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AMPLIFIED CERENKOV EMISSION OF AURORAL HISS:

LIMITATIONS IMPLIED BY QUASI-LINEAR THEORY
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Abstract. Auroral hiss is attributed to am-
plified Cerenkov emission of nearly resonant
whistlers. Such emission occurs only when the
precipitating electron flux corresponds to a
one-dimensional distribution with a peak in
parallel energy. Only particles below this peak
contribute to the amplified emission. The back
reaction of the hiss on the electrons is treated
by using quasi-linear theory. The primary
effect is to reduce the positive gradient in
energy below the peak. This tends to suppress
the generation of the waves. A relation between
the expected intensity of the hiss and the pro-
perties of the stream is derived. The observ-
ational data are consistent with limitation
of the intensity by quasi-linear relaxation.

Introduction

Auroral hiss is observed throughout the
auroral zones and is a notable feature of the
emissions in the polar cusps [Gurnett and Frank,
1972, 1978]. 1In the cusps there is a strong
correlation between the hiss and precipitating
low-energy (<1 keV) electrons [Gurnett and
Frank, 1972; Laaspere and Hoffman, 1976], and it
is accepted that the hiss is generated by the
precipitating 100- to 200-eV electrons character-
istic of the cusps [Eather and Mende, 1971;
Heikkila and Winningham, 1971]. Ellis [1957]
suggested that hiss is generated by Cerenkov
emission of resonant whistler waves, and it was
shown conclusively by James [1973] and Taylor
and Shawhan [1974] that incoherent Cerenkov
emission is inadequate quantitatively. Gurnett
and Frank [1972] reported that hiss is observed
only when the "v100-eV electron flux exceeds
104-105 em=2 s-1 sr-1 ev-1 and argued that the
existence of such a threshold indicates a
"coherent' emission mechanism. An appropriate
coherent mechanism is amplified Cerenkov
emission of resonant whistler waves, which has
been discussed in detail as a source of hiss by
Swift and Kan [1975], Maggs [1976], and Yamamoto
[1979].

Our purpose here is to discuss amplified
Cerenkov emission with particular emphasis on
the back reaction of the hiss on the precipitat-
ing electrons. First, we emphasize that amplif-
ication occurs only if there is a peak in energy
in the flux of precipitating electrons and that
only electrons below this peak are important in
generating hiss. We show that the primary effect
of the back reaction, which is treated by using
quasi-linear theory, is to distort the distrib-
ution below the peak in a way which tends to
reduce the positive energy gradient. In this
way, quasi-linear relaxation can limit the in-
tensity of the resulting hiss. We estimate the
implied intensity and compare it with observed
properties of hiss. We conclude that quasi-
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linear relaxation may well play a significant
role in determining the maximum intensity of the
hiss.

Approximations

Wave Properties

The resonance in the whistler mode in cold
plasma theory occurs at
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where Wpsy Wi, and 9, are the plasma frequency,
the ion plasma frequency, and the electro gyro-
frequency, respectively, and where the sum is
over all ionic species. For a single ionic
species with mass mj, (1) may be approximated by
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where the lower-hybrid and upper-hybrid fre-
quencies are identified as
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respectively. The maximum value of the resonant

frequency is mR(O) = mln[mp,ﬂe].

Bandwidth of Growing Waves

We shall be concerned with Cerenkov emission
by electrons with a typical streaming speed vg.
Cerenkov emission occurs only at k, = wfvu = w/vg
and hence in a range of parallel wavenumbers
Aky /ky = Av, /vg. The finite range of Ak, implies
a finite frequency range (e.g., for fixed 68) be-
low the resonance. We have examined the spread
due to thermal motions in the longitudinal
approximation, which giwve
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where Ve is the thermal speed of electrons, and
the spread due to electromagnetic corrections,
which give
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The thermal corrections dominate for vg <= Vael
and then the longitudinal approximation is
justified. Both (4a) and (4b) break down for

w =~ wpy, where there is a range Aw/w = 1 over
which the particles can generate the waves.

This relatively large bandwidth allows a relat-
ively long amplification length and hence favours
growth of lower-hybrid waves.

The random phase approximation, which is im-
plicit in our use of quasi-linear theory, is
valid only if the growth rate is less than the
intrinsic bandwidth of the growing waves. This
condition requires
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where nllne igs the ratio of the number densities
of the precipitating and thermal electrons. The
condition (5) should be well satisfied here.

Perpendicular Motion

The perpendicular motion of the electrons is
unimportant for k,;v,;/Qe << 1, a condition which
is satisfied for v, << vg for all frequencies
and for all reasonable v, for w = wyy. Thus
provided either that the distribution function
strongly favours small pitch angles or that
lower-hybrid waves dominate, we may integrate
over the perpendicular motion and consider only
the one-dimensional distribution function

F(v“) ='2n J dvlvlf(vl,v”) (6)
o

Quasi-Linear Equations

General Form of the Equations

The quasi-linear equations for waves with an
energy density W(k) in the elemental range

d3k/(27)3 with the foregoing approximations are
[e.g., Melrose, 1979]
aW(k)
Bt~ = a(k) - y(k) W) (7N
and
e E;ﬁ-{A(v”) F(V”)} e {D(V”) L———ﬁhﬁ
(8)
with
a(k) 2
: e o BB

dvy, §(w - kv )
P ZJ I K
v (k) € wyy X

Fy)

e 19

- F(v,)
g dvy

A(v”) ﬁnzezﬂz J d3k wz
S(w - H
R T 3 2 MK
Dtwi]
mﬁ[
5 (10)
| W(k)

Growth Rate for a Displaced Maxwellian

Following earlier authors [Swift and Kan,
1975; Maggs, 1976; Papadopoulos and Palmadesso,
1976], we assume a Maxwellian distribution
centred on a streaming speed vs,
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where the relation (2) between w and € has been
combined with the relation w = kvgcos8.

It should be emphasized that the only waves
which are generated are those which resonate
with electrons below the peak in the spectrum,
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that is, electrons with v| < v_ here. For re-
sonant whistlers at w > 2upy this implies that
the only waves which grow have k > w 2 /u_v .

- pe UHs

Diffusion Coefficient

The evaluation of the diffusion coefficient D
is complicated by the near independence of w or
on the one hand and k on the other. The fact

that the waves are near the resonance cone implies

a relation between w and 6 (cf. (2)). However,
the Doppler condition then implies (for w > 2wpy)
that the resonant value of k is independent of
w and 6.

It is convenient to express the level of waves
in terms of the intensity I(w). Then the total
energy density in the waves is
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where vy is the group speed. Using (2) and
assuming sinf = 1, that is, that w is much less
than the smaller of mp and Qe’ one finds
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Further, using (2) to rewrite the cosf integral
in terms of an w integral and performing the

k integral by assuming the waves to be in a
range Ak ~ VHOIVS above k = wpﬂe/w v_, we find
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with w and 6 related through (2).

Now we evaluate D(v)) using (10). The k in-
tegral is written in spherical polar coordinates
as in (14), and the cos® integral re-written as
an w integral using (2). The k integral is per-

formed over the § function. Thus we find
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The magnitude of D is affected little by our
assumption on the k dependence. However, the

vjj dependence of D is crucially dependent on the
assumed k dependence. The fact that D vanishes
for v| > vy is a direct result of our assumption
that there are no waves with k < waE/wUH Vg
(Such waves are not generated directly, but they
could be present because, for example, of re-
fraction increasing k.)

Relaxation of the Stream

We now wish to make some semiquantitative es-
timates which show the rate and form of quasi-
linear relaxation of the stream. However, we
should emphasize at the outset that quasi-
linear relaxation is considerably more compli-

cated than we can hope to show using a
semiquantitative approach. In the following
discussion we take moments of quasi-linear
equations assuming that the distribution retains
the form (11). Then we discuss the validity of
this assumption in view of numerical treatments
of an analogous case.

Semiquantitative Estimates

The evolution of the distribution of particles
may be described in terms of the evolution of ¥

and vuo. Using (8), we have
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where a partial integration has been performed
and where the explicit form (11) for F(v|) has
been used. On inserting the expression (17) for
D(v;) the integral is to be cut off at vy = v_.
The integral may be performed when V|g << vg by
expanding the integrand in powers of (vg-v)/vg.
The leading terms give
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Hence for Vjg << vg the primary effect of quasi-
linear relaxation is to increase the velocity
spread.

According to (13) a reduction in V|, causes a
reduction in the growth rate. Thus after an
initial exponential phase the growth evolves into
one described by
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where (19) and (20) have been used. Asymptoti-
cally, (21) and (22) imply I(w) = V|g, and hence
(21) implies I(w) = t3. The characteristic time
for this asymptotic state to be approached is
the time in which the change in V||j becomes sig-
nificant, that is, the time t = V|5/(3V|y/3t).
Using (19) and (20), this time is






