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Summary. — The vacuum polarization tensor in the presence of a static
homogeneous magnetic field is calculated exactly as a function o both
the magnetic field and the wave vector, and is regularized explicitly by
using Shabad's diagonalization with respect to tensor indices. The wave
properties for the two electromagnetic modes in the birefringent vacuum
are calculated exactly using a technique from plasma physics. The strong-
field limit is considered explicitly and it is shown that the two modes
reduce to forms equivalent to the magnetoacoustic and shear Alfvén
modesin a plasma with Alfvén speed much greater than the speed of light.

1. — Introduction.

Interest in the vacuum polarization tensor in the presence d a static homo-
geneous magnetic field has been connected with interest in the properties o
photons in the birefringent vacuum. ToLL () used the Kramers-Kronig rela-
tions to calculate the refractive indices from the known absorption coefficient
for photo-pair production. More recently, approaches have involved the use
d the Heisenberg-Euler effective Lagrangian (?-2) and Schwinger’s proper-time

(ty J. S TorL: Thesis (unpublished), Princeton University (1952).

(?) J- McKexna and P. M. Prarzman: Phys. Rev., 129, 2354 (1963); J. J. KLEIN
and B. P. N1gauM: Phys. Rev., 135, B 1279 (1964); E. BrEzIN and C. ITZYKSON: Phys.
Rev. D, 3, 618 (1970); Z. BrarLyNicka-Birura and |. BIALYNICKI-BIRULA: Phys.
Rev. D, 2, 2341 (1970).

3 S. L.ADLER: Ann. of Phys., 67, 599 (1971).
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technique (*4). However only approximate expressions have been presented
for the vacuum polarization tensor and for the wave properties. Here we pre-
sent exact expressions for the regularized polarization tensor for a magnetized
vacuum and for the wave properties o the two natural electromagnetic modes,
and we correct an earlier treatment d the strong-field limit. We aso develop
a smple method for regularizing the vacuum polarization tensor explicitly.

I n sect. 2 we write down the electron propagator in a magnetic field in the
Géhénian representation and we use it in sect. 3 to calculate the vacuum polar-
ization tensor. The regularization procedure is developed in sect. 4 and explicit
expressionsfor the exact regularized vacuum polarization tensor are exhibited.
The properties d the two natural modes are derived in sect. 5 by means o a
method familiar in plasmaphysics. Thestrong-field limitistakenin sect. 6 where
itispointed out that Constantinescu’s (%) approximate expressionis unacceptable,
and where it is shown that for very strong fields the wave properties reduce
to those d the magnetoacoustic mode and shear Alfvén modein a very diffuse
strongly magnetized plasma (specifically, one with Alfvén speed much greater
than the speed d light).

Our notation is thatd BERESTESKII et al. (¢) (but with — e for the electronic
charge and Sp for the trace over Dirac matrices) and unrationalized Gaussian
units with #=c¢=121 are used. The symbols := and = define the quantities
on the left and right respectively, and A#= (A° A) relates a 4-vector to its
time and space components and A = (A, ,A,, A)) relates the 3-vector to its
Cartesian components.

2. — The electron propagator.

A convenient form d the electron propagator for present purposes is that
derived by GerENIAU (7) and aso by ScEwINGER (8) and KALLEN (?). With
the 3-axis along the static magnetic field B the propagator from a'4= (t', r")

to z#= (t,r) may be written as

&) G(z,o'; B) = (e, o') A(e—a')

Y A. Mincuzzi: Nuove Cimento, 4, 476 (1956); 6, 501 (1957); 9, 145 (1958);
19, 847 (1961).

¢¢) D. H. ConsTANTINESCU: Nucl. Phys., 36 B, 121 (1972); Lett. Nuovo Cimento, 5,
766 (1972).

(®) V. B. Beresterski, E. M. LiFsHiTz and L. P. Pitaevski: Relativistic Quantum
Theory, Part One (Oxford, 1971).

() J. GEHENIAU: Physica (Utrecht),16, 822 (1950); J. GEuiniav and M. DEMEUR!
Physica (Utrecht),17, 71 (1951).

(8) J. ScuwiNGER: Phys. Rev., 82, 664 (1951).

(® A.0.G. Kirtex: Handbuch der Physik, Vol. 5, Part 1 (Berlin, 1958) (reprinted
in translation as Quantum Electrodynamics (New York, N.Y., 1972)).
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with
o | [ dA 1—iZtg(eBj2A)
(2) A(@) = — (i(y-0) + ey -b(z) + m)f 8nt (24/eB) tg (¢B/24)
ieB@t+9t) ik, o, im
[t ann + 705
In (2)

3) bu(z): = (0, 4B xr)

is unrelated to the choice d gauge, 1 is the unit matrix, and
4) I:=iy'yr=diag(+1,—1,+1,—1).

The other quantity in (1) is

ez, 2') .= exp [: Iigfdw,‘A”(:c)| ,

®)

where the path d integration is a straight line from x to 2’. This is the only
gauge-dependent term in G(z, x'; B). For the choice d gauge

(6) A = (0,Bx, 0)
(5) becomes
(7) @@, X') = exp[— }ieB@+ x)- —y")].

Using the standard representation o the y-matrices one has

i(y-0) + ey-b(x) + m =

2 ; 2 2l
0 ia%+m i(%—l—i;—y)—ilh ——ia%
—ia% —@(a%—i%)—m_ —ia%—l—m 0
—i(a%c+i%)+iR+ i% 0 —i%—l—m

29 — Il Nuwo Cimento A.
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with R, .= }eB(z + iy), and hence

eB md), im?

exp [JieB(w 4+ y) b G + g idle— )| Bl 0
“4 z A P4

with
K (attmyo 0 — JaC_ —R.C.0_
) 0 atmye, -—-r.c.C. 120,
(10) B(i; x)=
R_C,0. (= At+m)0- 0
R.C.C_ — 10, 0 (— M+ m)C

and with €, := ctg(eB/24) +i. (Convergence d the integral is ensured by
alowing the path d integration in the A-plane to make a small positive angle
with the real axis, i.e. by replacing 1 by (1+|d)z with d>0.)
3. - The unregularized vacuum polarization tensor.
The vacuum polarization tensor is given by
(11) ow(@w—a') = —ie2Sp[yG(x, X'; B)y*G(a', x; B)].
The advantage d the representation (L)is that then
(12) o — ') = —ie2 SP[prA(r —X') y*Alx’ — )]

is manifestly independent d the choice d gauge for the magnetostatic field
(and manifestly dependent only on x — X', rather than on x and x' indepen-
dently, as required by translational invariance). Choosing #'= 0 and insert-
ing (9) with (10) gives

(3 ale) =~ f 4 f e [+ 7))

B eB
exp[ (A4 A)(r2—1t2) + T(ﬂ—{—yﬂ(ctg%—{—ct 21,)]-
Sp [yB(4; 2)y?B(A'; — X)].

After changing the variables d integration to

. ¢eB ._eBf1 1
(14) o= (;t+ z') and ﬂ'“?(z—ﬁ)’
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the range d g-integration becomes [— a, a] and one may omit the terms odd
in f and take twice the $-integral over [0, a] d the terms even in 5. The fina
step is to Fourier transform to find

(13) a(k) .= J.d‘m a(x) exp[ikx] .

The relevant integrals have been evaluated by BoGcoLiusov and SHIRKOV ().
With k#= (w, k) and

(16) k=0, k)

one obtains

etm? [ do [ do | ia?— ) k*
(17) (k) = %zj—at—xfdﬂ Dwr(k; a, B) exp [_ _(Lz + a4‘xL ’Ir—bz:l
0 0

with L:= B/B,., where B..= m?/e is the «critical field», with

(18) Dw(k; a, ) = dw(k; a, p) exp[ [ ; —p2 cosﬁ—cosa] h]’

o sina m2
and with
(w? -+ k) (a2 — B2) 1L k% (cos f — cos @)
d* = ct - P T |- .
clex [ 4m2a2 snacosa 2mesinta '

__ Ki(eos f — cosa)
2m2sin3a

’

dll __cosﬂ _ ( — k" “z ﬂ2 + Q‘L -1
Am?2ec? a

o C08B [ (@ _ki)(a2—p%) | il k2 (cos f — cos a)
d sina 4m?a? +a h+= 2m*Smea
as’ = ctga[._ (ﬂLkﬁ)(az _ﬁ+ oL _1-| \ ki(cosﬁt@i)
(19) dmP o sinacosa | ' 2m?sina '

qn— _kicosB( ftgfp

2m2sina atge/’
dB _ _ Wki(#*— ) ctga

2mz2a?

dm:_klkucosﬂ(l_ﬂtgﬂ

2m2sina atga/’

d2=d2=q*=0,

(**) N. N. Bogorruvsov and D. V. SHirkov: Introduction to the Theory d Quantized
Fields, subsect. 14.1 (New York, N.Y., 1959).
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and where the remaining components follow from

(20) (ks o, ) = d(k; a, f) = dr(—k; oty B) = @(k; &y — ) -

In the weak-field limit (18) with (19) gives

(21) D§*(k; o, )= 11_13 Dwr(ke; o, B) =

1 iL | at— B2 k2]  oar— B2 kAR
—;[-"‘”{1‘7+ i w}‘ 22 m]

and L may be incorporated into the variables d integration (¢/L — a, /L —f)
in (17).

4. — The regularized vacuum polarization tensor.

The polarization tensor (17)isdivergent and it must beregularized. Also (17)
does not satisfy the requirements d gauge invariance and charge continuity,
i.e. one does not have a#k,=0 and kye#»=0. It is desirable to write the
regularized vacuum polarization tensor in a form which is manifestly con-
vergent and which manifestly satisfies the requirements d gauge invariance
and charge continuity.

Formally the regularization may be achieved as follows. The presence of
a magnetostatic (or other electromagnetic) field does not introduce any addi-
tional divergent terms (the divergences are from the limit a—0 in (17)) and
consequently the divergences may be removed by subtracting from (17) the
zero-field limit o (17). The regularized form o (17) may then be found by
adding to the result the well-known expression for the regularized zero-field
vacuum polarization tensor. This procedure gives

(22) rega™(k) = a** (k) — & (k) T regat(k)

with e given by (17) with (18) and (19), «** given by (17) with (21), and with

Tt b
(23) reg e’ (k) = A(k) (y”’— —755:)’

ek (1 (A= y ctg p)4m* T 2k2)
(2m)2 9 3k2

(24) Alk)=—

and sin? y .= k2/4m>.
However (22)is neither manifestly convergent nor manifestly gauge inva-
riant. To obtain an explicitly convergent and gauge-invariant result we note
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firstly that it must be possible to write
(25) reg o (k) = SFi"

where the F; are functions o invariants and thesum is over all f,#* which can
be constructed from &+ and Fe» (the Maxwell 4-tensor constructed from B)
using g# and &¢**°. Now SEABAD (1) has shown that rege#*(k) has the follow-
ing four eigenvectors:

b — Fiek,, bl = F*k,,

(26) b = k*F*F  k° — k*k°F , Fk,
bE = k*,
with F*m.= — lewes By, Furthermore gauge invariance impliesthat the eigen-

value corresponding to b4 is zero. Thus with

brb!
27 =
( ) f‘ (b‘)z
(25) becomes
3
(28) regam(k) = > Ff .
=1
Furthermore, explicit evaluation shows
4
(29) g =31,
i=1
and it is convenient to introduce
kel 3
(30) fi=gr— 5 =21
and to replace (28) by
2
(31) rega(k) = > G, f .

=0

(*) A. E. sHABAD: Ann. of Phys., 90, 166 (1975).
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Comparison d (31) and (22) dlows one to identify the @,. There results

ez
(32) G:= (—2n_)2

Lo

'J.dT:J‘dﬂgi oxp [_ i_g + i(a?— B2) 2 ﬁ [&35%52— cos f — cos oc] ki]
o
[ 0

me
with
e ?9@,@( ﬁtgﬂ)
o= Frgna\l "atga)’
—¢ 0 t
(33) g [Rf = cosa_ O8] (1—’3 gﬂ)},
1 1 sin® o 28in & atga
ar— 2 cos 8 ﬁtgﬁ)
— 2 Ly) - " - el
9= (o k"){ Gan OB 2sinoc(1 atgall”

Note that contributions from «}” and rega«}* cancel. Both contribute only
to @, and the relevant identity is

4o m?

akzmd C g e i(g2— B2) ke
SR T

with A (%) given by (24). (Formally theintegral in (34)diverges, and one integ-
rates around the pole in the usual way to find a finite result.)

It is worth emphasizing that the regularization procedure (22) has not been
used explicitly here, and that the essential step is the decomposition (28) which
SHABAD (*!) referred to as diagonalization with respect to tensor indices. The
decomposition could be applied directly to a#*, without the formal intermediate
step (22), with the result that «# would be regularized. Thus the expansion
in eigenvectors, as proposed by SHABAD (11), is in effect an alternative regular-
ization procedure. In fact if we had applied this procedure directly to the
unregularized form d «# and then taken the zero-field limit we would have
rederived theregularized zero-field vacuum polarization tensor, i.e. (23)with (24).

Analternativeformd @, may beobtained by the transformation a — — ieBe,
f——ieBf:

JT

3B (-] -4
(35) G.= (82 )zf%fdﬂ Y: €Xp [— om?]

. o?— 32 2 72 +COSheB/3—COSheBoc .
exp[ 4o (k2 k) 2eB ginh eBa k1
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with

yo= k2 cosh eBf (1_ﬂtgh ¢Bp
2 sinh eBu atgh¢Bg/)’

cosh eBf 1— B tgh eBp cosh eBf — cosh ¢Ba
2 sinh ¢Bax a tgh eBa sinh? eBx !

i {aa— B

Vo= (w*—kj oo

(36) | m=+ ki{

cosh ebf \1—f tgh eBﬂ)} .

ctgh eBa — 5 g eBa . atgh eBa,

The replacement d the upper limit o a-integration by infinity in (35)isachieved
by rotating through =/2 in the a-plane and this is possible provided no poles
are encountered. A sufficient condition for the absence o poles is that pair
production be impossible, e.g. < m[1+ (T 2B/B)} (3).

5. — Dispersion relations and polarization vectors.
Maxwell's equations imply the wave equation
(37) {k2ger — Jnlr 4 & reger(k)} Au(k) =0 .

SHABAD (') suggested that the dispersion relations for the electromagnetic

modes d the birefringent vacuum are given by k2= — 4»F,, where the F,

are the eigenvalues d reg a#(k), cf. (28). (I1tfollows from (27) and (30) that

the b,# are eigenvectors o k2ge» — k#k» with eigenvalues k&) However, this is

not the case. There are only two modes and all that one can conclude is that
3 3

the dispersion relation for each isd theform k= — 4z Y o, F; with Ya,=1

i=1 =1
and with the a, not necessarily independent d %:. Hence Shabad's procedure
is not useful in general.

We use the following procedure familiar in plasma physics for calculating
the wave properties. Firstly, choose the radiation gauge A#(k) = (0, A(k))
0 that (37) reduces to three simultaneous equations for the three components
of A(k). Secondly, set the determinant o the coefficients equal to zero to find
the dispersion equation. Each distinct solution o the dispersion equation is
the dispersion relation for a specific wave mode. Finally, when any dispersion
relation is satisfied one may solvefor the polarization vector e which is defined
to be a unimodular vector along the solution for A. Although this procedure
involves an explicit choice d gauge (and d inertial frame) it can be shown
that equivalent results are obtained for any other choiced gauge (or frame) (12).

(*2) D. B. MELROSE: Plasma Phys., 15, 99 (1973).
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If we introduce the refractive index x and the wave angle 8 via

(38) a6 arctg (kuky),

a w? ’
and write, c£.¥(32) and (33),

. 47!G0 . 47IG1 . 47tG2
(39) Ko = BT X1. = W Xn.—‘:m,

the three simultaneous equations become

(1 — u2cos26)(1 4+ o) 0 12 sin 8 cos 6(1 + )
0 (1 — ut)(@ T 7o) + pesint 6, 0
prsing cos 8(1 + o) 0 (1 — p2sin?6)(1 + o) 4 22
61
e | =10
s

The solutions are

2 _ 14 Zo .
(41‘1’) b= 1+ xoising 6%1 ’ b= (09 1, 0) ’
Wy g ttwtn (A gt g c0s6,0, — (1 + z) sin 6)
b et eostly’ T [+ o)+ 0082 Oxa(xa+ 2 +270) I

However, these solutions for u? are implicit because the y, remain functions
(o TLR

Our results reproduce those d ADLER (?) by assuming p#*~1 in (41a),
(416) and by evaluating @, and &, for ka=10 (i.e. k&, = w Sin8, k, = » cos8).
One obtains, denoting the case k3= 0 by an asterisk,

27 .
(42a) m~1E 6
2
(420) w1+ 268
with

SB . n
(43) G = é—n)—a J %:—L Idﬂ yi exp [— am?]:

. a?— B2 cosheBf — cosh eBa
exp [“” sin®9 [ iz T 2eBsnheBa
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and with

7::07

. . . e6sh e B B tgh eBf\ 4 CosheBp — cosheBu
@y |H=T° sm”"{é—gmké(l " atgh m)“L Sinhe eBa )

yE — o 5in? 0 {aﬂ_ﬂ” ctgh eBe — OB 1_M)} .

2ot 2sinh eBa atgh ¢Hg

As explained by ADLER, the result for u, applies only for w < 2m while that
for u, applies only for o <mfl + (I|' 2B/B.)'], these being the thresholds for
pair production by the differently polarized photons.

On setting k2=10 in (17) one obtains the results & CoNSTANTINESCU (%),
whose P and @ are calculated from

(45a) F=— :1/_7:“" ’
(4b6b) q=— f;—z: (0®® — cosec? 0 a?® 4 ctg? 0 o' — 2 ctg  oe'®) .

if we use (31) these may be written in the simpler form

4n
(46a) F= 1 Wg Gr ’
(46b) G = :Tyzcosecw&;f + Gy,

where P and @ are now both manifestly renormalized.

6. = The grongfidd limit.

In the presence d a strong magnetic field B> B,, the dominant contri-
bution in (35) gives ¢, and ¢, d order exp(— B/B.] and

3

B @ a s Aa
47 G, ~ gﬁi (w® — K}) exp [— kj_/2eB]J.(—1fJ.dﬂ exp [— am?] @ —p »
0 0

o?

4o

exp [P )

A change d integration variable to n:= g/« dlows the order d integration
to be reversed. The a-integral is then trivial and the g-integral follows. One
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obtaing

eB
(48) G,= — exp [— k}/2eB]

2nt
) ama arctg [ (0*— kN ] _ 1}
{[4m2— (w*— ) — ki ? (4m*— (o® — kV))? ’

The refractive indices d the two modes are given by

(49a) pi =1+ O(exp [— B/B,]) ,

14 2.
2 __
(499) M= 1 1y c0s?0

With y, = 476G,/ (w® — k).
For w® — &k} <4n? and for k* < 2eB (= 2m*B/B,) (48) gives

et B
(50) X2 37 Ey
and (49b) becomes
e? B
_ ——RIN2
1+3nBcsm6 (2 < 1),
(51) s R~ 1
cost 0 (2>1).

This result in the extreme limit B> (3x/e)B; (&~ 2.5-107G) has a simple
interpretation by analogy with waves in plasmas. The refractive indices uf ~ 1
and ui =~ 1/cos26 correspond to those d the magnetoacoustic mode and the
(shear) Alfvén mode in the limit d Alfvén speed much greater than the speed
d light (1¥). The polarization vectors (41a) and (41b) for y,>>1 aso coin-
cide with those d the magnetoacoustic and Alfvbn modes respectively. In
particular, for the Alfvbn mode (2-mode) the photons propagate along the
magnetic-field lines irrespective d the wave angle 6.

The foregoing results do not agree with those  CoNSTANTINESCU (%), whose
approximation to the vacuum polarization tensor in the strong-field limit does
not satisfy gauge invariance. Also our result showsno evidenced alongitudinal
photonlike resonance for eB/B.a 1, as suggested by Cover and KALMAN ().

(13) T. H. Stix: The Theory d Plasma Waves (New York, N.Y., 1962), p. 3.
() R. A. Cover and G. KaLman: Phys. Rev. Lett., 33, 1113 (1974).
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® RIASSUNTO ()

Si calcola il tensore di polarizzazione del vuoto in presenza di un carnpo magnetico
omogeneo statico esattamente in funzione sia del campo magnetico che del vettore
d'onda, e si regolarizza esplicitamente usando |a diagonalizzazione di Shabad rispetto
agli indici tensoriali. Si calcolano esattamente le proprietd d'onda per i due modi
elettromagnetici nel vuoto birifrangente usando una tecnica della fisica del plasma.
Si considera esplicitamenteil limite del campo forte e si mostra che i due modi si ridu-
cono a forme equivalenti al modo magnetoacustico ed ai modi di Alfvén di taglioin
un plasma con la velocitii di Alfvén molto maggiore della velocita della luce.

") Traduzione a cura della Redazione.

ITonsipr3anna BAKYyMa H pacnpocrpaHesde ¢OToHA B MATHHTHOM MOJIE.

Pestome (*). — ToyHO BBIYHCJISIETCS TEH30D IOJISIPU3ALMH BaKyyMa B IPHCYTCTBHH CTa-
THYECKOTO ONHOPOZHOrO MarHMTHOTO TOMs Kak QyHKIMs MarBEHTHOIO ITOJIS ¥ BOJIHOTO
BEKTOpa. B sABHOM BuA€ NPOU3BOAMTICA PETYJsipH3aLAs TEH30pa IONAPH3ALMH BaKyyMa,
ucnone3ys muaroHaymsaupo IMMabama mo oTHONEHMIO K TEH3OPHBIM MHAekcaM. Ompe-
JEISIOTCS BOJTHOBEIE CBOMCTBA OBYX 3MICKTPOMATHHTHBIX MO B [IBOAKONPEIOMIISIOIIEM
BaKyyMe, HCHONb3ys TEXHHKY GH3HKH IUIa3Mel. B SBHOM BuIe paccMaTpHBAeTCs IPEne
CHNBHOTO Mo, IloKa3elBaeTCsl, YTO [IBE INETPOMArHUTHBIE MOABI CBOMATCA K BbIpaxe-
HHSAM, 5KBHBAJICHTHBIM MarBATHOAKYCTHYECKOU W COBHTOBOM anbdBeHOBCKOM MomaM B
mwia3Me, Korga cKopocTb AlnndBeHa MHOro Gonblie, YeM CKOPOCTH CBETA.

(*) Ilepesedeno pedaryueii.
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