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Abstract. Analytic approximations to relativistic plasma dispersion functions are
derived in terms of the exponential integral function, Ki(z), for relativistic tem-
peratures T 2 mqc? (where m.c? is the electron rest energy). It is shown that a
simpler, useful approximation to these functions can be obtained based on known
approximations to the exponential integral function.

1. Introduction

Various relativistic plasma dispersion functions (RPDFs) have been introduced
to describe dispersion at relativistic temperatures, for isotropic plasmas (e.g.
Prentice (1968); Godfrey et al. (1975); Magneville (1990)), magnetized plasmas
(e.g. Trubnikov (1958); Silin (1960, 1961); Dnestrovskii and Kostomarov (1961,
1962); Dnestrovskii et al. (1964); Shkarofsky (1966)), and highly magnetized plas-
mas (e.g. Gedalin et al. (1998); Kennett et al. (2000); Melrose et al. (1999)). For
isotropic unmagnetized plasmas, one requires two different functions to describe
the dispersion in general. One choice of two independent RPDIFs consists of the
function T'(z, p) and its derivative T'(z, p) =0T (z, p)/dz, introduced by Godfrey
et al. (1975), where p=mc?/T is the inverse temperature in units of the electron
rest energy (0.5 x 1010 K), and z is the ratio of the phase speed to the speed of
light. The RPDFs for magnetized plasmas are qualitatively different from those for
unmagnetized plasma (e.g. Robinson (1986)), except for pulsar plasmas where the
superstrong magnetic field causes the distribution of particles to be one dimensional
along the magnetic field lines, and the dispersion can then be expressed in terms of
the same RPDFs as for an unmagnetized plasma. Only these RPDFs are discussed
in this paper.

The functional form of RPDFs in relativistic plasmas, p < 1, exhibits features
that are absent in the non-relativistic case, p>1. The RPDIs can be expressed
in terms of integrals over particle speed, 8 (in units of the speed of light), with
the distribution function proportional to exp(—py), where y=1/(1 — $%)'/2 is the
Lorentz factor. The RPDFs contain a resonant denominator z — (3. A characteristic
feature of RPDFs for p <1 is a sharp peak due to the resonance at z =g, which
occurs near the value of 3 corresponding to py ~ 1. It is desirable to have analytic
approximations that treat this characteristic feature accurately.

In this paper, we write the RPDFs as integrals over v with the resonant de-
nominator expressed in terms of Lorentz factors and evaluated in terms of the
exponential integral function, Ei(x). Analytic approximations are then developed
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using known approximations to Ei(z). Tt is convenient to introduce a Lorentz factor,
7. =1/(1—2%)1/2, corresponding to the phase speed z. The resonance then occurs at
v- =7, and the peak in the RPDFs occur at v, ~ 1/p. The extension to superluminal
phase speeds, z >1 is achieved simply by allowing «, to be imaginary and using
approximations to the exponential integral function for the imaginary argument.

The outline of the present paper is as follows. In Sec. 2 the specific RPDFs dis-
cussed in this paper are defined and their relation to other RPDFs are summarized.
In Sec. 3 these RPDF's are written in terms of exponential integral functions, and
approximate forms in the highly relativistic limit are derived in Sec. 4. The results
are discussed in Sec. 5.

2. RPDFs

e s used to treat dispersion in isotropic, unmagnetized thermal plasmas,
The RPDF d to treat d t magnetized thermal plasm
isotropic magnetized plasmas, and pulsar (strongly magnetized, one-dimensional)
plasmas, are summarized in this section.

2.1. Dispersion in isotropic, unmagnetized plasmas
An isotropic Jiittner distribution normalized (by integration over d*p) to number
density n is

npe=P7

f(p) = I ) s () (2.1)

where |p| =mqcy8 and K, (p) is a modified Bessel function. For an unmagnetized
electron gas with distribution (2.1), dispersion may be described in terms of the
RPDF introduced by Godfrey et al. (1975)

T(2p) =/_11 a9

and its derivative T'(z, p) =0T (z, p)/0z.

e PY

B—z

(2.2)

2.2. Dispersion in pulsar plasmas
One model for the electron or positron distributions in a pulsar plasma (e.g. Arendt
and Eilek (2002)), is a one-dimensional (along the magnetic field lines) Juttner
distribution

ne_p’y

fp) = Imeckr ()

(2.3)

Dispersion for such a distribution may be expressed in terms of the three RPDFs
(Melrose et al. (1999))

where the angular brackets denote an average over the distribution function (2.3).
The average, (K), for any variable K is given by

1

' 3
- - —py 5
(K) KA (7) /_1 dBy> Ke 7. (2.5)
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Regardless of the specific form of the distribution, W (z) can be expressed in terms
of R(z),
1
W(z) = —22R(2) + (1 — 22 R (2) — <;> . (2.6)
For the distribution (2.3), one has (1/7) = Ko(p)/K1(p). In terms of the notation
(2.4), the definition (2.2) corresponds to

T(e.p) = =2K2(0) { 5= ) 27)
The RPDFs (2.4) can be expressed in terms of the RPDF (2.7):
_T'(zp) _ 1 [ Ko(p) T(zp)]
=5k RO T PR T 2.8)
1 (1—22)T'(z,p) '
B == [H p 2K1(p)} '

Functions (2.7)—(2.8) are well defined for all z. These three RPDFs are not inde-
pendent of each other, and one can write W(z) and S(z) in terms of R(z). One
obtains

_ 2 / K (p) ¢
W(z) = —22R(z) + (1 — 22)R'(z) — K(l) ) (2.9)
S(z) = —% {1 - MR(Z) + %R/(z) - #g‘;gg; } . (2.10)

with R'(z) =0R(z)/0z.
The response tensor for a pulsar plasma involves the RPDFs W (z), R(24), S(z+),
with
(] 42 — 22)1/2
Lo e 2Rydy =) (2.11)
kje kjew

1+
where k| is the component of k along the direction of the magnetic field.

3. Expressions in terms of exponential integral functions

In developing the approximations we start with R(z4) and S(z4), whose arguments
are restricted to |z4| < 1.

3.1. The RPDFs R(zy). S(z+)

The restriction |z+| < 1 implies that the corresponding Lorentz factors,

e (49— 22)1/2 1/2
= v |

v =(1—23)

always exist. Then (2.4) gives

1 1 1
R(zy) = =722 + >7 3.2
() Qvii<7_% = (32)

1 1 1
S(z4) = =v42 — . 3.3
(=2) 27ii<7—7+ v+v+> (33
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For convenience we write z4 as z and 4 as 7,. The RPDFs contain the integrals,

/1 dB~3e=rY [T dye
0

7—_’—7z 1 ﬂ(’)/"_"}/z)

@ 1 ¢ 1 2 51
= dye "7 + —= + FI)P=— ||, (3.4)
[ner | S (e e )

- n=1 s=1
where one changes the integral variable d3 = dvy/3v® and makes an expansion

1/B=1+5%"_, Cn /7" with ¢ = %, cy= %, Ccy= %, .... The integrals on the
right-hand side can be expressed in terms of exponential integral functions,
“ dye=P? n —
=~ Bi(Fp(r. £ 1)), (3.5)
/1 TE7

“ dye PY o
JA = ) (3.6)

1 v
The exponential integral functions are defined by (Abramowitz and Stegun 1970):

0 eft

0 efmt

En(x):/ dtt—n, x>0, n=0,1,2,..., (3.8)
1

where 2 denotes the Cauchy principal value. One may extend Ei(z) to negative
values (x < 0) in terms of Ey(z):

Ei(—z) = —Eq(2). (3.9)

In terms of these functions, the RPDFs (3.2) and (3.3) become

iz
% ‘
S(2) = 2K, (p) [W_(p,72) + P—(p, 7)) (3.11)
with
Uy =’ EKi(—p(y. + 1)) £ e P> Ei(p(y, — 1)), (3.12)
0 2n
Dy = > G | = D1 T 1 EL () |- (3.13)

s=1

At this stage no approximation has been made. It can be shown that in the relativ-
istic approximation p<<1, @4 can be ignored (cf. Sec. 4).

3.2. Derivation of W (z)
The foregoing procedure may be applied to W (z), T(z, p) and T'(z, p), which are all
determined by R(z) through (2.9) and (2.10). Here we consider only W (z) explicitly.
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For |z| < 1, substituting (3.10) into (2.6) or (2.9) one obtains

1 _ 1 - c
W(z) = ———= {73 [e P+ §pvzz2\11_} +Kolp) + Y 05y
n=1 "7z

X

n

et %P%Z?‘I’— + Y (17 —2(n—s+1)2°) 2 Ve (P)] }7 (3.14)
s=1

where Ea,_1(p) is the exponential integral function defined by (3.8).

For|z| > 1,7, = (1—22)""/2 is imaginary. The poles at v = 4+, are then not on the
real axis, and the argument of the exponential integral functions is imaginary. In
this case, one may extend (3.10) to z > 1 by writing the relevant integrals in terms of
the exponential functions with a complex argument. Since the exponential integral
function Fq(z) is well defined in the upper half complex plane (with arg(z) < )
(see, e.g., Abramawitz and Stegun (1970, p. 228)), one may extend the definition
(3.9) to include a complex Ej(x). Then, one can derive W(z) as (3.14) but with
v, =—i/(22 —1)Y/2, where |z| > 1.

4. Approximate RPDFs

One of the major advantages of expressing RPDFs in terms of Ei(x) is that some
useful approximations can be readily obtained based on the known approximations
to the exponential integral functions. Specifically, approximate expressions for the
RPDFs in the limit p < 1 are derived in this section.

4.1. Approximate forms for R(z) and S(z)
The general forms of R(z) and S(z) are similar: both tend to zero at z=0, R(0) =
S5(0) =0, and both have negative peaks for z near the speed corresponding to the
thermal peak in the distribution function. Notable differences are that for p<<1,
R(z) approaches zero from above and S(z) from below for z— 0, and the peak in
R(z) is much larger than the peak in S(z). In approximating these functions the
most important features are the peaks and the limiting values for z — 1.

We first consider the large v, approximation, in which &4 in (3.10) and (3.11)
can be ignored. Assuming Ei(Fp(y £+ 1)) ® Ei(Fpy). one has

Lz o VE

T 17 Ry o R
with Uy ~ e Ki(—p7y,) + e P Ei(py.). The approximations (4.1) are derived for
v, > 1, and they are reasonably accurate even for v, =~ 1 for p <1. This is due to the
approximate expressions being functions only of py, = p/(1 — 22)%/2, which varies
slowly with z except for the peak near z~1 (corresponding to a large v,). By
decreasing p one essentially moves the peak toward z=1, and the validity of the
approximation thus extends toward v, 2 1. Using K7 (p) = 1/p for p <1, one obtains

(4.1)

R(z) = —5py22[e P Ei(py:) + € Ei(—p7.)], (4.2)
S(z) & —5py.2[e”" Ei(py.) — " Ei(—p7z.)]. (4.3)

From these approximate expressions one may obtain a much simpler, useful ap-
proximation in two separate parameter regions, py, < 1 and py, > 1.

Two simple approximations are found by Taylor series expansions. First, expand-
ing in powers of py,<1 and retaining only the leading terms gives the
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Figure 1. The functions R(z) (a) and S(z) (b) for p=0.1, plotted as a function of
7. = 1/(1 — 22)1/2. The solid curves are the plots of the functions (4.2) and (4.3) obtained
in the p<<1 limit, the dashed curves are for approximations given by (4.4) and (4.5). The
exact functions, obtained by numerical integration, are plotted as dotted curves that mostly
cannot be distinguished from the solid curves.
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Figure 2. As Fig. 1, but for p=0.5.
approximations
2 ,
R(z) = —py;2[In(p:) + C, (4.4)

S(2) = (py2)?2[In(py:) + C = 1], (4.5)
where C ~0.577 is Euler’s constant. Second, expanding Ei(+py,) in 1/py, <1, one
finds

2
S(z) = —z [1 + —] . (4.7)
(p72)?
These approximations apply to (a) and (b), respectively, in Figs 1 and 2. However,

neither is valid in the intermediate range py, ~1 where R(z) and S(z) are peaked;
the forms (4.2) and (4.3) cannot be further simplified without loss of accuracy in
this range.

(4.6)
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The approximations (4.2) and (4.3) are compared with the exact expressions
in Fig. 1 for p=0.1. For clarity in exhibiting the peaks, the functions are plotted
versus logy vz, with 7, = (1—2%)71/2. The approximations given by the expansions
(4.4), (4.5) break down below the peaks, py, ~1. The approximations (4.2) and
(4.3) match the exact expressions with high precision, with the differences being
barely resolvable in the figure. Analogous plots are shown in Fig. 2 for p=0.5.
The approximations (4.2) and (4.3) give a good fit even in this case where the
approximation p <1 might be expected to be a poor one.

4.2. Approximation to W (z)

Proceeding as in the derivation of (4.2) and (4.3), one may first find the approxim-
ation to W(z) for v, > 1. In this limit, only the first term (ocy?) and the terms of
s=mnin the double sum in (3.14) are important. Ignoring all terms with s # n, which
are of higher order in the 1/7, expansion, the double sum can be approximated by
the sum of an infinite series given by

—2 " enlan1(p) = —Ka(p) — Ko(p) + 20~ (1 +p Ve . (4.8)
n=1

The expression (3.14) at v, > 1 is then reduced to

1 5 ( L, 1 2 ) 2 1y _
———— |1 eP+ 5V | —K(p)+ =14+ = )e?|. (49)
Ki(p) [ 2 p p
Similar to (4.2) and (4.3), this approximation can be extended to include v, >1 in
the relativistic limit p <1, leading to the following approximate form:

Q

W (z) = —py2{1 = §p7.2%[e"" Bi(py.) — e Ei(—py.)]}. (4.10)
For z—1, (4.10) gives W(1)~2/p, which reproduces the known limit W(1)=
2(v6%) = 2/p.

For z > 1, one replaces v, in (4.9) with 7, = —iv., where 7« = 1/(22 —1)'/2. In the
relativistic limit, the approximate expression (4.9) also extends to include v, <1,
which can be written as

W (=) & py2{e ™ — Sipyezle " Bi(p(ine + 1) — ¢ Bi(—plige — )]} (&.11)

Note that (4.11) has a similar form to (4.10). However, the terms of the next order
in p are retained here so that (4.11) can be regular even at . — 0. The exact
expression for the large z limit, 22W (o0) = (y73) = Ko(p)/K1(p), can be obtained
from (2.4). Since (4.11) can reproduce this limit, i.e. 22W (2) = p, the validity of such
an approximation including a large z (corresponding to a small .) is justified.

The approximations (4.10) and (4.11) are compared with exact results for W(z)
for p=0.1in Fig. 3 and for p=0.5 in Fig. 4. As for R(z) and S(z), the approximation
is excellent for p <1, reproducing the peak quite accurately, and the approximation
is still relatively accurate for p=0.5. As already noted, W(z) is related to R(z)
through (2.6) or (2.9), and the foregoing approximation to W(z) is not independent
of that to R(2).

One may expand (4.10) and (4.11) in power series. For p|v,| <1, which includes
both |z] < (1 — p?)/2 and |z| > (1 + p*)'/2. one has

{—m?{l — p?222[C + In(py.)]}, |2l < (1—p?)Y2,

pv2{1 + p*4222[C + Inp]}, 2> (14 p2)Y/2.

(4.12)
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Figure 3. Plots of W (z) for p=0.1. The solid curves are for the approximations (4.10) and
(4.11) and dotted curves, which mostly cannot be distinguished from the solid curves, are for
the exact function: (a)—(c) correspond to the same plot with different plot ranges; (d) is the
plot of W () with |z| < 1. The relativistic approximation gives a good fit to W (z) obtained
by the numerical integration.
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Figure 4. Plots of W(z) as in Fig. 3 but with p=0.5. Except for the region near the peaks,
the accuracy of the highly relativistic approximation even in this mildly relativistic regime
is reasonable.

For p|y.| > 1, an expansion of (4¢.10) and (4.11) around 1/pv, leads to the approx-
imation
222 12
W(z) ~ — {1 + } —p. (4.13)
p (p72)?
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The approximations (4.12) and (4.13) are related to (4.4) and (4.6), respectively;
one may obtain them by substituting the latter two into (2.6) with (2.9).

5. Summary and conclusions

The main result of this paper is that useful approximations to RPDFs may be
obtained in a two step process. First, the RPDFs are expressed in terms of the
exponential integral function, which involves no approximation, and then the ul-
trarelativistic approximation is made, such that the Lorentz factor, v, is assumed
large compared with unity, and the lower limit, y=1, of integration over it is
extended to v=0. The exponential integral function Ei(x) is defined for z >0 by
the principal value integral (3.7), and it is convenient to extend the definition to the
whole upper complex plane with arg(z) < 7 by identifying Ei(x) = —E;(—z), where
E1(z) is another standard exponent integral function. The resulting approximation
is very accurate for highly relativistic temperatures, p=mc?/T <1, and remains
relatively accurate even in the mildly relativistic case p=0.5.

The three functions W(z), R(z), S(z) are related to T'(z,p), T'(z, p) through
(2.8), and W (z), R(z) are related to each other. The latter relation is independent
of any particular distribution (cf. (2.6)). It is convenient to express W(z) in terms
of R(z) and its derivative.

The approximate forms for the RPDFs developed here are relevant for the study
of wave properties in pulsar plasma, which is thought to be intrinsically relativ-
istic. The numerical study of electron/positron cascades above the pulsar polar
cap appears to suggest that the pulsar plasma can be adequately approximated
by a Jiittner distribution with a relativistic temperature 1/p~10 (e.g. Zhang and
Harding (2000); Hibschman and Arons (2001); Arendt and Eilek (2002)). In this
temperature regime, the approximations (4.2), (4.3), (4.10) and (4.11) give an ex-
cellent fit to the result by the exact numerical integration and are useful in both
analytic and numerical calculations of dispersion in the pulsar plasma.

Acknowledgement

We thank Iver Cairns for helpful comments on the manuscript.

References

Abramowitz, M. and Stegun, 1. 1970 Handbook of Mathematical Functions, Dover
Publications: New York, p. 228.

Arendt, P. N., Jr and Eilek, J. A. 2002 Pair creation in pulsar magnetosphere. Astrophys. J.
581, 451-469.

Dnestrovskii, Yu. N. and Kostomarov, D. P. 1961 Dispersion equation for an ordinary wave
moving in a plasma perpendicular to an external magnetic field. Sov. Phys. JETP 13,
986-990.

Dnestrovskii, Yu. N. and Kostomarov, D. P. 1962 Dispersion equation for an extraordinary
wave moving in a plasma perpendicular to an external magnetic field. Sov. Phys. JETP
14, 1089-1095.

Dnestrovskii, Yu. N., Kostomarov, D. P. and Skrydlov, N. V. 1964 Plasma waves in cyclotron
resonance regions. Sov. Phys. Tech. Phys. 8, 691-694.

Gedalin, M., Melrose, D. B. and Gruman, E. 1998 Long waves in relativistic pair plasma in
a strong magnetic field. Phys. Rev. I 57, 3399-3410.



718 Q. Luo and D. B. Melrose

Godfrey, B. B., Newberger, B. S. and Taggart, K. A. 1975 A relativistic plasma dispersion
function. IEEE Transactions on Plasma Science 3, 60—67.

Hibschman, J. A. and Arons, A. 2001 Pair production multiplicities in rotation-powered
pulsars. Astrophys. J. 560, 871-884.

Kennett, M. P., Melrose, D. B. and Luo, Q. 2000 Cyclotron effects on wave dispersion in
pulsar plasmas. J. Plasma Phys. 64, 333-352.

Magneville, A. 1990 Plasma waves in hot relativistic beam-plasma systems. Part 1. Dispersion
relations. J. Plasma Phys. 44, 191-211.

Melrose, D. B., Gedalin, M., Kennett, M. and Fletcher, C. S. 1999 Dispersion in an
intrinsically-relativistic, one-dimensional, strongly-magnetized pair plasma. J. Plasma
Phys. 62, 233-248.

Prentice, A. J. R. 1968 Dispersion relations in relativistic Vlasov plasmas. Phys. Fluids 11,
1036-1044.

Robinson, P. A. 1986 Relativistic plasma dispersion functions. J. Math. Phys. 27, 1206-1214.

Shkarofsky, I. P. 1966 Dielectric tensor in Vlasov plasmas near cyclotron harmonics. Phys.
Fluids 9, 561-570.

Silin, V. P. 1960 On the electromagnetic properties of a relativistic plasma. Sov. Phys. JETP
11, 1136-1140.

Silin, V. P. 1961 Electromagnetic properties of a relativistic plasma, I1. Sov. Phys. JETP 13,
430-435.

Trubnikov, B. A. 1958 Magnetic emission of high temperature plasma. Thesis, Moscow
Institute of Engineering and Physics. (English translation 1960 Report no. AEC-tr-
4073, U.S. Atomic Energy Commission, Oak Ridge, Tennessee).

Zhang, B. and Harding, A. K. 2000 Full polar cap cascade scenario: gamma-ray and X-ray
luminosities from spin-powered pulsars. Astrophys. J. 532, 1150-1171.



