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Abstract—A relativistic quantum theory for processes in a plasma is developed in such a way that the
theory reduces to that for a classical collisionless plasma in the classical limit and to conventional
quantum electrodynamics in vacuo. The generalization involves two stages. The first stage is the
use of quantum electrodynamics to calculate the linear and non-linear responses of an electron gas.
Explicit expressions are derived for the linear response of an electron gas in a static magnetic field,
and for the lowest order non-linear response of an electron gas in the absence of a static magnetic
field. The second stage involves a generalization of the conventional diagrammatic technique to
include the effects of the non-linear responses of the medium. Additional diagrammatic structures
called multiple-photon vertices are introduced. Rules are given for drawing the generalized diagrams
and for writing down the associated amplitudes. The Cerenkov effect, photon splitting and emission
in the presence of a static magnetic field are treated as illustrative examples.

1. INTRODUCTION

QuANTUM electrodynamics is usually considered for processes in vacuo. The quantiza-
tion is applied to the electromagnetic field equations for a vacuum, and the interaction
with matter is introduced through the currents associated with individual particles.
Three steps are involved in applying quantum electrodynamics to a plasma in a self-
consistent way. Firstly, quantum electrodynamics should be used to calculate the
responses of the plasma to an electromagnetic disturbance. Secondly, the current
describing the linear response should be included in the electromagnetic field equations
before these are quantized. Thirdly, the other currents describing the response of
the plasma should be included along with the single-particle currents in treating the
interaction with matter.

The purpose of this paper is to discuss the first and third stages in the above
generalization. In Section 2 quantum electrodynamics is used to calculate the re-
sponses of a collisionless electron gas following a method introduced by TsyTovICH
(1961). In Section 3 the conventional diagrammatic technique of quantum electro-
dynamics is generalized to includethe effects of the non-linear responses of the medium.
The method is related to one used by GaiLitis and TsyTovICH (1965). In this way a
theory is developed which is a generalization both of the classical theory of a collision-
less plasma and of quantum electrodynamics in vacuo. Some illustrative examples
are given in Section 4.

The second stage is not discussed in detail here. It is assumed that the radiation
field may be regarded as a collection of wave quanta, called photons for simplicity,
in various wave modes (labelled o, o', etc.) with wave properties determined as in
the classical case, and with occupation numbers N°(k), N°(k), etc. Similarly the
propagator for the electromagnetic field, i.e. the photon propagator, is assumed to
be the same as in the classical case, but written in appropriate 4-vector notation
(e.g. MELROSE, 1973). Thus the quantization of the field equations in the presence
of a medium is by-passed here. [This quantization has been discussed by JAUCH
and WATsoN (19484,b); BREVIK and LAUTRUP (1970) for a non-dispersive medium
described phenomenologically, and by WaTsoN and JaucH (1949) for a dispersive
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medium. These discussions are not directly relevant to the general case of a spatially
dispersive medium.]

Explicit expressions for the linear response of an electron gas in a static magnetic
field and for the non-linear response of an electron gas in the absence of a static
magnetic field are discussed in Appendices B and C respectively. The general expres-
sion found for the polarization tensor for an electron gas in a static magnetic field
is essentially the same as that found by Sverozarova and TsyToviCH (1962). This
result includes relativistic effects and is more general than results obtained by many
subsequent authors, e.g. by KELLY (1964); GREEN et al. (1969); HARRIS (1969);
CanuTo and VENTURA (1972). The method of derivation is summarized in Appendix
A, and the general result is written down in Appendix B where an error in Svetozarova
and Tsytovich’s expression for the interesting case of the long-wavelength limit is
corrected. The general expression found in Appendix C for the non-linear response
tensor is of formal interest in thatitimplies the existence of a generalization of FURRY’s
(1937) theorem; the limiting case of a degenerate electron gas may be of interest in
connection with non-linear processes in solid state plasmas

2. RESPONSE TENSORS

TsytovicH (1961) calculated the polarization tensor for an electron gas using the
following technique: in the formula for the vacuum polarization tensor the electron
propagator is replaced by a propagator averaged over the distribution of electrons.
Tsytovich’s result reduces to well known results for a collisionless plasma in appropri-
ate limits, e.g. it reduces to SILIN’s (1960) result in the classical (but relativistic) limit,
and it leads to LINDHARD’s (1954) result in the completely degenerate non-relativistic
limit. Tsytovich’s result also includes the vacuum polarization tensor.

Tsytovich’s method can be used to calculate the non-linear response tensors for
an electron gas. To avoid confusion Iet the lowest order non-linear response be called
the ‘quadratic’ response, the next highest order non-linear response be called the
‘cubic’ response, and so on. Following Tsytovich, the linear response tensor can
be written down in terms of the amplitude for the ‘bubble’ diagram Fig. 1. Likewise

Pk

F16. 1.—The ‘bubble’ diagram.

the quadratic and cubic response tensors can be written down in terms of the ampli-
tudes for the ‘triangle’ diagrams Fig. 2 and the ‘box’ diagrams Fig. 3. There are
two topologically distinct ‘triangle’ diagrams, and six distinct ‘box’ diagrams.
The required tensor is found by averaging the amplitudes for these diagrams. [Actu-
ally, the average is to be taken if the quadratic (or cubic, etc.) response is that to a
single disturbance, but it may be convenient not to average if the bi-linear (o
tri-linear, etc.) response to two (or more) distinct disturbances is required.]
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Fig. 2.—The ‘triangle’ diagrams. For processes in vacuo the amplitudes corresponding
to diagrams (a) and (b) are equal but opposite by Furry’s Theorem.

FiG. 3.—A ‘box’ diagram. There are six distinct such diagrams corresponding to the
six orderings of the final proton lines.

The tensors

In the following the notation for the polarization tensor is that used by MELROSE
(1973) and the notation for the Dirac algebra is that used by BERESTETSKII et al.
(1971), with the exceptions that here the electronic charge is —e and “Sp’ denotes
the trace over Dirac matrices. The units are such that 2 = ¢ = 1.

The linear polarization 4-tensor is given by

a - vm
(k) = —ieZSPf p4 7'G(p)y’G(p — k). ¢y
(2m)
The averaged propagator G is given by
_ Flm P +m
6B = ¢ + s,
2 2e @
F(P) = —— n(p) n(p)

+E—~es-+i0 H+E—e—i0
where n+(p) and s~(p) are the occupation numbers for electrons and positrons
respectively, and with

Pt = [E, P]: p# = [5: P]:
e 1= ¢(p) 1= (Ip* + m"%, €
pri=+y%e—vy.n
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As explained by TsyrovicH (1961) only terms arising from the principal value for
one of the propagators and from the semi-residue for the other are to be retained
in (1). This gives only the hermitian part of «*”. The anti-hermitian part may be
obtained using the Kramers—Kronig relations. [The terms which come from taking
both principal values simultaneously vanish identically, while the terms which arise
from both semi-residues taken simultaneously do not give the correct anti-hermitian
part of «* because (2) corresponds to the Feynman propagator which does not take
causal effects into account.]
The quadratic non-linear response tensor is given by

_ ok, ky, ko) = 3™ (k, Ky, ko) + 02P(k, Ky, Kp)] 4
with
v . 3 d4p B v oA
ai?(k, ky, ko) = ie®Sp 2 PG(p)y G(p — k)Y'G(p — k), (5)
and
ab?(k, ki, ko) = ai?(k, kg, ky). (6)

In (5) k =k; + k; is to be understood. An explicit expression for this tensor is
derived and discussed in Appendix C.
The cubic non-linear response tensor is given by

ith a"“PT(k, kl’ k2: ks) = %’[a‘fvpr(k’ k1> k2s ks) + [ + a;évpr(k, kla kza k3)]’ (7)
w1

PGy Gl — k)

X pPG(p — ky — ko)y"G(p — k), (8)

and where the remaining five terms on the RHS of (7) are obtained from (8) by making
all permutations among (v, k1), (p, k,) and (7, kg). In (8) k =ky + ky - kg is to
be understood.

1 o [ 9P
“:‘ll g (ks kla kz» ka) = —164Spf(277_ 4

Symmetry properties
Of the symmetry properties pointed out by MELROSE (1972), namely
WK, ke, ko) = Uk, Koy ky) = &PH(—ky, —kep, ), ©)

the former is imposed in (4) and the latter can be proven as follows. Starting from
(5) and using the invariance of the trace under cyclic permutations of the matrices,
one obtains

@ik, ky, k) = a3*(—ky, —k, k), (10)

which suffices to establish the result. The corresponding result for «**" can be
established similarly.

[It is interesting that the symmetry property is satisfied for the whole of the
tensor rather than for only the non-resonant part. This may be attributed to the fact
that, due to the use of the Feynman propagator, no distinction is drawn between
‘disturbances’ and ‘responses’, i.e. between causes and effects, in (5). The resonant
parts of (5) are non-physical.]
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The case B £ 0

The above applies only in the absence of an ambient magnetic field. In the presence
of a static field, B say, the electron propagator between r, ¢ and r’, ¢’ depends on
r and 1’ separately rather than only on their difference r — r’, as would be implied
by the use of Fourier transformed propagators in (1), (5) and (8). Fourier trans-
forming in time only, (1) would be replaced by

«(r — r'; w) = —ie®Sp { g—E ¥*G(r, v, E)y'G(r', 1, E — w), (11)
J 4T

where the dependence of «** on only r — r’ (rather than on both r and r') follows
from translational invariance in a homogeneous medium. Likewise (5) would be
replaced by

aﬁwp(r’ rls Tz? w, CU]_, 602) = leaspf czl—E qu-(r» 1'1, E)
w

X y'G(ry, o, E — 0, )y G(x,, 1, E — @), (12)
Homogeneity requires that «f”” depend only on the differences between the co-
ordinates, e.g. onr — r; and r — r,. This ensures that on taking the spatial Fourier
transform, with k, k, and k, the Fourier components for the r, r; and r, dependences
respectively, the identity k =k, 4 k, must be satisfied. Likewise v = w; 4 w, is
to be understood in (12).

3. EXTENSION OF THE DIAGRAMMATIC TECHNIQUE

When treating quantum electrodynamics in vacuo, the interaction Hamiltonian
is of the form

T 2

H(t) = er“r[ Jix, DAL, 1], (13)
where

J¥%) = —eg(x)y*y(x) (14)
is the current associated with a single particle (assumed to be an electron). On
including the effects of an ambient medium, the linear current associated with the

response of the medium is incorporated into the photon propagator, but the non-
linear responses, described by

%) = J dyy d; ..o A4, Y Ve P
X Au(yl)sz(yZ) L AVm(ym)’ (15)

with m = 2, 3, ..., need to be included in the interaction Hamiltonian.

It is straightforward to include the additional currents in the formal expansion
of the S-matrix. However, the usual diagrammatic technique, wherein a one-to-one
correspondence is set up between terms in this expansion and Feynman diagrams,
needs to be generalized. It is convenient to do this by introducing new topological
structures, here called multiple photon vertices. The rules for writing down the
amplitudes for each diagram, e.g. as given by BERESTETSKN et al. (1971) also need
to be generalized.
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Multiple-photon vertices

Suppose those terms, in the expansion of S-matrix, would involve the current
(15) are associated with a diagrammatic element of the form shown in Fig. 4. For
the current (15) the tensor has m < 1 indices and the corresponding diagrammatic
element has m + 1 photon lines joined to a blob. Each such diagrammatic element
with 2 lines will be called an m-photon vertex.

Because of the asymmetry between the first written index plus argument and the
remaining indices plus arguments in the tensors «, it is convenient to replace them
by the more symmetric tensors

AP Bl Koy ov s Ky = B2 P (— e koo Ky, (16)

where o#t#n is the (m — 1)th order non-linear response tensor. That is the (m — 1)th
order non-linear current is given by
d'k, Ak, s
v @y 8y . Ky

J m(kl) =

X @t Ky ki Ayls) . Agl). (1)

The symmetry properties discussed by MELROSE (1972) imply that the non-resonant
part of g*t-#m is completely symmetric under all permutations of (uy, k1) . . . (U, k).

Rules for generalized diagrams

The standard rules for drawing the diagrams for the momentum-state representa-
tion are as follows for the case of processes in vacuo (e.g. BERESTETSKII ef al., 1971).

A given scattering process is specified by the number and kind of particles (in-
cluding photons) in the initial and final states; the diagram for a specific scattering
process has external lines equal in number and kind to the particles in the scattering
process. The initial state is on the right and the final state is on the left of the diagram.
Electrons are represented by solid lines which are labelled with the 4-momentum of
the electron and with arrows pointing from right to left. Positrons are represented
by solid lines labelled with minus the 4-momentum and with arrows pointing from
left to right. Each solid line must be continuous with the arrow having a constant
direction along it. Photons are represented by dashed lines labelled with the 4-
momentum of the photon. Photon and electron-positron lines join at vertices. The
link with the S-matrix expansion is in that each nth order term in this expansion
corresponds to a diagram with # vertices.

FiG. 4.—An m-photon vertex.
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Let an ordinary diagram or diagrammatic element be defined as one which in-
cludes no multiple-photon vertices.

A generalization of the above rules to include the m-photon vertices is as follows:

A generalized nth order diagram consists of connected structures of ordinary
diagrams (of order ny,n,, etc. say) and of multiple-photon vertices (m;-photon,
msy-photon, etc. say) such that one has

n=m gt Fm—=2)Fm—2)+.... (18)

That is, an m-photon vertex is to be regarded as a diagrammatic substructure of
(m — 2)th order.

To lowest order, which includes emission or absorption of a single photon by a
single particle and the crossed processes of decay of a photon into an electron-
positron pair or annihilation of a pair into a single photon, no multiple-photon
vertices contribute. To next order, which includes scattering of one photon into
another by a particle, double emission or absorption (i.e. of two photons by a single
particle) and the annihilation of a pair into two photons, the 3-photon vertex does
contribute, see Fig. 5. For example, in treating the scattering of a photon by an
electron there are two diagrams (Figs. 5a and b) corresponding to the Compton
effect and one (Fig. 5¢) which involves the non-linear response of the medium.
The amplitudes for each of these are to be added. Of the same order as the scattering
process is the decay of a photon into two photons or the opposite coalescence process
(generation of a second harmonic, of interest in non-linear optics, is a special case
of such coalescence); these processes are described by the diagram Fig. 6.

However to next order, e.g. for the double Compton effect, there are 3! =
ordinary diagrams, but there are ten additional diagrams involving the nor-linear
response of the medium, see Fig. 7.
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Fi1G. 5.—The diagrams for photon scattering. kThe two diagrams (a) and (b) are the
usual ones for Compton scattering, while (¢} describes non-linear scattering.
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Fic. 6. The diagram for the decay of a photon into two photons.
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FiG. 7.—The diagrams for double Compton scattering. There are six diagrams of type
(a), six of type (b), three of type (c) and one of type (d).

o——

The transition probability

Let S,; be the S-matrix element between an initial state 7, with total 4-momentum
P, and a final state f, with total 4-momentum P;. The transition probability (for a
system in a volume ¥ over a time T) can be written as the modulus squared of the
S-matrix element S,; between the states. Appealing to conservation of 4-momentum
one can write

Sy =1 i@m)t 84(P; — POTy,. (19)
The probability per unit time of a transition is then given by

In evaluating Ty, it is convenient to separate certain factors relating to the nor-
malization. Each particle (electron, photon, etc.) is normalized to one in an elemental
range, e.g. in d%p/(27)3 or d%k/(27)3, in the volume V. In the absence of an ambient
magnetic field electrons (positrons) may be described by a 4-spinor u(p) (v(p)) nor-

malized by
a@yu®) = 2:0) (= 1@)°e). @

The factor for each initial electron or positron is chosen to be (26 V)2 where ¢ = ¢(p)
is the energy of the particle.
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For photons in a mode ¢ with dispersion relation » = w’(k) and polarization
vector e°(k), the vector potential may be written as

A°(r, 1) =f?21;)3

After calculating the electrical energy density, the total energy density, in the waves
in the range d°k/(27), is given by

[ (k)" (K)e 7 E L complex conjugate]. (22)

g k ] k 2
lo’(k)a’( )l , 23
4VIWg/Wrl°(k)
where [Wg/Wr°(k) is the ratio of electric to total energy in the waves, see e.g.

Appendix I of MELROSE and Sy (1972). It follows that the appropriate normalization
factor for photons is

W) =

2 47T d
0l = (;”%) ®. @4
T

In vacuo one has [Wg/Wy] =4. The factor for each photon, which would be
QR V)2 in vacuo, is {w°K)VI{W4/WzP(K)}V? in a medium.
It is convenient to write

e M,
eV (o [Wp W) VY2

where the products are over all electrons (or positrons) in the initial state and over
all photons in the initial state.

The probability per unit time for a particular process is
V(2m)t 8'(P; — Py) [My,[* D,

T (25)

iong = - = (26)
T2 |e| V)I(|oo®| [Wr/Wg]V)
where the density of final states is the product
d? WegY &k
(]
@m)°2lel AW/ @7) |of|

for each electron (or positron) in the final state and for each photon in the final state.
When M, is a product of Dirac matrices taking the trace (Sp) in evaluating | M,|?
is to be understood in (26).

Thus the problem is reduced to evaluating the scattering amplitude My,

Rules for evaluating the scattering amplitude

The rules for writing the scattering amplitude M, (in the absence of an ambient
magnetic field) are as follows:

(1) Incoming electron, positron and photon lines are associated with %, 7 and

4 e, respectively (e, is the polarization 4-vector), and outgoing lines with #, v and

Vdm e,* respectively. .

(2) Internal electron lines are associated with iG and internal photon lines with
—iD,, (see (41) below). In all cases the argument is the 4-momentum associated
with that line. With each vertex is associated a 4-vector —iy*. The 4-vector indices

on the photon propagator are those associated with the two vertices between which
it propagates.
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(3) 4-Momentum is conserved at each vertex. The integral over dp/(27)* is to
be carried out for any undetermined 4-momentum around an internal loop.

(4) The amplitudes u, #, v or 7, the matrices associated with the vertices and the
propagators G are written according to matrix multiplication along any solid line
in the reverse direction to the arrow.

(5) Each nth order diagram (in the absence of m-photon vertices) contributes to
iM,, with a factor (—e)". An additional factor —1 is included for each closed electron
loop. An additional factor —1 is included for each line which joins a positron in the
initial state to a positron in the final state. When identical fermions are present in
the initial or final states the overall phase factor is arbitrary but the total amplitude
must change sign on interchanging two identical fermions.

To these the following rule is added:

(6) With each m-photon vertex is associated a vertex function

gkt k).

The power of —e in iM,;, is the product of the factors for the ordinary diagrammatic
components in the generalized diagram, i.e. m-photon vertices contribute no power
of —e.
4. ILLUSTRATIVE EXAMPLES

In this section the probabilities for single emission (the Cerenkov effect) and for
scattering of photons (which is the Compton effect in vacuo) are written down;
these probabilities include those of the crossed processes. The probability for co-
alescence or decay of photons, which latter process is called photon splitting in a
magnetic field in vacuo, is then discussed. Finally, emission of a photon in the presence
of an ambient magnetic field is discussed.

The Cerenkov effect

The Cerenkov effect, described by the diagram Fig. 8, is the simplest example
of the use of the above formalism. The rules for writing down the scattering amplitude
give

M, = \/3;7 ee, u'y!u, (28)

with ¥ = u(p) and ' = i(p’). The modulus can be written in the form
here |M;* = 4m e%e,%e,Splpy*p' ], (29)
o' = u'i, p'®) = uil (30)

are the polarization density matrices for final and initial electrons respectively. For
unpolarized electrons one has

Pl = }(p + m). @1
k
N
~
~N
, N
p \\: p

F1G. 8.—The diagram for the Cerenkov effect.
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Averaging over the initial and summing over the final states of polarization (the sum
is twice the average) one obtains

[M,,? = 8n%%e, *e 1Spl(p + m)yM(p + m)y*]. (32)
Evaluating the trace in the rest frame of the medium and in the gauge ¢ = 0 proceeds
as follows: using

e¢*=10,e], Kk =[0XK],
pr =p— k, p2 — mZ, p/2 — mz’
pk = }k* = §((0°)* — [K[®),

*
ee,* = —1,

(33)

one finds
(e, *e)SPl(p —  + m)y(p -+ m)y’]
= e, "o [(p" — KP" + pH(p" — I%) + g {m® — p(p — I)}]
=2{I(p — k). " — }(@")® + 1]k x [%}. G9
The final expression for the probability, namely

[M,,? B &k d
= 1o "I(WT)(z ) 8 — p + )(2 YRR

after integrating over p’, leads to the following expression for the probability per
unit time that a photon in the range d®k/(27) be emitted:

8 232 W g p e -4 ! 7
Is:wa[<_VI7E) (0 —#K). " — ;@) + 1k x €T} o — & + 07, (36)
Vg

(35)

w(p. k)=
with
& = {Ip — Kk|? + m2]'2
In the classical limit this reduces to the well-known result
8x*e (W,
W'(p, k) = ;e( E)l V80" — k. ), (37
where ordinary units are re-introduced.

The probability for absorption of a photon may be obtained from (36) by the
replacement k — —k with the following understood:

0(—K) = —o°(k),  €(—k) = e (K),

Wg\’ WgY (38)

(22 0 = (22
The result (36) is a generalization of earlier results. A relativistic quantum
treatment of the Cerenkov effect in a non-dispersive medium was given by GINZBURG

(1940). The effect for a dispersive medium was discussed by WATSON and JAUCH
(1949), and for an isotropic spatially dispersive medium by TsyTovicH (1961).
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Scattering of photons
The total amplitude for scattering of photons includes the two for the Compton
effect (Fig. 5(a and b) plus one for the additional diagram (Fig. 5c) which includes a
3-photon vertex. The sum of the amplitudes for the diagrams in Figs. 5(2) and 5(b)
gives
M;;S) = —dwe’d, {¢,"G(p; + ke, + 4.6(p; — ko)éo™ buy, (39
with uy = u(p,), g1 = y“e,*(ky) etc. The amplitude for the diagram Fig. 5(c) is

M,('?” = —dmeiye; e, 0" (—ky, ki, ks —k)D ks — kidyu,. (40)

The photon propagator in an appropriate form was written down by MELROSE (1973),

namely

4mw’G,*GPA% (k)
A(R)(k*G.*)?

where 4#(k)G,* = 01is the gauge condition, and where the other tensors were defined

by MELROSE (1973).
The probability per unit time of the scattering of one photon in the mode o in the

range d%k,/(2m)® into a photon in the mode ¢’ in the range d%,/(2m)® is given by

'Dpv(k) = —gyp ) (41)

g s IMf’i‘z (WE )G(WE>U’ 4 e
Wk, k) =—" ="} {7}t —e—n"), 42
(D, Xy, ko) 2ese’e” \ Wy Wy (&1 2 ) (42)

with 0° = 0°(k,), ©” = 0”(k,), & = (|ps|® + mA)2, gy = (|py + K1 — kzlz + m2)2,
and with
M= M + M7, @)
By way of illustration, consider scattering by an electron at rest in a (classical)
thermal plasma. Ignoring quantum corrections (3%) in the gauge ¢ = 0 reduces to
(cs) 287, €%
M, = —4me flyy Uy, (44)
mao?
with 0°(k,) = 0”(ky) in this limit. Now w° = «” implies that D, _in (40) is to be
evaluated at zero frequency. In this case it is convenient to use the Coulomb gauge
(i.e. G* = [0, k] in (41)) when one finds
Doa(k)!w=o = __417—" : D, = Dy; = Dz‘a' =0, (45)
Ik|*&%(0, k)
where the zero frequency limit of the longitudinal part of the dielectric tensor for a
thermal classical electron gas is

! 1 46
(0, k) POEE (46)

where Ay, is the Debye length. In the same limit the relevant components of the tensor
a**® are

@k, kyp k)lwgmo = — j - 8. (47
mip

Thus one finds
MD = M 48
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in this limit. That is Compton scattering and non-linear scattering interfere destruc-
tively for an electron at rest in a thermal plasma, as is well known.

Gawris and TsyrovicH (1964) discussed quantum effects in the scattering of
electron plasma waves into transverse waves using a formalism related to the above.

Photon splitting

The simplest example of the use of the generalized diagrams introduced above is
in describing the coalescence of two photons into one or the decay of one photon
into two. The diagram for this process is Fig. 6, and the amplitude is

My = (4m) e, e " (k, 1, 1), 49)

where a*** has been replaced by «**” using (16). The probability per unit time for
the coalescence process for initial photons in modes ¢’, ¢” in the ranges d%k’/(27)3,
d%k”/(2)? is given by (in the rest frame of the plasma in the gauge ¢ = 0)

. , 827 WcWa"' an”
WK ) = e (—E) (—E) (W—E)
Wr

0’0 0 \Wy/ \Wyp
X |e;%ed *e ¥k, k', K26k — k' — k"), (50)

where 3-vector notation is used. This result is formally identical to the familiar
classical result, e.g. TsyTovicH (1970).

In principle the above method could be used to treat photon splitting in a strong
magnetic field. Existing treatments of the problem, e.g. by BIALYNICKA-BIRULA and
BIALYNICKA-BIRULA (1970), who pointed out errors in earlier results, and by ADLER
(1971) involve a perturbation expansion in the effects of the ambient magnetic field.
The present method treats the effects of the ambient magnetic field exactly. As
explained by BIALYNICKA-BIRULA and BIALYNICKA-BIRULA (1970), it is necessary to
include the effects of the ambient magnetic field on the properties of the photons
when treating the photon-splitting problem. Thus to use (50) one would require not
only knowledge of a,,, for a vacuum for B 7 0, but also the characteristic properties
of the waves (i.e. 0°(k), e°(k) and [Wg/Wp]°(k)) found by solving the wave equation
with the vacuum polarization tensor for B # 0 included.

An advantage of the present method when applied to this photon-splitting problem
would be that the method allows for the inclusion of co-operative effects associated
with an ambient electron gas. An ambient medium may well play a significant role
in the suggested application in connection with neutron stars.

The case B # 0

To treat processes in the presence of an ambient magnetic field requires modifica-
tion to the formalism described in Section 3. It is not possible to use momentum
space directly. However, after writing down the amplitude in coordinate space and
constructing | My,|? the vertex functions —iy* appear in combinations of the form

lez‘q’(r) = -"/_)a(r)yu'Wq’(r)’
whose Fourier transform is given by equation (B.3) of Appendix B. Using this fact
it is possible to write down the emission probability directly by analogy with (35).
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Thus the probability per unit time of emission of a photon in the mode ¢ in the range
d%k/(27)® by an electron with initial (final) quantum numbers g(g") is given by

G 2 W ¥ x3 G
Waq’(k) = 87726 (WE) [e™". rqq’(k)]2 a(sa — &y — W )s (51)
T

with T, (k) is given by equation (B.3) of Appendix B. In this case the factor 4e.,,
whose counterpart appears explicitly in the denominator in (35) and (36), is incor-
porated into the definition of the functions I' in (51).

The probability of absorption is obtained from (51) by replacing k by —k using
(38), and interchanging ¢ and ¢’. The requirement from detailed balancing that the
probability of absorption from ¢ to ¢ be equal to the probability of emission from
g to ¢’ implies that

rqq’(—k) = r;"q(k) (52)
be satisfied to within a phase factor. The required identity follows from the results
of Appendix B.

The probability (51) was derived in a slightly different form and in a different
way by TsytovicH (1962). The probability for emission in vacuo is well known in
the context of the quantum theory of synchrotron radiation, see e.g. the book by
SoxoLov and TErNOV (1968) and references cited therein.

5. CONCLUSION AND DISCUSSION

The general conclusion of this paper is that it is possible to formulate the theory
of electrodynamics in such a way that the theory reduces to that for a classical
collisionless plasma in the classical limit and to the conventional theory of quantum
electrodynamics in vacuo.

Although the generalized theory is of formal interest, possible practical applica-
tions are restricted. This is because the regime where relativistic quantum efects are
significant is typically far removed from the regime where the co-operative effects
characteristic of a plasma predominate. The relatively extreme conditions required
for intrinsically quantum plasma effects to be important may well obtain in the
atmospheres of neutron stars or, perhaps, of white dwarf stars, see e.g. the review
by CaNuTo and CHU (1971).
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APPENDIX A

CALCULATION OF THE TENSORS FOR B #0

The solution of Dirac’s equation for an electron in a static magnetic field leads to energy eigen-
values

P° = e&(p;, n, 5), (A1
e(ps, n,5) = [m* 4+ p.2 4+ (2n + 1 + s)eBP2, (A2)
with e = &1, s=Zlandn=0,1,2,.... With the choice 4 = (0, Bx, 0) of gauge, and in the

Schradinger representation and the standard representation of the Dirac matrices, the wavefunctions
¥5,s(X, Py, P2}, Which are normalized according to

dp, dp, _
eB f dx dy dz g—iy 5}7,1 Be (%5 Pus PV, (% P p) = 1, (A3)
can be written in the form (e.g. JOENSON and LipPMANN, 1949)

An(x, Pv:stP0)¢s€

o (X Py pa) = = Ad
V.ol P 7o) [VeB 2 (p° + m)ie2 (a4
with p° given by (A.1) and with
@° + mjvy, 0 PV Prbny
0 (PO + m)v,, —Z.Pn-f-lvn-(-l szn
An(x’Py’Pz:PO) = . o ’ (AS)
Piln —IPaln-1 ('_P -+ m)”n 0
Pa+alnt1 —Piln 0 (=p* + m,
1 0
Gt =t = 0 ’ ot =gt = l-l. (A.6)
0 0 |
LOd o]
Here the following notation is used:
e_gZ/EHn(E) . Py
Un!=vn(§)~=ma§=\/e3(x+zé). (A7)
and
Pn = [2neBJ'2, (A.8)

where H, is a Hermite polynomial.
The propagator in (11) and (12) was given by SveTozarovA and TsyTOVICH (1962):

- 1 —nt* n+
6, B) = 3y, r'{ I }
qgo% 8l )E—eq—f—zO E—¢~1i0

, 1—n" n
- qgo wq(r)wq(rﬁ{_E ey Ry e iO} , (A9)
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where ¢ denotes the set of quantum numbers «, s, #, p, With ¢ > 0 (g < 0) corresponding to ¢ = |
(¢ = —1) and where n,* and n,~ are the occupation numbers for electrons and positrons respectively,
The propagator (A.9) is the Feynman one. It is possible but tedious to reduce the form (A.9) for
n,= = 0, after inverting the Fourier transform w.r.t. time, to forms given by, e.g. SCHWINGER (1951);
KALLEN (1958); KarrNa and UrsaN (1964).

The traces can be reduced as follows:

Splv#1G(ry, vy, ED)y#eG(rs, 1, Ea) - . . PPaG(ry, 11, Ey)]

= 2 SR, EIMOI TV M) .. T8 o (M), (Ad0)

Qrrearly
with

Ta.(1) = @y, (1) (A1)

and with M(s) = 54, a diagonal 4 X 4 matrix whichis (1, 0, 0, 0) for s == 1 and (0, 1, 0, 0) for
s= -1
The final step in evaluating the tensors is Fourier transforming in space; this reduces to evaluating

% (k) = f d*r eikr T%, (), (A12)
The following integral is required
f_aow dx e, (X)0, (%) = ir-m Jen(3yD) = im0 (39, (A13)
with
n n! Re —1/2z41/2v [V v JrTy
T s = () e L0 = (TG, 19

where L, is a generalized Laguerre polynomial, e.g. in the notation of GRADSTEYN and Ryzmik
(1965).

APPENDIX B

Explicit evaluation of the tensor «#¥ using the method of Appendix A was carried out by Sveto-
zArovA and TsyTovicH (1962). The result for the 3-tensor «,;(k, ) whose components are minus the
4 =i, u = j components of «#¥, and which is related to the dielectric tensor by

4me
ik, ) = &y + = oK, w),

reduces to

B dp,; nt — nyt ,
ok, 0) = T n,é ¢ f 2_i (C_OJ:-_SQ-!—;&: TATE*

R nt A g =1 e
- Coq—l——%;q—sq-/ (raqai(raa’_)j* + aa:?qL_‘?q,—‘ (raq')z‘(rw’)i*
n A nyt =1 1
Py Tor)i(Ter); IE (B.1)

where * denotes complex conjugation, and with n” = n + v and p = p, — k.. For coordinate axes
corresponding to

k=(k,0,k), B=0,0,5), ®2)
explicit evaluation of (A.12) gives (apart from an irrelevant phase factor)

, 1 1 ‘+SS, ’ In nis 3 r n s ’ n
I‘::, = m (—_2— {rP.L Jv+a +PJ.ijs’ lS(l‘P_L JV+8 - PJ_Jcts)s (er +P2)Jv}
[

1—ss
+ '_2—— {—‘S("Pz' _Pz)Jc’ "'i(rpz’ _PZ)JW;’ S(rP_LIJ;L._s _P_]_Jq,ti \), (B.S)
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with
€€, +m
r = m y PLi= [eB(2n+ 1 +S)]1/=,
¢
Py i=1[eB@n + 2y + 1 + )i/t (B.49)

and where the argument of the functions J3, etc. is &, /2¢B.

The anti-hermitian part may be obtained from the hermitian part (B.1) by replacing o by w + i0
and retaining only the resulting semi-residues.

Long-wavelength limit
In the long-wavelength limit, i.e. k| —0 and k, — 0, one has p,’ = p, and J? = 8+,; (B.1)
reduces to

2 ea-B d z 8 &y, — &y
o1k, @) = agy(k, ®) = Z —2# j '2[;_ {(f'n+1 "‘ﬁz’) @t — 2:: 1 — £
a=0 n

Enénty W — (enq1 T &) Entni1

2 2 2 2
X (1 _m +p’) +(f:+1 +fﬂa) sn+1+€n (1+m +Pz)}

_ = B rdp, . w
tya(k, ) = —otz(K, w)-ngo ol 27{ 9

27 i 2~ (8ni1 — &)°

X (1 - M) + R~ D) iy (1 + 2 +P‘2)},

Ealnt1 Enéni1

< 4¢’B rdp, . By P
tys(k, @) = go Do f e { atlg? 4et (1 - ;.’2‘—_\_1)

2
=g (153 ®3)
tya(k, @) = a5k, 0) = dp(k, ) = ek, @) =0,
where it is assumed that #,% are functions only of
&n i = [m® + pd + ZneBi12, (B.6)
with
St =t (e) F e (en),  fi? 1= nt(en) — n(e,). ®B.7)

Svetozarova and Tsytovich’s result differs from (B.5) in the 12 and 21 components. (The 12, 21,_23
and 32 components must vanish for an electron gas with the quantum numbers of the vacuum, i.e.
for n;t = n,~; their incorrect result does not do so.)

Classical limit

The classical limit is achieved by expanding in w/, k./p. and »/n and r.eta_im'ng the fowest order
non-trivial terms after setting # = 0. The relevant expansion for large # is given by

(n + ‘u)!)’lz *®

L@ = (Grme) 3 GG,
: 8=0
6=1, e=-i0+D, a=3i+00+2, ®3)
(S + 1)cs+1 = -—%(1’ + 1)03 + é(” + S)cs—l - %ncs—zy

where J,(z) is a Bessel function. To lowest order, after replacing » by ~v, the following classical
expression is rederived

ok, ) = 3 ezjw dp: fw dpipy (Vi(”’ k) Vi*(v, k) {w ~kyp, 0

0 Qm)t \o—1Q—kp, v, op,

V=—0 -0 27

0
+k

- & s a—;: —o, %}f(p)) , (B9)
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with
Vi, k) = (vl LI, w0, J,(2), v,Jv<z)) ,

kv eB PL Pe
o Y=5e =T, n=Y

(B.10)

zZ = N

and where n,~ has been set equal to zero and #,;* to 2f (p).

APPENDIX C

THE TENSCR «;; FOR B=0

The components of the 3-tensor ¢ (k, @; ky, @} kg, @) are given by (plus) the p =i, v = Js
= [ components of (4). The following results were derived by Mr. P. J. Blamey (unpublished),
Writing

Sply# v
(fEYPreeslpy, pos pa) 1 = B rg:i}ez({;:;g)w(ﬁs + m)]
2 .y
@i= s &= lpfl = Dnt e,

the 3-tensor components reduce to

fj}fze3(p1, D2 P3) = [PanaPaz + PaiPriPat

2616563818565
— P2iPaiPit + PaPriPst T PaiPaiPu + PriPaPa

+ (m? + P1° P2 — @€618)(—pus — Pl + puiby)
+ (M 4 prepe— E1€z€152)(—]73i6ﬂ +P355n —Pszaz‘:')
+ (m* + p1-ps — €1€33133)(P2i5n - Pziau - Pazéﬁ)]
= - ;ﬁl_ez_sa(Ph Pz; Ps) =ff§f152(l’3s Py Do)

€Y
€. €€,
'_fi}zz 8 (=P1, —DPz — Do)
It is convenient to write
”(}g(p’ kls 1\2) = r:‘,t*(\y“, }-‘ - k“ L‘ - k;),
ai?;(p’ kl’ k2) = ;‘}‘;_(P, pP— kl, pP— kz),
a®)(e, ki, ko) = f174(0, 0 — ki, P — Ka), €3

a:,;;(ps ki, k2) =f:,t+(ps p—k,p— k2)

Explicit evaluation of (5) gives
dSP 4
iy vt pet € J(zﬂ)z Zl a‘fy(®, ki, k)

X (A0, ki B) + A9, Ky, )} (CH)

[ail\’ﬂ(k-, kls ki)]

with

AD - n=(p) n nE(p — ky)

=@ ks &) (@Fete)omFetea) (MFexea)o—o Feéke)

_ n=( — k)
(WFexze)w—w,F & £ )y

(2) _ n=(p) , nE(p — ky)

e A e S | TESFE S B (TR TR RS
1 —n7(p—k)

TwTeF )@ — o1 F & T &)
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n(p) 1 —n¥(p~ky)
%) = —
Ai(p’ s, ) (wFete)orFTeT e * O FeFe)o—ow £ Ee¢)
_ n=(p ~ k)
WFete)w—w =& +5)’
1 —n¥(p) n=(p — ki)
4 =
L N TR Bl Yy rpmrsg—y
n=(p — k)
+ (wEtete)o—w +eFe)’ (€3
and with

ei=2¢(@), sH:=t@—k), &i=¢ebp—k)

The other term o477 may be obtained by making the interchanges indicated in (6). However,
because the average of these two terms, see (4), must vanish for a vacuum (i.e. for #* = n~ = 0) by
Furry’s (1937) theorem, it is convenient to write «#¥# in such a form that Furry’s theorem is tr1v1ally
satisfied. Such a form is

da 4
[Pk, Keay Kol ymy, ymg, oo = € f a ﬂf; 2 el kn ko)

X {—A‘:)(_p: _kls "_k) - A(_r)('—p’ _kh _k)}~ (C's)
The average (4) then gives
e3 d3p 4 _ _
az’ﬂ(k9 k19 k2) = _i J@;y; rzl a:;;(p’ kla k) {Ar)(p’ kla k) + Air)(ps kl; k)}’ (C'7)
with

T (n=() — n7(p) (n=(@ — k) — 27 (=p + ki)
A_‘__&’(p, b k) = (wFete)uTexte) (OiFetea)o—oFeLs

(=@~ k) ~ T (—p + k)
@Fete)o—oFeatea)’

- (n=(p) — nF(—p)) ., (aEp—k)—aT(-p+ k)
A(i)@’ ka, B = —(wl Fete)oTeTFe) (0 F&Ee)®— 0 F & F &)

., WF(@ -k —nx(—p-+k)
TlwFeTFe)o—m, FaTe

) (n=(p) — 1% (—p) (07 @ — k) — n2(—p + k)
R S T D D CETETED

(nt( — k) —nF(—p+ k)

BCETED R ETED

- (nF(p) — n=(—p)) n=(p — k) — nF(~p + k)

AP@ k) = G Tt s e £ e) ko £ )@ — o = & = &)
n=(p — k) — aF(—~p + k))

(0 +exe)w—o =& Fe)

Not only does «;;; vanish for a vacuum, but also for an electron gas whose quantum numbers are

those of the vacuum i.e. for #n*(p) = n~(—p). This is an obvious generalization of Furry’s theorem.
In the non-relativistic limit with

-+

€9

g, &g, $1> 1('0‘5 Swl‘s \CO - wl\ > ‘8 - 80‘: lS - ell} ‘80 - 81‘5 (C-g)
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the expansion (C.7) reduces to

1n,e® /k; k 2
il by k) = = 5o (5 O + o B I—;—: 84) » €10
with
d3
ni=2 | g @) = (=) 1)
oot /1], feoal/fleal, Jooaf/ o} 3> [265)m]H2, (C.12)

where &5 is the Fermi energy.
Blamey also showed that in the classical limit (C.7) reduces to the result found using the Viasoy
equations.



