribution functions for ele
trons (e51) and positrons (e521). The invariant (ku) i

5g(v2kzvz) is defined by (ku) i5gi
mnkmun , where the

metric tensorgmn5g'
mn1gi

mn is separated into its projection
onto thex–y and 0 –z planes, respectively. Formally, this
achieved by writing the Maxwell tensor for the backgrou
magnetic field in the formB fmn, and usingf mn to construct
g'

mn52 f m
a f an and hence gi

mn . The projections ki
m

5gi
mnkn , ui

m5gi
mnun are also four-vectors. The remainin

quantity in ~5! is the four-vector,

@Ue#m~a,k!5g~Ja , 1
2v'@e2 i ecJa211ei ecJa11#,

~6!
i e 1

2v'@e2 i ecJa212ei ecJa11#,vzJa),

with g5(m21p'
2 1pz

2)1/2/m. The argument of the Besse
functions isk'R, with R5p' /eB5gv' /V0 the radius of
gyration.
Downloaded 09 Dec 2002 to 129.78.64.5. Redistribution subject to AIP
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The classical response tensor for a magnetized gas
rived using the forward-scattering method can be written
the form,

amn~k!52
q2

m E d3p

g
f ~p! (

a52`

` H gi
mn Ja

2

2
ki

mU* n1ki
nUm

~ku! i2aV0
Ja1

~k2! iUmU* n

@~ku! i2aV0#2

1
@~ku! i2aV0#2

@~ku! i2aV0#22V0
2 Fg'

mn Ja
2

2
k'

mU* n1k'
n Um

~ku! i2aV0
Ja1

~k2!'UmU* n

@~ku! i2aV0#2G
1

ihV0@~ku! i2aV0#

@~ku! i2aV0#22V0
2 F f mn Ja

2

1
kG

mU* n2kG
n Um

~ku! i2aV0
JaG J , ~7!

with kG
m5 f mnkn and (k2) i5gi

mnkmkn5v22kz
2 . The form~7!

may be obtained from~5! by a cumbersome partial integra
tion, and rearrangement using the recursion formulas
sum rules for Bessel functions.

III. REDUCTION TO THE NONQUANTUM LIMIT

In this section we show how the relativistic form~1! for
the response tensor reproduces the classical expression~5!
and~7!. For the nonquantum limit it is convenient to conce
trate on the Vlasov form~5!, and when considering the firs
quantum corrections it is more convenient to consider
forward-scattering form~7!. To reproduce~5! for electrons
one approximates the differencenq

12nq8
1 by the first term in

a Taylor series expansion, and to reproduce~7! one treatsnq
1

andnq8
1 separately, relabeling the sum ofq8 as one overq.

A. The nonquantum limit

The nonquantum limit involves expanding in\ukzu
!upzu, \v!m, n2n8!n, and it also involves treatingn as
a continuous variable, withpn→p' or n→p'

2 /2eB\. The
function Jn82n

n (\k'
2 /2eB) for largen is approximated by an

expansion in Bessel functions, the zeroth and first or
terms of which are

lim
n→`

Jn82n
n

~\k'
2 /2eB!

5Jn82n~p'k' /eB!

1
\k'

2p'

~n82n11!Jn82n
8 ~p'k' /eB!. ~8!

The denominator in~1! is approximated by making a Taylo
series expansion,

«n8
8 ~pz8!5F12S a

]

]n
1\kz

]

]pz
D1

1

2 S a
]

]n
1\kz

]

]pz
D 2

1¯G«n~pz!, ~9!
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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where the second order derivatives lead to the quantum
coil term. The resonant denominator in the first term of~1!
for e5e851 then reduces according to\v2«n(pz)
1«n8

8 (pz8)→v2aV/g2kzvz , which reproduces the de
nominator in the classical Vlasov form~5! of the response
tensor.

Consider the term associated with gyromagnetic abs
tion by electrons (e85e51) in ~1!. In reproducing the Vla-
sov form ~5!, the occupation number for the primed state
expanded in a Taylor series,

nn8
1

~pz8!5nn2a
1 ~pz2\kz!

5F12S a
]

]n
1\kz

]

]pz
D1¯Gnn

1~pz!,

a
]

]n
→ \aeB

p'

]

]p'

5
\@2~v2aV0 /g2kzvz!1v2kzvz#

v'

]

]p'

, ~10!

wherea is the harmonic number, and where 2n\eB→p'
2 is

used in the latter relation. The occupation number may t
be rewritten in terms of the classical distribution function

2nn
1~pz!

~2p\!3 → f 1~p' ,pz!, n→
p'

2

2\eB
, ~11!

wheren5p'
2 /2\eB is assumed large.

The vertex function in~1! is approximated by the lead
ing term in ~8!. Transitions without a spin–flip,s5s8561
reduce to the same nonquantum limit, and transitions wit
spin–flip are intrinsically quantum mechanical and do n
contribute in the nonquantum limit.~Spin–flip transitions
can be neglected entirely in the derivation of the Vlas
result, but to obtain the forward-scattering result one ne
to include them and sum over them.! To lowest order one
finds

@Gq8q
ee

~k!#m5~2 iei ec!a @Ue#m~a,k!/g, ~12!

where@Ue#m(a,k) is given by~6!. In deriving~12! the iden-
tity J2a(z)5(21)aJa(z) is used. For positrons one needs
interchange the primed and unprimed quantities in~1! in
order for the contribution to the response tensor to appea
the same form as for electrons. This interchange in the
of the primed and unprimed states implies that the absorp
process for a positron is from the state with occupation nu
ber nn8

2 (pz2\kz) to the state with occupation numbe
nn

2(pz), with n5n81a. This interchanges the roles of initia
and final states compared with electrons. With this chan
one find that~12! also applies for positrons,e85e521.

The nonquantum approximation to~4! for e85e in the
Vlasov approach then becomes

@Pn8n
ee

~k!#mn52
@Ue#m~a,k!@Ue#* n~a,k!

g2 , ~13!

where the factor of 2 arises from the sum overs8,s with only
s85s contributing.
Downloaded 09 Dec 2002 to 129.78.64.5. Redistribution subject to AIP
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The derivation of the forward-scattering form~7! in the
nonquantum limit is more tedious than for the Vlasov for
~5! because one needs to retain the first order term in~8!, and
hence also in~12! and~13!, and also the second order term
in the Taylor expansion~9!.

B. The Vlasov form for the response tensor
in the nonquantum limit

After summing over the spin states, the general expr
sion for the linear response tensor of~1! for electrons be-
comes

amn~k!52pe2(
a
E dpz

3E dp' p'S f 1~p' ,pz!2 f 1~p'8 ,pz2\kz!

\v2«n1«n8
8

32@P11#mn1
f 1~p' ,pz!

\v2«n2«n8
@P21#mn

2
f 1~p'8 ,2pz2\kz!

\v1«n1«n8
@P12#mnD , ~14!

with @P11#mn evaluated atpz85pz2\kz , @P21#mn at pz8
52pz1\kz , and @P12#mn at pz852pz2\kz , and where
the sums overn and n8 are replaced by a sum overn2n8
5a and an integral overn5p'

2 /2\eB. Using ~10! and ~13!
in the first term in~14! and changing the variable of integra
tion from pz to 2pz in the last term, one obtains

amn~k!52pe2E dpzE dp'S 22m

g

] f 1~p' ,pz!

]p'

3(
a

UmU* n12(
a

p'UmU* n

g2~v2aV0 /g2kzvz!

3S v2kzvz

v'

]

]p'

1kz

]

]pz
D f 1~p' ,pz!

2v' f 1~p' ,pz! (
a

@P21#mnD . ~15!

In the last term, which is associated with dispersion due
pair creation, it is noted that, formn500,i j , if one changes
the sign ofpz in @P12#mn, explicitly and implicitly within
pz8 and «n8 , it is equal to @P21#mn, and that for mn
5 i0,0j , @P12#mn and @P21#mn can be neglected in the
nonquantum limit. The sums overa can be performed ove
the Bessel functions in the first and last terms using

(
a52`

`

Ja
2~z!51, (

a52`

`

a2Ja
2~z!5 1

2 z2,

~16!

(
a52`

`

Ja8
2~z!5 1

2 ,

together with J2a(z)5(21)aJa(z). The results of these
sums are(aUmU* n5«n

2/m2, «npz /m2, p'
2 /2m2, pz

2/m2 for
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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mn500, 03 and 30, 11 and 22, 33, respectively a
(a@P21#mn52@12p'

2 /2«n
2#, 2@12pz

2/«n
2# for mn511 and

22, 33, respectively.
The middle term of~15! reproduces the final term in th

classical response tensor. The remaining term can be re
duced as follows. On partially integrating the 11 and 22 co
ponents of the gyromagnetic term leaving an expression
portional to nn

1(pz), these components cancel with the
and 22 components of the dispersion term due to pair
ation. On partially integrating the remaining 33 compone
of the dispersion term, one obtains the term proportiona
] f n

1/]pz present in the classical response tensor. In this w
~1! reduces to~5! for electrons in the limit\→0.

C. The forward-scattering form of the nonquantum
limit of the response tensor

To obtain the response tensor in forward-scattering fo
~7! for electrons, one writes~1! as follows:

amn~k!52
e3B

~2p\!2 E
2`

1`

dpz(
n,a

S nn
1~pz!@P11#mn

\v2«n1«n8
8

1
nn

1~pz!@P21#mn

\v2«n2«n8
D

1
e3B

~2p\!2 E
2`

1`

dpz8(
n8,a

S nn8
1

~pz8!@P11#mn

\v2«n1«n8

1
nn8

1
~pz8!@P12#mn

\v1«n1«n8
D , ~17!

with @P21#mn in the first term evaluated atpz85pz2\kz ,
@P21#mn evaluated atpz852pz1\kz , @P21#mn in the
third term evaluated atpz5pz81\kz , and @P12#mn evalu-
ated atpz52pz81\kz . After replacing the sum overn by an
integral overp' in the first two terms, and the sum overn8
by an integral overp'8 in the remaining two terms, and drop
ping the primes on the variables of integrationpz8 , p'8 , it is
straightforward to carry out the expansions in\. A lengthy
calculation reproduces~7!.

IV. THE FIRST QUANTUM CORRECTION
TO THE RESPONSE TENSOR

In this section we outline a proof that the quantum c
rection to the response tensor vanishes to first order i\
when one averages over the spins of the excited states.
nondegenerate ground state, however, is shown to ha
contribution of order\. Only electrons are considered expli
itly; the extension of the proof to unpolarized positrons
trivial. The ground state needs to be treated separately, du
it being intrinsically spin dependent; it is easier to treat
ground state explicitly using the forward-scattering fo
than the Vlasov form.

A. Specific quantum corrections

Extending the derivation of either the Vlasov or th
forward-scattering forms to first order in\ is straightforward
but tedious. If one ignores the ground state, either deriva
leads to a null result: the first quantum corrections vanish
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our calculation of the forward-scattering form, after repla
ing the sums overn,n8 by integrals overp' , p'8 in ~17! the
corrections terms originating from the sum overn8 cancels
with the corrections terms arising from the sum overn.
Similarly, the first quantum corrections to the derivation
the Vlasov form give zero provided that one ignores t
ground state.

The treatment of the ground state needs to be spe
because it is nondegenerate, whereas all the excited state
doubly degenerate. The replacement of the sums overn and
n8 in ~17! by integrals over p'5(2\neB)1/2 and p'8
5(2\n8eB)1/2, which involves\ explicitly, is not relevant
for n50, p'50. The replacement~11! of the occupation
number by the classical distribution function is also not c
rect for the ground state and one must use the replacem

n0
e~pz!5

~2p\!2

eB
f e~pz!.

As already noted the first quantum corrections give zero a
replacing the sums overn,n8 by integrals, and we need con
sider only this extra contribution from the ground state~gs!.
For soft photons, this is of the form,

ags
mn52

e3B

~2p\!2 E
2`

`

dpzn0
1~pz!d

mn,

d0052F kz
2~12vz

2!

«0~v2kzvz!
2 1

k'
2

«0@~v2kzvz!
22~V/g!2#

G
1\F2

k'
2 kz

2~12vz
2!

2«0
2@~v2kzvz!

22~V/g!2#~V/g!

1
k'

2 ~v22kz
2!~V/g!

«0
2@~v2kzvz!

22~V/g!2#2

2
k'

4

«0
2@~v2kzvz!

22~2V/g!2#~2V/g!G ,
d015d1052

k'~v2vzkz!

«0@~v2kzvz!
22~V/g!2#

1\Fk'~v22kz
2!~v2kzvz!~V/g!

«0
2@~v2kzvz!

22~V/g!2#2

2
k'

3 ~v2kzvz!

«0
2@~v2kzvz!

22~2V/g!2#~2V/g!G ,
d0252d205

ik'V/g

«0@~v2kzvz!
22~V/g!2#

1\F2
ik'~v22kz

2!@~v2kzvz!
21~V/g!2#

2«0
2@~v2kzvz!

22~V/g!2#2

1
ik'

3

«0
2@~v2kzvz!

22~2V/g!2#
G ,
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d035d3052F kzv~12vz
2!

«0~v2kzvz!
2

1
vzk'

2

«0@~v2kzvz!
22~V/g!2#

G1\

3F2
k'

2 vkz~12vz
2!

2«0
2@~v2kzvz!

22~V/g!2#~V/g!

1
k'

2 vz~v22kz
2!~V/g!
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2
k'

4 vz

«0
2@~v2kzvz!

22~2V/g!2#~2V/g!G ,
d115d2252

~v2kzvz!
2

«0@~v2kzvz!
22~V/g!2#

1\F ~v22kz
2!~v2kzvz!

2~V/g!

«0
2@~v2kzvz!

22~V/g!2#2

2
k'

2 ~v2kzvz!
2

«0
2@~v2kzvz!

22~2V/g!2#~2V/g!G ,
d1252d21

5
i ~v2kzvz!V/g

«0@~v2kzvz!
22~V/g!2#

1\

3F2
i ~v2kzvz!~v22kz

2!@~v2kzvz!
21~V/g!2#

2«0
2@~v2kzvz!

22~V/g!2#2

1
i ~v2kzvz!k'

2

«0
2@~v2kzvz!

22~2V/g!2#
G ,

d135d3152
vzk'~v2vzkz!

«0@~v2kzvz!
22~V/g!2#

1\Fvzk'~v22kz
2!~v2kzvz!~V/g!

«0
2@~v2kzvz!

22~V/g!2#2

2
vzk'

3 ~v2kzvz!

«0
2@~v2kzvz!

22~2V/g!2#~2V/g!G ,
d2352d3252

ivzk'V/g

«0@~v2kzvz!
22~V/g!2#

1\F ivzk'~v22kz
2!@~v2kzvz!

21~V/g!2#
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2@~v2kzvz!
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2
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d3352F v2~12vz
2!

«0~v2kzvz!
2 1

vz
2k'

2

«0@~v2kzvz!
22~V/g!2#

G
1\F2

k'
2 v2~12vz

2!

2«0
2@~v2kzvz!

22~V/g!2#~V/g!

1
k'

2 vz
2~v22kz

2!~V/g!

«0
2@~v2kzvz!

22~V/g!2#2

2
k'

4 vz
2

«0
2@~v2kzvz!

22~2V/g!2#~2V/g!G , ~18!

wherec50 is assumed and«05(m21pz
2)1/2. The appear-

ance of a correction of order\ is characteristic of a spin
dependence, and the first quantum corrections in~18! may be
attributed to the ground state having a definite spin.

B. Comparison with the unmagnetized case

For an unmagnetized~unpolarized! electron gas, it is al-
ready known that the first quantum correction to the respo
tensor vanishes24 and the foregoing proof generalizes th
result to the magnetic case, provided that one ignores
ground state. In contrast to the unmagnetized case,
ground state is nondegenerate for magnetized electrons
gives rise to a nonzero first quantum correction. In the
magnetized case, the second order quantum correction ca
written in a simple form, as shown explicitly in Appendix C
However, we have been unable to identify an analog
simple form for the second order corrections associated w
the excited states in the magnetized case.

V. DISCUSSION AND CONCLUSIONS

One of the two main results of this paper is the expli
demonstration that the relativistic quantum expression for
response tensor for a magnetized electron gas reduces
known nonquantum counterpart in the nonquantum lim
This result is obviously required for self-consistency of t
theory, but there is one surprising feature in the derivation
the nonquantum limit it is obvious that one is to ignore i
trinsically quantum effects, which include the spin of th
electron and the vacuum polarization. However, one can
ignore another quantum effect: dispersion due to one-pho
pair creation. In the theory this effect leads to a nondisp
sive contribution that cancels a nondispersive contribut
from dispersion due to gyromagnetic absorption. In pr
ciple, one could reformulate the relativistic quantum theo
to exclude these canceling contributions, buta priori there is
no reason to do so.

The other main result is that the first quantum corre
tions to the response tensor, obtained by expanding to
order in\, are zero when one averages over the spins of
degenerate excited states. This generalizes a known resu
an unmagnetized relativistic quantum gas24 to the magne-
tized case. This result is of interest from both a formal an
practical viewpoint.

From a formal viewpoint it is ‘‘known’’ that a semiclas
sical derivation reproduces the first quantum correction
gyromagnetic emission and absorption correctly; start
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from the classical result for gyromagnetic emission~e.g., the
emissivity by an electron!, the gyroresonance condition
interpreted in terms of conservation of energy and~parallel!
momentum on emission of a photon, with the quantum re
being the first quantum correction to the gyroresonance c
dition. This ‘‘known’’ result implies that the dispersion van
ishes to first order in\ because transitions between any p
of states contribute equally apart from the quantum re
terms, which contribute with opposite signs for emission a
absorption, so that the sum has no term of first order in\. A
formal proof of this ‘‘known’’ result requires that it be show
that first quantum correction to the dispersion is indeed z
and to our knowledge ours is the first derivation of this
sult. The derivation depends explicitly on the assumpt
that the electrons are unpolarized. The result does not a
to polarized electrons; the response tensor has a nonzero
quantum correction that depends explicitly on the differen
in the occupation number for the two spin states for po
ized electrons. The result also does not apply to the gro
state, which is nondegenerate and gives a contribution to
dispersion of order\, which is written down in~18!.

A practical application of the foregoing result is to radi
wave dispersion in a pulsar magnetosphere.25 In conven-
tional treatments of the dispersion, the only ‘‘quantum’’ fe
ture taken into account is that all the electrons are in th
ground state, that is, in their lowest Landau level. This
sults from gyromagnetic emission, which causes all electr
to radiate away their energy perpendicular to the field lin
on a time much shorter than other relevant times. The
persion is conventionally treated in terms of a on
dimensional, relativistic, classical electron gas.11–17This ap-
proach ignores intrinsically quantum effects, and so
justified only for B/Bc!1. Radio pulsars have a range
surface fields with most havingB/Bc&0.1, a significant frac-
tion havingB/Bc*0.1, and some strong-field pulsars havi
0.3&B/Bc&1. ~A subclass, called magnetars,26 has even
stronger fields,B/Bc@1, and for this subclass it is essenti
to use the relativistic quantum theory; however, magne
are not known to be radio emitters.! We conclude that intrin-
sically quantum effects should be taken into account
stronger-field radio pulsars; we propose to discuss this ap
cation in detail elsewhere.
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APPENDIX A: EXPANSION OF THE J-FUNCTIONS

The functionsJn
n(x), defined by~3!, satisfies recursion

formulas, which follow from the recursion formulas satisfi
by the Laguerre polynomials~as defined in Refs. 27 and 28!.
A basic pair of recursion formulas can be written in a varie
of ways. Three related pairs of relations are

n1/2Jn
n21~x!5~n1n!1/2Jn

n~x!2x1/2Jn21
n ~x!,

n1/2Jn
n~x!5~n1n!1/2Jn

n21~x!2x1/2Jn11
n21~x!,

x1/2Jn11
n21~x!5~n1n!1/2Jn

n21~x!2n1/2Jn
n~x!, ~A1!
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x1/2Jn21
n ~x!52n1/2Jn

n21~x!1~n1n!1/2Jn
n~x!,

nJn
n21~x!5x1/2@n1/2Jn11

n21~x!1~n1n!1/2Jn21
n ~x!#,

nJn
n~x!5x1/2@~n1n!1/2Jn11

n21~x!1n1/2Jn21
n ~x!#.

Another pair of relations is

~x1n!Jn
n~x!5@x~n1n!#1/2Jn21

n ~x!

1@x~n1n11!#1/2Jn11
n ~x!,

~A2!

2x
d

dx
Jn

n~x!5@x~n1n!#1/2Jn21
n ~x!

2@x~n1n11!#1/2Jn11
n ~x!.

These become the recurrence relations for Bessel funct
in the limit n→`, cf. ~8!.

The expansion ofJn
n(x) in Bessel functions applies fo

largen, x}1/n andn!n. This follows from the expansion
of the Laguerre polynomials in Bessel functions in the lim
n→`,

Jn
nS z2

4nD5F ~n1n!!

n!nn G1/2

(
a50

`

ba S z

2nD a

Jn1a~z!,

b051, b152 1
2~n11!, b25 1

8 ~n11!~n12!, ~A3!

~a11!ba1152 1
2~n11!ba1 1

4 ~n1a!ba212 1
4 nba22 .

The leading term and the first correction are included in~8!.

APPENDIX B: SUM OVER SPIN STATES

Explicit evaluation of the tensor@Pn8n
e8e (k)#mn may be

derived using the explicit form~2! for the vertex function in
the definition~4!. The same result is derived for any oth
choice of spin operator, and the result may also be deri
without introducing any spin operator by generalizing
method detailed in Refs. 29–31. The resulting explicit fo
is

2«n8
8 «n@Pn8n

e8e
~k!#005~«n8

8 «n1pz8pz1e8e m2!

3@~Jn82n
n21

!21~Jn82n
n

!2#

12e8e pn8pnJn82n
n21 Jn82n

n ,

2«n8
8 «n@Pn8n

e8e
~k!#0152e8«npn8@Jn82n

n21 eicJn82n11
n21

1Jn82n
n e2 icJn82n21

n
#

2e«n8
8 pn@Jn82n

n eicJn82n11
n21

1Jn82n
n21 e2 icJn82n21

n
#,

2«n8
8 «n@Pn8n

e8e
~k!#025 i e8«npn8@Jn82n

n21 eicJn82n11
n21

2Jn82n
n e2 icJn82n21

n
#

1 i e«n8
8 pn@Jn82n

n eicJn82n11
n21

2Jn82n
n21 e2 icJn82n21

n
#,
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2«n8
8 «n@Pn8n

e8e
~k!#035~«n8

8 pz1«npz8!

3@~Jn82n
n21

!21~Jn82n
n

!2#,

2«n8
8 «n@Pn8n

e8e
~k!#115~«n8

8 «n2pz8pz2e8e m2!

3@~Jn82n11
n21

!21~Jn82n21
n

!2#

12e8e pn8pn

3cos~2c! Jn82n11
n21 Jn82n21

n ,

2«n8
8 «n@Pn8n

e8e
~k!#225~«n8

8 «n2pz8pz2e8e m2!

3@~Jn82n11
n21

!21~Jn82n21
n

!2#

22e8e pn8pn

3cos~2c! Jn82n11
n21 Jn82n21

n ,

2«n8
8 «n@Pn8n

e8e
~k!#335~«n8

8 «n1pz8pz2e8e m2!@~Jn82n
n21

!2

1~Jn82n
n

!2#

22e8e pn8pnJn82n
n21 Jn82n

n ,

2«n8
8 «n@Pn8n

e8e
~k!#1252 i ~«n8

8 «n2pz8pz2e8e m2!

3@~Jn82n11
n21

!22~Jn82n21
n

!2#

12e8e pn8pn

3sin~2c! Jn82n11
n21 Jn82n21

n ,

2«n8
8 «n@Pn8n

e8e
~k!#1352e8pn8pz@Jn82n

n21 e2 icJn82n11
n21

1Jn82n
n eicJn82n21

n
#

2epnpz8@Jn82n
n e2 icJn82n11

n21

1Jn82n
n21 eicJn82n21

n
#,

2«n8
8 «n@Pn8n

e8e
~k!#2352 i e8pn8pz@Jn82n

n21 e2 icJn82n11
n21

2Jn82n
n eicJn82n21

n
#

2 i epnpz8@Jn82n
n e2 icJn82n11

n21

2Jn82n
n21 eicJn82n21

n
#. ~B1!

The tensor~4! is Hermitian, which determines the remainin
terms in terms of those written in~B1!. The space-
components of~B1! were written down, in a slightly differ-
ent notation, by Pavlovet al.,32 who summed over the spin i
evaluating the relativistic quantum expression for gyrom
netic emission.

APPENDIX C: THE UNMAGNETIZED CASE

The response tensor for an unmagnetized, unpolar
electron gas may be written in the form24
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amn~k!522e2E d3p

~2p\!3

n̄~p!

«

~pk!2amn~k,p/m!

~pk!22~\k2/2!2 ,

~C1!

amn~k,u!5gmn2
kmun1knum

ku
1

k2umun

~ku!2 ,

with n̄(p)5n1(p)1n2(p) and «5(m21p2)1/2. The non-
quantum resonance condition ispk5pmkn50, orku50, and
the termk2/25kmkm/2 in the denominator is then interprete
as the quantum recoil term. When quantum effects are
necessarily small, (pk)22(\k2/2)250 has a solution corre
sponding to the resonance condition for one-photon pair
ation. The first quantum correction to the unmagnetized c
vanishes, and the next order term, obtained by expandin
(\k2/2)2/(pk)2, is of order\2.
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