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Abstract— The symmetry properties of tensors describing the nonlinear responses of a collisionless
magnetoactive plasma are discussed, concentrating on the generalization of the Onsager relations.
The Onsager relations generalize into two sets of relations called time-reversal-invariance relations
and crossing symmetries. For the parts of the tensors of practical relevancethe following properties
arefound. Thetensor describing the relation between the induced current and a product of » vector
potentials changessign by (—)»+! under reversal of thesignsof the frequenciesand of the senseof the
background magnetic field, and is completely symmetric under permutations of the indices with
associated permutations of the arguments. These symmetry properties underlie the reciprocal and
crossing symmetries of coefficients describing the consequent nonlinear process.

1L INTRODUCTION

IN PRINCIPLE, the response of a collisionless plasmato an arbitrary electromagnetic
disturbance can be calculated, using the Vlasov equation, to all orders of nonlinearity.
For each order of nonlinearity thereis a tensor which characterizes the response of
the medium. We shall define the tensors to relate the induced current (the response)
to the vector potentia (the disturbance) in Fourier transformed space. In practice,
the linear responseis of major significanceand the first, and sometimesthe second,
nonlinear responseis of interest. Besidesbeing of little practical significance, the still
higher order responses are associated with processes that occur more and more
slowly; the collisionlessassumption and so the use of the Vlasov equation must be-
comeinvalid for sufficiently high order responsesin any plasma.

Thetensor describingthelinear response(conventionally chosen to bethedielectric
tensor) satisfies three well-known sets of relations. These are the readlity conditions,
the causal relations (the Kramers-Kronig relations) and the reciprocal relations
(Onsager relations). |tisapparent on physical grounds that the tensorsdescribingthe
nonlinear responses must satisfy relations analogous to these. Indeed the reality
conditions are trivially satisfied and the causal relations can be imposed or derived,
depending on one's approach, for all thetensors. Thereisan additiona type of sym-
metry for the nonlinear responses; this arises from permuting dummy indices and
argumentsin the product of theamplitudes of the disturbancesin the defining relation.
However, the generalization of the set of relations known as the reciprocal relations
in the linear caseis not obvious.

The new result found in this paper is that the Onsager relations generalize into
two sets of relationsfor the higher rank tensors. These sets are called time-reversal-
invariance relations and crossing symmetries respectively. Neither set can be written
downin closedform, at least not in any smpleway. |n practice oneisconcerned with
only the non-resonant contributions to the tensors, i.e. with the non-dissipativehigher
order responses (even non-linear Landau damping is dueto the dissipative part of the
linear response). For the non-resonant contributions, the two sets of relations are
given by (26) and (31) below respectively.
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1036 D. B. MELROSE

In Section 2 we define the tensors and write down the relations which either are
obvioudy satisfied or can be readily imposed. In Section 3 the tensors are derived
following the method used by AL'TsHuL' and KARMAN (1965). The remaining sym-
metry propertiesare deducedin Section 4, and in Section 5 we discuss them and their
implications.

2. THE TENSORS

Theinduced current j(k), with k = (k, w), which flows due to the presence of an
electromagnetic disturbance described by a vector potential A(k) (with the gauge
condition such that the scalar potential vanishes) can be expended in powersof A(k).
We write this expansionin the form

500 =3 [a1Pr o KAL) - Al o)

with .
g Sk Lk
@m'  @2n)
The nth order term in (1) defines the (n + 1)th rank tensor Kyjy -3, THIS tENSOr de-
scribesthe compl eteresponseto the completedisturbance. Theinduced chargedensity
isrelated to j by the equation of charge continuity so that any quantity describing the

response can be written in terms of j. Likewise A(k) contains both the electric and
magnetic fields in the disturbance:

Qm)* o'k — ky — ... —k,). 0))

E(k) = 2 A(K), B(k) = ik x Ak). 3)
c
Theargumentkin «y, .. ;, is redundant, i.e. «,4, .. 5, is physically meaningful onlyfor

k = le<,.
However, it isconvenientto retain thisargument explicitly. Thelinear tensor «,;(k, k)
is related to the dielectric tensor ¢,;(k) by
4
&;4(k) = 6, + ;ﬂ; w1k, k), 4)
where §,; is the unit tensor.
Equation (1) isthe Fourier transform of areal equation, and so each tensor satisfies

reality conditions

Kih.-‘in(k9 kl’ LI kn) = K:‘il...in(_k5 ——kls ce —kn), (5)
where —k, = (—k,, —w,) and where * denotes complex conjugation.
One can freely permute dummy indices ji, ..., j, and associated arguments in
(1), consequently the only physically meaningful part of each tensor satisfies
Kih...!n(k: kb ML kn) = Ki(h...hn)(k’ kl’ saay kn)’ (6)

wherebrackets( ) aroundnindicesindicatethat onetake1/a! of the sumof al permu-
tations of the indices and associated arguments. Specificaly, for # = 2, equation (6)
reads

ki, Ky, k) = $liign(k, Koy ko) F sk, keay ). ©)
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The causal requirement is that the response be subsequent to the disturbances.
Inview of (6) al time-orderingsof thedisturbancesarealready included. Consequently,
one can impose the causal requirements in the form (see comments at the end of
Section 5 however)

Kih...j,.(ks kl; “v ey kn)

_ (L) f do,’. .. dw, kiseoo K s o KD, (D)
27/ J(w, — 0y +i0) .. (0w, —w,”...i0)

withk' = k,, o), r =1,...,nandk = (k, 21 w,’). Thequantity ;0 isan infini-

tesimal positiveimaginary constant whichisequivalent to a prescriptionfor evaluation
the singular integral, see MONTGOVERY and TipmAN (1964) for example.

3. DERIVATION OF THE TENSORS

Wefollow AL'TsHUL' and KARPMAN (1965) in deriving the tensors for a collision-
less magnetoactive plasma starting from Liouvilles equation. We generalize the
derivation of Al'tshul’ and Karpman by including relativistic effects (this smplifies
theformal calculation).

The Hamiltonianfor a particlewith chargeq and rest massm movingin the presence
of a constant background magneticfield B, and fluctuating electromagnetic fields is
given by

2 1/2
H(p,1,t) = l:mzc4 + (p 4 Ay — g A(r, t)) CZ:I , 8)
c c
where
A, =1iByxr

is the vector potential for the background field. In equation (8), and throughout, p
the canonical momentum and not the kinetic momentum. 1n the collisionlessapprox-
imation Liouville€'s equation factorized into a set of identical equations describingthe
evolution of the single particle distribution function f(p, r, t) with the single particle
Hamiltonian given by (8). One has

d
Do, 1, 1) = [H@, T, 0./, 7, 0] ©)
where
4, 5] 24,98 _ 24 2B (1)
or dp Jp or
is the Poisson bracket.

We solve equation (9) by a perturbation procedure in the interaction picture.
The unperturbed Hamiltonian reads

HO(p, 1) = [mzc‘ + (p — %Ao)zcz]m (11)

The unperturbed distribution function f(p) isassumed to beindependent of space and
time. Time independencerequiresthat f(p) be invariant under p, B, — —p, —B,.
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In the interaction picture one solves the unperturbed (Hamilton's) equations of
motion exactly and then perturb about the zeroth order trgjectory. The solution of
the unperturbed equations of motion can be written in theform

Pi(t) = (2, t)pi(te) + Bii(t, to)ri(ty), (12a)
rt) = yu(t, to)pi(te) + ny(t, t)ri(t), (12b)

wheret, isan arbitrary initia time. We write down explicit expressionsfor the coeffi-
cientsin (12) in the Appendix. Theinteraction Hamiltonian is defined by

Hy(p(1y), ¥(t), 1) = H(p(2), x(1), 1) — HO(p(1), x(1)), (13)

where p(¢) and r(¢) are re-expressed in terms of p(¢,) and r(¢,) using (12). The distri-
bution function in the interaction picture is defined by

F(p(t5), (1), 1) = f(p(2), (1), 1) (14)
in like manner.

Thevariablesin theinteraction pictureare p(z,), r(¢,) (and rand t). Poisson brack-
ets are to be taken with respect to these variables. [The transformation from p(?),
r(?) to p(z,), r(ty) isacanonical transformation so that the numerical value of Poisson
brackets is unaffected by the change, see GoLpsteiN (1959) for example] We are
freeto choose ¢, = —o0; we write p(— o) = py, [(— ) = 1,

Leaving the variables p,, r, understood, equation (9) becomes, in the interaction
picture,

aFT(t‘) — [H0), F(0). (15)

Expanding F(r) in powers of H;, with F© the unperturbed distribution function, one
finds

F() = F® -+ 3 F(),
n=1

FY(2) =-[t de,[H (1), F,
(16)

F ) =f_ dtlf_ dr, . .f_""dt,,[H,(rl), [Hyts), - ., [Hy(t), FO1. . 11

The induced current density isfound by multiplying by the single particle current
density

oH
q[a— ® T, r)} 5 — 1(1)
P p=p(t).r=r(t)

by Ft™(r), integrating over phase space and summing over n. [For simplicity we in-
clude the contribution of only one species of particle.] It is convenient to write the
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result in the form (the interaction energy)
—1.
—i(r, O A(r, 1)
4
[+ t tn-1
=3 [enarm | an. [ Tan, ), L

= go d°p, d%OF(O)f_ dty .. _f_"—ldt"[_ HAD, Hi(®)), ..., Hy(t)], (17)

where we partially integrate to reverse the order of the Poisson brackets.
The nth order induced current can be picked out of (17) by writing

hod = 7 x7(0)

Hi =2, nll( @) f d'r aleapw,. A DA A -0, (19
and picking out all terms which contain a product of n +14%in (7). The nth
order current includes one term which involves no time-integra (n = 0 in (17)) and
an (n Dth derivativeof H®, terms with one time integral and a product of an nth
derivative and a first derivative of H®, and so on down to a single term involving n
time-integrals and a product of » + 1 first derivativesof H®©.

We refer to this hierarchy of terms as the nth contracted term, the (n — 1)th
contracted terms and so on down to the uncontracted term, respectively. The rth
contracted terms (r < n) consist of terms involving an (r + Dth derivative of H®
multiplied by nfirst derivatives of H®, and so on down to a product of r second deri-
vaivesof H® andn+1 — 2r (if this greater than or equa to zero) first derivatives
of H®, Each of these contracted termssatisfy dightly different symmetry properties.
For exampled"H®p,;, ...dp,;, iscompletely symmetricunder permutationsof j; . . . j,.

A consideration of the symmetry properties of all contracted termsisaformidable
task in general. However, one can establish the symmetry properties by induction
including only the uncontracted term for arbitrary n. The symmetry properties of the
contracted terms are related in a simple way to the symmetry properties of lower
order uncontracted terms.

For example, consider the first contracted terms and the doubly contracted term
for n=2. From (17) and (18) thefirst contracted terms read

2 t
%(ﬂ) fdapo d“roF“”f dtlfd%l
C —o

2y7(0) ®)
X H: oH & — (1), oH
OPo; OPo; Po;

5, — r(tl»}A,-(r, DA 1) + (o )

{0)
+ [aH 5%r — x(1),

0Py apo ; 6 (r — r(tl)):|Aj(r1, t)A(ry, tl)}

and the doubly contracted term reads

qa(4q (s 43 asH(O)_ 3
6(0) fd Po d'roF Opo; aPo:‘ opy; d(r — x4y, DA, ).
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After Fourier transforming, the total tensor «,;,(k, ky, k,) can be writtenin the form

(ks kyy kp) = Ki;‘l)(k: ky, k)

+ {Kﬁz(k — ky, ko) + Kﬁj(k — ks, ky) + ik, ky 4 ko)) + Kt
where thefirst termis the uncontracted term (u), the three terms in brackets are the
first contractedtermsand thefind (constant) term isthe doubly contracted term. The
contracted indices are joined by a line. Each contracted term is symmetric under

permutations of the contracted indices because of the multiple derivatives of H©,
Thus, for example, one has

"Ii_lu(k — kg, k1) = x4k — Kk, k1)

and otherwise K has symmetry properties analogous to those of the uncontracted

linear term «{ Wlthj and / treated as a single index.
The completely contracted term for arbitrary n is a constant (independent of
K, K, ...,k) and satisfies
Kijyeoidn = Ktigy.dy) 19
L1 | —

trivially. For thisterm one readily establishesthe symmetry property
Kijl...j,,IBo = (_)"+1Kul...5,,|—n, (20)
| S— u

by using thefact that F® isinvariant under py, By — —py, —By.

In Section 4 we consider theextensionof the symmetry properties (19) and (20) to
the tensor asawhole. For this purposewe need consider only the uncontracted part,
using induction to establish the result for the contracted parts.

4. THE SYMMETRY PROPERTIES

We consider only the uncontracted part of the tensor «,;, .. , , omitting the super-

script (U) for smplicity. Starting from (17) this part is given by

t tn—1
jir, t)—q( )J.dap d’r, F‘“’J. dtl...J. dt,,

aH(O) (0)
X J‘darl .. d"r,,[. [ &*(r — r(t)) 8, — r(tl))], .
OPo; 9Pos,

aH(O)
apofn

68(1.11 - r(tn) Ah(rly tl) L Ajn(rn’ tn)- (21)
Fourier transforming, one has

Jjik)=gq (_—q)ﬂJ.dapo daroF‘o’fmdtJ.dar exp [—i(k* r — wf)]

tn-1 4 d4
xJ. dt, .. f dt J.d”rl .J‘da 4k dkn
(277) (27)t

X exp [iz(ks or,— wsts)] A (k) ... A; (k)

s=1

9H H® o oH &
x[ [ 9 = x), 51 r(n»],..., e, r(t,,»].

(22)
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In evaluating (22) we follow AL'TsHUL' and KARPMAN (1965). Firstly rewrite the
time-integralsin terms of

n=t—t,..., T,=t—1,
and the space-integralsin terms of
' =r—r,..., r,=r—r,.

The time-integrals then run over the ranges =,_; <7, < 0 (r = 2), 0 < 7, < 0.
Extending the lower limits to —oo one defines the complete Fourier transform

KijtnK, K1y o oo, ky) DY writing
QRuy otk — ky — ... — k)R u K Ky k)

=gq (:q)"fdspo daroF“”f dtfdarfao dr .. .fw dv-,,fdarl’ .. .fdsr,,’
c —a0 — —a
X exp[—i(k.r — wt)] exp l:iZ(ks r — k' — ot + ws'rs)|
g=1

(0) (0)
% [ . [aH 8(r — 1(2)), ZH

OPo; Poj,

aH(O)
aPo!n

o,/ — r(-rl)):|, cees &, — 1'(1-,,)):|.

(23)
The tensor «4,.. 5., Which results by writing (22) in the form (1), is then given by
Ku;_...j,.(ka kla LR ] kn)
(L)"f doy ...dw, ki, 5K ks k)
2 n
T (0 — o' + iO)(Z(w, — )+ iO) o (0, — w, + i0)
§=2

,» (24)

with 0" = EW

The wmmetry property (6) needsto be imposed. Having done so, the resulting
expression does indeed satisfy causal relationsin the form (7).

We are concerned primarily with the non-resonant contribution. Thisis obtained
from (24) by retaining only the principal value parts of each of the singular integrals.
That is, writing

do' N da' , .
fw P iOf(w) B Sﬁw — w’f(w) — inf(),

oneretainsonly the principal parts and ignoresthe semi-residues. Thesingly, doubly,
etc. parts are those in which one, two, etc., respectively, of the integralsare replaced
by their semi-residues.

Let us denote the non-resonant part by a prefix N. Thus we write

ih...in(ks kls ey kn)

_ (LH; do,. ..doy, o Rk k) o0
2 w— o 'Y (% , NE
" [n (gzy(ws_ws))-"( n)

Nk

Wy — Wy

where the sum is over al permutations of 1' to n' amongst 1 to n.
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Time-reversal invariance

The time-reversal-invariance property of «,; _, follows from the fact that the
equations of motion are invariant under p,, B,, f — —p,, —B,y, — t. It is straight-
forward to show that the symmetry property (see the Appendix)

NKih...h.(k, w; kl’ 601; LRI ;km wn)lBo

= (—) "HNK:' j,.(k1 — w; Kk, —og; ... 5k, _wn)l—Bo (26)

is satisfied. The doubly, and all even multiply, resonant contributions satisfy (26)
while the singly, and all odd multiply, resonant contribution satisfy an analogous
relation with (—)"+! replaced by (—)*. It is easily shown that the contracted terms
satisfy the same symmetry properties as the uncontracted term.

Fleas

The crossing symmetry

Thefinal set of relations are consequences of the symmetry properties satisfied by
the Poisson brackets. 1t iswel known that one has the anti-symmetry property

and the Jacobi identity

We have been unable to find a suitabl e discussion of the symmetry properties relevant
when an arbitrary number of quantitiesisincluded. For four quantities one has

[[[4, B, C], D] + [[[B, 4], D], C1+
[[IC, D}, 4}, B] + [[ID, C], B], A] =0, (29)

but proceeding by trial and error to find the higher order symmetry properties rapidly
becomes impractical.

We can write down the symmetry properties which result from the sequence of
Poisson brackets in closed form. One has

K(i31)i ..oin = 0,

:0’

Kli5192178...0n

Kri519293198. 0090 = 0,

(30)

Klijgin) = 0,

where we omit the arguments (which areto be permuted with the associated indices).
Square brackets [ ] around » indicesindicate that onetakes 1/»! of the sum of all even
permutations minusthesum of all odd permutations. Thefirst of (30)isjust the condi-
tion (27), the second together with he first leads to (28), and the third with the first
and the second leadsto (29). However, it becomesincreasingly difficult to identify the
essentially new features which result as one proceeds down the sequence of identities
30).
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Forn =1, 2 and 3 we have been able to establish the symmetry property
Nicygy gk, kyy oo oy k) = Nrgyy gk, kyy o oo k). 3D

Theresultisplausi blefor arbitrary n but we have been unable to construct a proof by
induction.
The proof for n = 1istrivial. For n = 2 one has

1{i} 1
Nk, ke, k =—(—)j€d '3€d '
wen(ks Ky, k) > \on 0y We 0y + g — (@) + @3
x {E.-u(k’, ki, k') I kai(k's ke’ ki)

Wy, — Wy w; —

From (30) one has

'}ijl(k” kll’ ky) = —;éjil(_kll, —k', kg'),

Eilj(k’s kzl, kl’) = _Eiil(_kll’ _k,, kz') + Ejzi(_kl,’ kz,, '—kl)
Inserting theseidentities, collecting termsand relabelling the variablesof integration,
one has

NKﬁl(k, kl’ k2) = NKJ'il(—kl’ —k, kz). (32)
For n = 2, (31) reads
Nic;p(k, ky, ko) = §[Nx;;(k, ky, ky) + Nucyi(k, ko, k) + Nicju(—ki, —k, ky)
+ Nrg(—ky, ko, —k) + Ny (—ke, ki, —k) + Nry(—ke —k, k)] (33)
The result (32) together with (6") establishes(33). The proof for n = 3islengthy but
followsin the same manner.
Our proof appliesonly to theuncontracted part of thetensor. Theextensionof (33)
to include the first contracted terms is straightforward; we aready show that the

doubly contracted term satisfies(33), see (19). For n = 3theproof that the contracted
terms also satisfy (31) follows by induction.

5. DISCUSSION
We discuss three subjects related to the symmetry properties derived above.
Firstly we discuss the expressionsfor the tensors derived using kinetic theory. Sec-
ondly, we use the above resultsto rederive the Onsager relations. Thirdly we discuss
the significance of the results derived.

Kinetic theory approach

A number of authors, notably TsytovicH (1967, 1970) and Sacbeev and GALEEV
(1969), havediscussed nonlinear processesin a plasmaderiving the nonlinear response
using kinetic theory. |n particular TsyTovicH (1967,1970) derivesatensor Sy;,(k, kq,
k,) which relatestheinduced current to the product E;(k)E,(k.) of eectricamplitudes.
In the absence of a background magneticfield a derivation from the Vlasov equation
gives

d

Sinlk, ky, ko) = — (d p——— {(wl — k., v)d;, + U;'kn-} a_

colwJ ow—k-

X [_—lk—z {(w —ky-v)o+ v kza} (P)] (34
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where we retain only the contribution from one species of particle. Thetensor S;,; is
related to «,;, by
2
Sualle, by, ko) = — —— sk, Je, o). (35)
W0

On imposing the symmetry property (6'), viz.
Sia'z(k» kla kz) = %[Sin(k, ky, kz) + Sm'(k: kz» k1)],

the non-resonant contribution to the resulting tensor should satisfy (33), which, with
(35), reads

1 w
NSk, ky, k) = EI:NS"”(k’ ky, ks) + NSk, ko, ky) — '(;1 NS;i(—ki, —k, k)

- = Nsili(_kl’ kzs _k) - Nsm(—kzy —k, kl)

W, Wy
1
— — NS,(—ky kg, —K)| . (36)
Wy

A straightforward, but laborious, comparison shows that (36) is indeed satisfied.
The more conventional kinetic theory derivation of the tensors obscures the exis
tence of the symmetry property (31).

The Onsager relations

Let us rederive the Onsager relations for the dielectric tensor (4) using the above
results. For n =1, (31) gives

Nk, k) = Nk, (—ky, —k),

which, with k = k;, shows that the non-resonant contribution is the hermitian part.
A separation into hermitian and anti-hermitian parts being unique, the resonant
contribution must be the anti-hermitian part. Time reversal invariance, see (26), then
implies that the hermitian part is even under w, B, - —w, —B,, while the anti-
hermitian part is odd under this transformation. Using the reality condition (5) one
can express these statements by the single equation

Ky;(K, ‘0)|Bo = ;% (k, —w)|—no = x;{(—k, w)l_no- (37

Thedielectrictensor (4) also satisfies (37). Equation (37) isthe usua expression of the
Onsager reciprocal relations.

Implications of the symmetry properties

The relevance of the symmetry properties for the tensors describing the nonlinear
responses is that they underlie symmetry properties of the coefficients describing
nonlinear processesin a plasma. The symmetry properties of such coefficients were
discussed by AL’ tsHUL” and KARPMAN (1965) and by Sacbeev and GALEEv (1969).
KovrizHNYKH (1965) wrote down a number of the symmetry properties explicitly.

We cite just one specific example to illustrate the symmetry properties. Suppose
one calculates a coefficient describing the coalescence of a Langmuir wave (1) and an
ion sound wave (s)into a transverse wave (t)in an isotropic plasma. |If the coefficient
is chosen appropriately it should describe not only the process! + s t but also the
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inverse processt — | + (the latter following essentially from the reality condition).
However, the processest + s laedso possible. The coefficient describing these
processes should be related in a ssimple way to that for / +st,t. The symmetry
property (31) (for n = 2in thiscase) ensuresthat thisis 0—sse KovrizNHYKH (1965).

It should be emphasized that the result (31) has been establishedfor n < 3; itis
speculated that a proof for n = 4 could be constructed with sufficient perseverenceand
ingenuity. For n = 4 an interesting effect, on which the author can offer no construc-
tive comment, arises. This is that one has n > 4 apparently independent k-vectors;
spaceis only three dimension so that these cannot in fact be independent.

A refereg, citing MARTIN (1967), points out that theimposition of the causal rela-
tions (7) is not necessarily justified when A(k, w) is identified with the total field.
Thesymmetry properties (26) and (31) are not dependent on theassumption that caus-
ality obtain; they follow under the assumption that the non-resonant parts be given
by interpreting integralssuch as that in (34) as principal vaueintegrals.
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APPENDIX
The coefficients in (12a, b) arefound by solving the equations of motion
dr oH dp oH©

&~ ep 'de T T o
with H® given by (11)and withr = r(z,), p = p(,) at t = ¢,. Setting up axes with the 3-axisalong
B,, ps and theenergy E = H® are constants of themotion. Explicit expression for the coefficients
in (12a, b) read:

38

31+ cosQ(t — 1)) %sin Qit — ¢t 0
W= Sdin Qe - 1) 3t cosQ—1r) 0
0 0
+sin Q¢ — 1,) %(1 —cosQ(t—1) O
Butt "’):l%cli) —%(1—005 R(t—2)) #snR(t—1t) 0
0 0 0
3SnQ@ — 1,) ;(l —cosQ—1t) O
2¢
Pullyfo) = B | — 1 —cosQ(—1)) #snQ( —t,) 0 ’
0 0 1psQ2(t — 1)

(39
Nuy(t, 29) = (8, 1),
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with

il 191Boc
= [B,|, e=" Q="Fo -

Inserting (12) to find p(#,), r(z,) in terms of p(), r(#), the appropriate coefficientsare «,;(¢,, — t)
and so on. In establishing the timereversal-invariance properties in Section 4, we replace p(t,),
r(¢)) by —p'(—¢t), r'(—¢’) and p(),x(¢) by —p’'(—1,), r'(—¢,) respectively. The variablesin the
primed interaction picturearep’(¢,), r'(¢,"). [The transformation from p(¢,), r(¢,) top’(¢t,), r'(z,") isa
canonical transformation.] One has

ail(t) tl))IBn = aii(’/, tﬂ’)l—Bo ’
Bis(ts t)|By = —Bis(t’, )| -B,>
Yty t)lBy = —Vis(t's )],




