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It is shown how the fully relativistic quantum expression for the response of an arbitrary magnetized
electron(plus positron gas reproduces its nonquantum counterpart. In the relativistic quantum case
the dispersion is due to both gyromagnetic absorption and one-photon pair creation. Although
one-photon pair creation has no classical counterpart, somewhat surprisingly it needs to be retained
to reproduce the nonquantum limit correctly. For unpolarized electrons it is shown that the first
guantum correctiorforder#) to the nonquantum limit for the dispersion vanishes when one sums
over all excited states, as for an unmagnetized electron gas. However, in the magnetized case there
is a contribution of orderi from the ground state, which is the only state with a specific
spin. © 2002 American Institute of Physic§DOI: 10.1063/1.1515271

I. INTRODUCTION effects’® The only dispersive effect included in a nonquan-
The linear response tensor for a magnetized, relativistidm treatment is that associated with gyromagnetic absorp-
quantum electron gas was first calculated by Svetozarov#On- The generalization to the relativistic quantum case in-
and Tsytovich and discussed further by later authdré. troduces three additional dissipative processes. One of these
However, it has not been shown in detail how the relativistichay be treated classically: dispersion associated with gyro-
quantum case reproduces its well-known nonquantum limithagnetic absorption by positrons, whose presence needs to
Moreover, the first quantum corrections to the nonquantunbe included in a relativistic quantum treatment. The other
limit have not been determined. Our purposes in this papel0 are one-photon pair creation, which is most familiar in
are to show explicitly that the relativistic quantum expres-the context of the vacuum polarizatidrand gyromagnetic
sion for the linear response tensor reproduces(thiativis-  apsorption involving a spin—flip transition. The spin—flip
tic) nonquantum limit and to evaluate the first quantum cor-contribution disappears in the nonquantum lifliiowever,
rection to it for unpolarized electrons, where “unpolarized” at least in the approach adopted here, it turns out to be nec-
is explained below. essary to retain the terms that describe the dispersive effects
Five intrinsically quantum effects need to be considerecdue to pair creation in the nonquantum limit; these terms
in a general treatment of dispersion in a magnetized electrof@ncel otherwise spurious terms that arise from the nonquan-
gas. Three of these are included in the detailed discussidiim limit of the gyromagnetic absorption terms.
here: the quantum recoil; dispersion associated with one- The nonquantum limit involves the zeroth order terms in
photon pair annihilation; and dependence on the @t®,,  an expansion irB/B.. The dependence oB/B. appears
where B,.=m?c?/el;=4.4x10° T is the so-called critical ~both through the energy eigenvalues, and through the depen-
magnetic field. The critical field is that for which the cyclo- dence of the wave functions of functiodﬁ_n,(x) that are
tron energyz(), O =eB/m, is equal to the rest energyc. related to Laguerre polynomials with the argument
The dependence dd/B, arises from quantization of the gy- =#k?/2eB=(%k, /mc)?/2(B/B.), with k?=k?>—kZ2. Dis-
romagnetic motion and the inclusion of the spin. Gyromag-persion is associated with virtual transitions between states,
netic motion is simple harmonic, described by an orbitaland this decomposes into a sum over all pairs of Landau
quantum numberi=0,1,.... The fourth quantum effect is states, labeled, n’ here. The functiol;,_,(x) reduces to
the spin, described by a spin quantum number+ 1. Spin- 3 Bessel functionJ,_,/(z), z=k, p, /eB, in the nonquan-
orbit coupling is an intrinsically relativistic effect and the tym limit, #—0, n—, An—p?/2eB.
quantum numbers$ and s are combined into the Landau The main new result in this paper, apart from the explicit
quantum numben=1+ 3(1+s)=0,1,.., such that the per- demonstration that the requirement that the known nonquan-
pendicular momentum is quantized amEBh)Y% The en-  tum limit be reproduced, is that the first quantum correction
ergy eigenvalues for a particle with parallel momentpm  vanishes when one averages over the spin states for all ex-
ares,=[m?c*(1+2nB/B.)+ p2c?]¥2. The ground state, or cited states. This result is assumed implicitly in semiclassical
lowest Landau leveln=0, =0, s=—1, is nondegenerate treatments of gyromagnetic emission and absorption, in
and each excited state is doubly degenerate. By “unpolamhich the first quantum correction is included through the
ized” electrons we imply that each excited state is equallyguantum recoil, with emission and absorption contributing to
populated fois= * 1. The fifth quantum effect is the vacuum the dispersion with opposite sign of the recoil so that there is
polarization, which is ignored in this paper. no correction of ordefi. However, this cancellation of first
Dispersive effects are described by the Hermitian part obrder quantum corrections does not apply to a spin-
the response tensor, and dissipative effects by the antdependent electron gas, and it does not apply to the ground
Hermitian part. There is a one-to-one relatige.g., state which is nondegenerate and which does give a contri-
Kramers—Kronig between dispersive effects and dissipativebution of order.
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This presence of a correction of ord&rfor electrons rivatives of the particle distribution function, is related to the
(and positronsin their ground state is relevant to an appli- forward-scattering form by a partial integration.
cation to pulsars; in a pulsar magnetosphere all the electrons The relativistic quantum form is written down in this
are expected to be in their ground state, due to rapid gyrosection, and the sum over spin states is performed assuming
magnetic losses depopulating all excited Landau levels. Ththat the electrons are unpolarized. The Vlasov and forward-
dispersion in such a one-dimensional electron gas is convemscattering forms for the response tensor are then written
tionally treated using a one-dimensiongl, =0) classical down.
modet*~1" for which B/B.<1 applies. Use of the nonquan-
tum result neglects corrections only of ordes/B.)? for
excited states, but it neglects corrections of oréB. for The derivation of the response tensor involves starting
the ground state, which is the case of relevance to pulsar§om the Dirac wave functions for an electron in a magnetic
With B/B,=0.1 in many pulsars, it is important to retain field. We assume plane-wave functiongexy —ie(st
corrections of ordeB/B.. (There are some pulsars with —p,2)/%], where the magnetic field is along tzeaxis, and
B/B.= 1, when an expansion iB/B; is not justified) with e=1 for electrons an@= — 1 for positrons. The paral-

The formalism used here to describe the response of thiel momentum,p,, is then the physical parallel momentum
electron gas is covariant, with Greek indices taking on thgor either an electron or a positron. For formal purposes we
values 0,1,2,3, and Latin indices describing the space congienote the set of quantum numbers dpywith the energy
ponent 1,2,3. The metric tensag*”, is diagonal (171, eigenvaluese , and the occupation numbag. In this no-
—1,—1). Sl units are used, withb=1 henceforth, implying tation, a general expression for the linear response terfsor is
o= 1leg (o— 47 in Gaussian unijs The plasma response e3B dp, [ dp.

A. The response tensor derived using QED

is described in terms of the four-dimensional Fourier trans-  a*"(k)= — >k 2 N 225 | 2% 27h

form, J#(k) of the four-current density, with=[ w,k] the ed.€.q

wave four-vector. The electromagnetic disturbance is de- %(e’—e)+enf—e’nf',
scribed by the four-potentiah“(k), and the linear response X 5(€'p,— ep,+1ik,) ,q -~
tensor,a*"(k), is defined by writingd“(k) = a**(k)A (k). ho—esqte'eq+i0
Charge continuity and gauge invariance requirgr*” (k) e e Y

=0 andk,a*"(k)=0, respectively. = X[Fq’q(k)]u[rq’q(k)]* ' @)

In Sec. Il we write down general expressions é8t"(k)  \where the vertex function[FE’,;(k)]”, depends on the
in the relativistic quantum and nongquantum cases. In Sec. likhgice of spin operator. The response terid¢pincludes the
we show how the nongquantum limit is reproduced Startingresponse of the magnetized vacuum, which corresponds to
from the relativistic quantum form. In Sec. IV we outline the e termi(e’ — €) in the numerator. The resulting expression
proof that the only nonzero first quantum correction to thegjverges and a finite result for the vacuum response tensor is
response tensor for unpolarized electrons arises from thgerived from it by a regularization proceddf® The
nondegenerate ground state. Our results are discussed brieflycyum response is neglected here.
in Sec. V. There are two sets of quantum numbergih denoted
by €, ande’,q’. The setq includes the Landau quantum
numbern=0,1,2,.., p, and the spirs==*1, and similarly
g’ includesn’,p;,s’. The energy eigenvalues depend only

The method used here to calculate the relativistic quanen n,p,, and we adopt the notatione,=(m?+ p2
tum form of a**(Kk) is a generalization of the calculation of +2#ineB)'? &/, =(m?+p,®+2xn’eB)Y2
the vacuum polarization tensor in terms of the amplitude fo
the Feynman “bubble” diagram; the electron propagadtor
vacuois replaced by a statistically averaged propagator in a  An explicit form for the vertex function can be written
magnetic field. The classical calculation that is most closelydown once a specific choice of spin operator is made. There
analogous to this relativistic quantum calculation is theis a uniquely preferred spin operator when considering gyro-
forward-scattering method. However, in taking the non- magnetic effects, and this is the magnetic-moment
quantum limit of the relativistic quantum form, the classical operatoft?!~23which has eigenvalues:?, with s=+1 and
form that is reproduced most directly is that derived usings®=(m?+2#neB)*2 For this choice of spin operator, the
the Vlasov approach. The Vlasov form, which involves de-vertex operator has the explicit form,

Il. GENERAL EXPRESSIONS FOR THE RESPONSE
TENSOR

rB. The vertex function

|
(L8 Sk 1#=b 5 B[N g est PPN N Sl BL B L +5'SBL o BsIn, ],
—S'[NA—P'PN N (J[B B It L +s'sBLB €Y, ],
—is’ [NLA— PPN N (B B Nt —s'sBLB £, ],
PIALA o+ P PN NJ[BL BN +8'sB LB JIN _.1),
(ie")"

bHZW, Ns=(ent+ 6882)1/2, BS=(sﬂ+sm)1’2, 2
n“€n
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with P=p,/|p,|, and similarly for the primed quantities. In The classical response tensor for a magnetized gas de-
(2) the wave vector is writtelk = (k, cosik, sinyk,), and  rived using the forward-scattering method can be written in
one is free to choosg=0 by rotating the axes so thiatisin  the form,

the x—z plane. TheJ-functions are related to generalized

Laguerre polynomials, aﬂu(k)__q_ —_F ( ) Z {
n! 1/2
B00=()IT (0= (n+v)!) e LI, KEU*"+kPUE (kD) URU*”
3) ~(kuy—afg "t [(ku)—afe]?

with argumentx=7%k?/2eB. It is implicit that the function 2
rgumen 1 _ : [(ku),—aQo]

J"(x) is identically zero for negative. Relevant properties ! 2° ,

of J(x) are written down in Appendix A. [(ku)y—afo]"— Qg

ka*MkaMJ . (kz)lU“U*”}

(kuy—aQq "% [(ku)—afo]?

{gf”Ji

C. Sum over spin states

When the occupation number is independent of sgin, _
or when one averages over asylependence, only the sum i 7Q0[ (ku);—aldo]
over the spinss,s’, of the product of vertex functions ap- [(ku)H—aQO]Z—Q(Z)
kEU* " —kgU#

pears in(1). The sum is written here as
e'e €'e e'e + ’ (7)
[Hn,n<k>]w=2 [T Sk 1K)+ (4) (ku)—aQ, * ]
with k&=f#"k, and &?),=g{""k ,k,= w?—kZ. The form(7)
The explicit form Of[HS £(k)]#”, which is independent of may be obtalned frong5) by a cumbersome partial integra-

the choice of spin operator, is written down in Appendix B. tion, and rearrangement using the recursion formulas and
sum rules for Bessel functions.

o

D. The response tensor derived classically

Two general methods for calculating the response tenl!l- REDUCTION TO THE NONQUANTUM LIMIT
sors for a magnetized plasma are the Vlasov method and the | this section we show how the relativistic forit) for

forward-scattering method. the response tensor reproduces the classical expreg&jons
The classical covariant derivation using the Vlasovang(7). For the nonquantum limit it is convenient to concen-
method leads to the following response tenor: trate on the Vlasov forngs), and when considering the first

P utpl 4 quantum correetions it is more convenient to consider the
uy p + — o ap forward-scattering form(7). To reproduce(5) for electrons
v L L one approximates the d|ﬁereno§ n , by the first term |n
[U€]“(a,k)[U€T* “(a,k) a Taylor series expansion, and to reprod(R)enne treatm
—a:E_m (ku),—aQ andn separately, relabeling the sum @f as one oveq

a(0=3 e f

A. The nonquantum limit

x((ku) i+kz— f<(p), (5 The nonquantum limit involves expanding ifalk,|

U 9Py 9Pz <|p,|, Aw<m, n—n’<n, and it also involves treating as
where u“=p*/m is the four-velocity,a is an integer and a continuous variable, witp,—p, or n—p?/2eB4. The
wheref€(p) are the classical distribution functions for elec- function Jn,_n(ﬁkfIZeB) for largen is approximated by an
trons (e=1) and positrons = —1). The invariant Ku), expansion in Bessel functions, the zeroth and first order
=y(w—kup,) is defined by ku),=g{"’k,u,, where the terms of which are

metric tensog”=g{""+gf*" is separated into its projections

; 2

onto thex—y and 0-z planes, respectively. Formally, this is Lx nr—n(K1/2eB)

achieved by writing the Maxwell tensor for the background

magnetic field in the fornBf#”, and usingf#” to construct =Jy_n(p. Kk, /eB)

gi'=—1#,f* and hencegj”. The projections ki’

— MY M MLV H ﬁkL

=0)""k,, uj'=g;"u, are also four-vectors. The remaining +-—(n"=n+1)J, (p.k, /eB). (8)

quantity in(5) is the four-vector,

The denominator irfl) is approximated by making a Taylor

e — 1 —iey ey
[U14(a,k0 = y(Ja, bo [ 100, 1+ €0, 4], serios exoancion

. . 6
iE%Ul[eilél/j\]a_l_elew\]a_'.l],vz\]a), ( ) , ( ,) l J +ﬁk L1 1 ﬁk )2
e, (P)=|1—-|a— -—
with y=(m?+p?+p?)¥Ym. The argument of the Bessel nee an fop,) 2 &on 2ap,
functions isk, R, with R=p, /eB=yv, /Qg the radius of
gyration. en(P2), C)
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where the second order derivatives lead to the quantum re- The derivation of the forward-scattering forf¥) in the
coil term. The resonant denominator in the first term(Hf  nonquantum limit is more tedious than for the Vlasov form
for e=e¢’=1 then reduces according tdw—e,(p,) (5) because one needs to retain the first order ter(8)irand
+8r'1,(p£)—>w—aQ/'y— k,v,, which reproduces the de- hence also ir{12) and(13), and also the second order terms
nominator in the classical Vlasov fori) of the response in the Taylor expansio9).
tensor.

Consider the term associated with gyromagnetic absorp-
tion by electrons ¢’ = ezl_) in (1). In reproduciqg the Vla- _ B. The Vlasov form for the response tensor
sov form(5), the occupation number for the primed state isj the nonquantum limit

expanded in a Taylor series, ) _
After summing over the spin states, the general expres-

nrf,(p;):n;,a(pz—ﬁkz) sion for the linear response tensor @) for electrons be-
comes
1 +hk J + (p,)
= —|la— —_— e ln p ,
an “op, e a“v(k)=—17622 fdpz
a
Jd haeB 4 - £ (! Bk
a—— — P, — P~
n " p. op, depl o, (PL P, (m/pz z
ho—e,te,,
hl—(w—aQqly—Kkup,) tw—Kku,| o
- ap, 10 f*(p..p2)
U ap, XZ[H++]pv+h 1Pz [H—+],u.1/
W—Epn— &
wherea is the harmonic number, and whera/2eB— p? is non
used in the latter relation. The occupation number may then f(pl,—p,~hik) o
be rewritten in terms of the classical distribution function,  hwte,tey (17, (14)
2ny(p) p? with [TT**]#" evaluated ap,=p,—#k,, [II"*]*" at p.
_— [E— z z Z z
i) 1 (PP =5 Es D b ik, and[I1*]#* at p,= — p,—#k,, and where

the sums oven andn’ are replaced by a sum ovar-n’
=a and an integral oven=pf/2ﬁeB. Using (10) and (13

~ The vertex function in(1) is approximated by t’he lead- i the first term in(14) and changing the variable of integra-
ing term in(8). Transitions without a spin—flig=s"=*1 4 . from p, to —p, in the last term, one obtains
reduce to the same nonquantum limit, and transitions with a

spin—flip are intrinsically quantum mechanical and do not (k)= )
contribute in the nonquantum limi(Spin—flip transitions ¢ (k)=—me” [ dp, | dp,

wheren= pf/2ﬁeB is assumed large.

—2m of*(p, ,py)

d
can be neglected entirely in the derivation of the Vlasov .
result, but to obtain the forward-scattering result one needs <3 Ururr2S) p, UrU*”
to include them and sum over thenTo lowest order one a 7 Y(w—aQqly—Kup,)
finds
A w—Kkup, d a\..
[Te (K14 =(~ie" )3 [U]4(a k), (12) ( oL m*"zm)f (P..P.)

where[U€]#(a,k) is given by(6). In deriving (12) the iden- B

tity J_.(z)=(—1)3J,(2) is used. For positrons one needs to —v. 7 (p..py) za: [T +]W> - (19

interchange the primed and unprimed quantities(fij in

order for the contribution to the response tensor to appear ith the last term, which is associated with dispersion due to

the same form as for electrons. This interchange in the rol@air creation, it is noted that, fqe»=00jj, if one changes

of the primed and unprimed states implies that the absorptiothe sign ofp, in [TI" ~]#*, explicitly and implicitly within

process for a positron is from the state with occupation nump, and e,, it is equal to[II~"]#*, and that for uv

ber n_,(p,—#k,) to the state with occupation number =i0,0, [H+__]“_” and [IT” "]#” can be neglected in the

n, (p,), with n=n’+a. This interchanges the roles of initial Nonguantum limit. The sums over can be performed over

and final states compared with electrons. With this changehe Bessel functions in the first and last terms using

one find that(12) also applies for positrong,’ =e=—1. %
The nonquantum approximation td) for ¢’ =€ in the > 2(z)=1, > a2d2(z)= 122,

Vlasov approach then becomes a=-=

0

(16)
5 [UT*(a,k)[U]* "(a,k)

2

[, (k) ]#7= y

(13 2 J@=1,

where the factor of 2 arises from the sum osgis with only  together withJ_,(z)=(—1)2J,(z). The results of these
s’ =s contributing. sums areS ,U*U* "=g2/m?, e,p,/m?, p?/2m?, p2/m? for
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uv=00, 03 and 30, 11 and 22, 33, respectively andour calculation of the forward-scattering form, after replac-

ST F1#r=2[1—p?/2¢2], 2[1—p2/e2] for wv=11 and ing the sums oven,n’ by integrals ovep, , p| in (17) the

22, 33, respectively. corrections terms originating from the sum over cancels
The middle term of15) reproduces the final term in the with the corrections terms arising from the sum over

classical response tensor. The remaining term can be repr&imilarly, the first quantum corrections to the derivation of

duced as follows. On partially integrating the 11 and 22 com+the Vlasov form give zero provided that one ignores the

ponents of the gyromagnetic term leaving an expression praground state.

portional ton; (p,), these components cancel with the 11 The treatment of the ground state needs to be special

and 22 components of the dispersion term due to pair crebecause it is nondegenerate, whereas all the excited states are

ation. On partially integrating the remaining 33 componentdoubly degenerate. The replacement of the sums o\ard

of the dispersion term, one obtains the term proportional to’ in (17) by integrals overp, =(2AneB)¥? and p|

af t1op, present in the classical response tensor. In this way= (2n’eB)Y2, which involves? explicitly, is not relevant

(1) reduces td5) for electrons in the limiti— 0. for n=0, p, =0. The replacementll) of the occupation

number by the classical distribution function is also not cor-

C. The forward-scattering form of the nonquantum
9 q rect for the ground state and one must use the replacement

limit of the response tensor

To obtain the response tensor in forward-scattering form (27h)?
(7) for electrons, one write&l) as follows: no(p,) = oB fé(p,).
gy e_ 5B f s (MR
a*?(k)= ah)2 ) _. 2t W As already noted the first quantum corrections give zero after

replacing the sums over,n’ by integrals, and we need con-
n;(pz)[Hﬂ“V) sider only this extra contribution from the ground stége).

Py pp—— For soft photons, this is of the form,

3
B [+x [Pyl W:_ir *(p,)de
+(_2wﬁ)2f_mdpzz(—nhw—sn—+sn, “e = @y | AP0 (P
n,a
nn*,(p;)[n*]“) a7 g | Ked-vD) kE
ha)+8n+8nr T EO(w_kZUZ)2+80[(w_kzvz)2_(0/7)2]

with [TI~*]#” in the first term evaluated at,=p,—#Kk,, K2k3(1—02)
[TI~*]*” evaluated atp,=—p,+#k,, [ITI”"]*” in the +h| — = - 22 i >

third term evaluated ap,=p.+7k,, and[II"~]** evalu- 2eg[ (0 =Kzv,)" = ()7 (U y)
ated afp,= — p, + %k, . After replacing the sum over by an K2 (02— K2)(Q/ y)

integral overp, in the first two terms, and the sum owef +— o 2= (T

by an integral ovep| in the remaining two terms, and drop- gl (@ =k )™= (Q/y)"]

ping the primes on the variables of integratiph, p| , itis kf
straightforward to carry out the expansionsfinA length -

caIcSIation reproduceg). P o ool (0= kw)*=(20/7)%]1(20/y)

IV. THE FIRST QUANTUM CORRECTION dol= g1o= ki(“’_gzkz) ,
TO THE RESPONSE TENSOR gol (w—Kw,)*—(Q/y)7]

In this section we outline a proof that the quantum cor- K, (02— K2)(0—K,0,)(Q)
rection to the response tensor vanishes to first ordef in L@ 7RO KLY
when one averages over the spins of the excited states. The egl (0 —kp,)?—(Q/y)?]?
nondegenerate ground state, however, is shown to have a K (w—k0,)
contribution of order:. Only electrons are considered explic- — = 7z
. . . . . 2 _ 2__ 2 ’
itly; the extension of the proof to unpolarized positrons is gol (0 —kp) = (201y)71(2Q/ y)
trivial. The ground state needs to be treated separately, due to
it being intrinsically spin dependent; it is easier to treat the 0
ground state explicitly using the forward-scattering form
than the Vlasov form.

ik, Q/y

2 _ 420
ol (0—Kp,)* = (Q/y)?]

A. Specific quantum corrections ik, (0= K2)[ (0= k) %+ (01 y)?]
. - : +hi = Y 2 272
Extending the derivation of either the Vlasov or the 2ep[(w—kp) = (Q/y)7]
forward-scattering forms to first order fnis straightforward i3
but tedious. If one ignores the ground state, either derivation . ; =1,
leads to a null result: the first quantum corrections vanish. In eol (0—kp,) = (2Q/ )]
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k,w(1—v2)

03_ 430_ _
d d 8O(OU_kzvz)z

v k2
el (0— k) = ()]
k? wk,(1-v3)
26 (0—kp,)2— (Q)71(Q/y)
. K20 (0?—K2) (0 y)
el (0—kw,)?—(Q/y)?]?

+7

X

4
Kiv,

 e2(0—kw,)?—(2077)%](2Q1y)

(‘J"_kzvz)2

11 q22_ _
== o=k )= (0]

(02— KA)(w—kw,)2(Qly)
e[ (0—ku,)2—(Qly)?]?
ki(w_kzvz)z

T e (w—kp,)?—(2019)2](201) |

+h

gdi2= — g2
B i(w—kup,)Qly
“eol (0 k)P = (Q/y)?]
i(0—Kp,) (02 =K)[(0—ku,)?+(Q/7)?]
263 (w—ky,)?—(Q/7)?]?
) i(0—kup,)k?
edl (0—kp,)*—(20/7)%]

+7

v K (0—vK,)

dl3:d31:_
eol (0—kp)*=(Q/y)?]

v K, (02— K2) (0 —Kv,)(Q/y)
e[ (0—k,)2—(Q/y)?]?
Uzki(w_kzvz)

e (w—kw,) = (20/7)21(2Q1 y) |’

ivk, Qfy

23_ _ 432 _
O = o=k = ()]

iv K (02 =KA)[(w—kp,)2+(Q/y)?]

23 (0—kw,)2—(Q/y)?]?
iv k3
e (0—kpp)?—(2Q1y)?])

D. B. Melrose and J. |. Weise

d33: _

0¥ (1-v?) v2Kk? }

solw—Kw)? | el (w—Kwy)2— (077
k2 w(1-v2)

- 2e(0—kw,)? = (Q17)7(Qly)

k2vZ(w?—K2)(Q/y)

T (0K, 2 (077

+h

kiv?
sol (0—kp,)*—(20/7)?](201 y)
where /=0 is assumed and,=(m?+p?)Y2. The appear-
ance of a correction of ordef is characteristic of a spin

dependence, and the first quantum correctiofd@ may be
attributed to the ground state having a definite spin.

; (18

B. Comparison with the unmagnetized case

For an unmagnetize@inpolarized electron gas, it is al-
ready known that the first quantum correction to the response
tensor vanishé$ and the foregoing proof generalizes this
result to the magnetic case, provided that one ignores the
ground state. In contrast to the unmagnetized case, the
ground state is nondegenerate for magnetized electrons and
gives rise to a nonzero first quantum correction. In the un-
magnetized case, the second order quantum correction can be
written in a simple form, as shown explicitly in Appendix C.
However, we have been unable to identify an analogous
simple form for the second order corrections associated with
the excited states in the magnetized case.

V. DISCUSSION AND CONCLUSIONS

One of the two main results of this paper is the explicit
demonstration that the relativistic quantum expression for the
response tensor for a magnetized electron gas reduces to its
known nonquantum counterpart in the nonquantum limit.
This result is obviously required for self-consistency of the
theory, but there is one surprising feature in the derivation. In
the nonquantum limit it is obvious that one is to ignore in-
trinsically quantum effects, which include the spin of the
electron and the vacuum polarization. However, one cannot
ignore another quantum effect: dispersion due to one-photon
pair creation. In the theory this effect leads to a nondisper-
sive contribution that cancels a nondispersive contribution
from dispersion due to gyromagnetic absorption. In prin-
ciple, one could reformulate the relativistic quantum theory
to exclude these canceling contributions, audriori there is
no reason to do so.

The other main result is that the first quantum correc-
tions to the response tensor, obtained by expanding to first
order inf, are zero when one averages over the spins of the
degenerate excited states. This generalizes a known result for
an unmagnetized relativistic quantum &fa® the magne-
tized case. This result is of interest from both a formal and a
practical viewpoint.

From a formal viewpoint it is “known” that a semiclas-
sical derivation reproduces the first quantum correction to
gyromagnetic emission and absorption correctly; starting
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from the classical result for gyromagnetic emissfery., the X1/23n7 ((x)=— nl/ZJn—l(x)+ (n+ ,,)1/2‘]n(x),
emissivity by an electron the gyroresonance condition is - 12 -
interpreted in terms of conservation of energy #paralle) 300 =xYnT200 1)+ (n+ 1) YD, (%],

momentum on emission of a photon, with the quantum recoil
being the first quantum correrc)tion to the gyro?esonance con- pIu(x)= X (n+v) 1/2‘]V*1(X)+n1/2‘] 1]
dition. This “known” result implies that the dispersion van- Another pair of relations is
ishes to first order ik because transitions between any pair non n
of states contribute equally apart from the quantum recoil (X+V)‘]V(X)_[X(n+V)]m‘]”*l(x)
terms, which contribute with opposite signs for emission and +[X(n+ v+ 1)]1/233+ 1(%),
absorption, so that the sum has no term of first ordér. iA (A2)
formal proof of this “known” result requires that it be shown 5 i\]n(X)Z[X(n‘F MI¥2"_ (%)
that first quantum correction to the dispersion is indeed zero, dx 7 vl
and to our knowledge ours is the first derivation of this re- B 12an
sult. The derivation depends explicitly on the assumption [x(n+ v+ D00
that the electrons are unpolarized. The result does not applyhese become the recurrence relations for Bessel functions
to polarized electrons; the response tensor has a nonzero fijgtthe limit n—o, cf. (8).
quantum correction that depends explicitly on the difference  The expansion 08"(x) in Bessel functions applies for
in the occupation number for the two spin states for polarfargen, x«1/n and v<n. This follows from the expansion
ized electrons. The result also does not apply to the grounds the Laguerre polynomials in Bessel functions in the limit
state, which is nondegenerate and gives a contribution to thg— oo,
dispersion of ordef:, which is written down in(18). 5

A practical application of the foregoing result is to radio- Jn(z_) _
wave dispersion in a pulsar magnetospHérén conven- "\ 4n
tional treatments of the dispersion, the only “quantum” fea-
ture taken into account is that all the electrons are in their
ground state, that is, in their lowest Landau level. This re-
sults from gyromagnetic emission, which causes all electrons
to radiate away their energy perpendicular to the field linesThe leading term and the first correction are include@®in
on a time much shorter than other relevant times. The dis-
persion is conventionally treated in terms of a one-
dimensional, relativistic, classical electron g&s.’ This ap- ~ APPENDIX B: SUM OVER SPIN STATES
proach ignores intrinsically quantum effects, and so is ,
justified only for B/B,<1. Radio pulsars have a range of  Explicit evaluation of the tensofII;,;(k)]*” may be
surface fields with most havir/B.<0.1, a significant frac- derived using the explicit forni2) for the vertex function in
tion havingB/B.=0.1, and some strong-field pulsars havingthe definition(4). The same result is derived for any other
0.3<B/B.=<1. (A subclass, called magnetd#fshas even choice of spin operator, and the result may also be derived
stronger fieldsB/B.>1, and for this subclass it is essential Without introducing any spin operator by generalizing a
to use the relativistic quantum theory; however, magnetar§1ethod detailed in Refs. 29-31. The resulting explicit form
are not known to be radio emitters\e conclude that intrin- IS
sically quantum effects should be taken into account for
stronger-field radio pulsars; we propose to discuss this appli-

(n+v)!
n'n”

1/2 * ( z

2 ba z) Jv+a(z)|

a=0

bo=1, b;=—3v+1), b,=%(v+1)(v+2), (A3)

(a+1)byiq= _%(V+l)ba+ 711(V+a)bafl_ %nbafz-

28,’1,8n[l_[;,f1(k)]oo=(sr'],sn+ pap,+ € em?)

cation in detail elsewhere. X[ (" n- n) +(Jn'—n)2]
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APPENDIX A: EXPANSION OF THE J-FUNCTIONS n-n® nene
' n n—-1
The functionsd?(x), defined by(3), satisfies recursion —eenPalIn o€ "0 "0
formulas, which follow from the recursion formulas satisfied $ 0L gmiugn 1
by the Laguerre polynomial@s defined in Refs. 27 and 28 n'—n® Ynion-1
A basic pair of recursion formulas can be written in a variety / 02_: givgn-1
X . 2e, H n(k)1%%=i eyl
of ways. Three related pairs of relations are e el (] €"enPr I Zn€ " 2
n —i n
nY20071(x) = (n+ 1) Y230(x) —x1230_ 1 (x), ~Jnae Il
nl/ZJn(X):(n+V)1/2Jﬂ—l( ) 1/2~]V+1(X) +iee ,pn[Jn, ne Jn, n+1
X230 (%) = (n+ ») V2" 1(x) — n¥23"(x), (A1) =LA L,
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’ 3 n( 2 14
Zsérgn[H;r;(k)]O?’:(8;1p2+8np2’) al“’(k):—Zezf d psn(p) (pk) Za'“ (k,zplrnz)’
2k} & (pk2—(hK22)
X[ )2+ )2, (C1)
, ) L krurEkus KPutu”
2e) en 115, 5(K) 1= (£ 20— P3P, — € €m?) A w=0"" T
I CE R NI with n(p)=n"(p)+n~(p) and e=(m?+p?)*2 The non-

, gquantum resonance conditiong&= p#k,=0, orku=0, and
+2€"€pnpy the termk?/2=k*k /2 in the denominator is then interpreted
XCOS(Z‘W)J:T—lnﬂJEr—n—l' as the quantum recoil term. When quantum effects are not

necessarily small,fk)2— (#k?/2)>=0 has a solution corre-
26! e [T15.5(K) %= (s, &0~ P.p,— €' €m?) sponding to the resonance condition for one-photon pair cre-
" nn " ation. The first quantum correction to the unmagnetized case
XA D2+ )2 vanishes, and the next order term, obtained by expanding in
(1k212)%1(pk)?, is of order#?.
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