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ABSTRACT

It is shown that the forms of turbulent bremsstrahlung proposed by Tsytovich, Stenflo, and Wilhelmsson
and by Nambu do not exist. The proposed mechanisms involve upconversion of ion sound turbulence into
Langmuir turbulence, with the ion sound waves being emitted and absorbed resonantly and the Langmuir
waves being emitted and absorbed nonresonantly. It is pointed out that a symmetry implicit in a standard
QED treatment implies that there is another contribution to turbulent bremsstrahlung in addition to that
calculated by Tsytovich, Stenflo, and Wilhelmsson and that the two contributions cancel exactly, leading to
the null result. (Our arguments on this point have proved controversial.) Nambu made an approximation
inconsistently, and when this approximation is not made, two terms in his analytic treatment cancel exactly.
We argue that turbulent bremsstrahlung is related to a radiative correction in which the resonant emission of
ion sound turbulence is modified by the nonresonant emission and absorption of Langmuir waves. Physically
we interpret the nonexistence of turbulent bremsstrahlung as being due to each emission of a Langmuir
quantum being associated with an absorption of an identical Langmuir quantum so that the Langmuir turbu-
lence is unchanged. Proposed astrophysical applications of turbulent bremsstrahlung need to be reconsidered.

Subject headings: radiation mechanisms — turbulence

I. INTRODUCTION

In 1971 Tsytovich proposed that the interaction of fast particles with ion-sound turbulence would lead to the emission of
electromagnetic waves (calling the process “ plasma-bremsstrahlung ”). In 1975 Tsytovich, Stenflo, and Wilhelmsson considered a
related process in which the resonant interaction of particles with ion-sound waves produces Langmuir waves; they introduced the
name “turbulent bremsstrahlung ” (hereafter TB) for such resonant interactions. The process is of second order in the wave energy
densities in a weakly turbulent plasma. Processes of this order are obtained from a perturbation solution to the Vlasov-Poisson
equations for the induced charge density (Tsytovich, Stenflo, and Wilhelmsson 1975) or the induced current density (Melrose 1982)
and involve up to third-order responses in the amplitude of the wave field. Alternatively, the relevant expressions can be obtained
from a perturbation solution to the Vlasov cumulant hierarchy (Davidson 1972) up to second order in the energy densities of the
wave fields. In this order the following distinct processes exist (e.g., see Davidson 1972, p. 293).

1. Three-wave coupling: the required resonance conditions are

0, =, + 0, ki=ky+k;. (1)

Here w, k; are, respectively, the angular frequency and wave vector of wave j.
2. Wave scattering on particles (including the double-emission process of Melrose 1982) requiring

w1—k1'v=i(w2_k2'v)y (2)

where v is the velocity of the scattering particle.
3. Turbulent bremsstrahlung arising from the resonance

o, —kirv=0 3)

for one of the waves partaking in the second-order wave-particle scattering.

The physical justification for the existence of TB seems attractive: particles which are in resonance with the low-frequency waves
could be efficiently retarded and radiate a variety of high-frequency wave modes due to their accelerated motion. The analogy with
ordinary bremsstrahlung arises from the specific form of the wave-particle interaction: now the electrons would “collide” with
resonant waves instead of ions, and the associated emission of the high-frequency waves is nonresonant. Subsequently the expres-
sion for the growth rate found by Tsytovich, Stenflo, and Wilhelmsson (1975) was confirmed by Kuijpers (1980a) and Melrose
(1982).

TB of this form was applied to explain the X-ray background from the resonant interaction of cosmic-ray protons with
low-frequency turbulence (Tsytovich 1973), to the generation of Langmuir waves from magnetospheric turbulence (Rénnmark and
Stenflo 1976), to the acceleration of electrons in solar flare current sheets (Kaplan, Pikel’'ner and Tsytovich 1974; Hoyng 1977; Benz
1977; Kuijpers 1978), to nonlinear absorption during plasma heating, to radiation from pulsars (Tsytovich 1980), and to collisionless
perpendicular shocks (Klinkhamer and Kuijpers 1981). The validity of these applications to the problems of acceleration of
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electrons in flares was questioned by Vlahos and Papadopoulos (1979). They did not question the fundamental existence of TB but
rather argued that other second-order processes would dominate the TB effect. However, since the various second-order processes
require different resonance conditions (1)3), the relative importance of the various processes is determined by the detailed shapes of
the wave spectra (Kuijpers 1980b; Tsytovich, Stenflo, and Wilhelmsson 1981). Further, Vlahos and Papadopoulos (1979) incorrectly
identified the reverse process of TB as the Dawson-Oberman resistivity, which, in fact, is a special form of the three-wave process
given in (1) (Dawson and Oberman 1963; Dawson 1968; Kuijpers 1980b). An alternative form of TB was calculated by Nambu and
Shukla (1979, 1980) and Nambu (1981a) who called the processes “induced bremsstrahlung” and later (Nambu 1983) a new
“plasma maser effect.” These authors found substantially larger growth rate for the process than first found by Tsytovich, Stenflo,
and Wilhelmsson (1975) and claimed that the dominant terms had been omitted in previous treatments.

There seem to be two contributions to TB. In the notation of Melrose (1982) these two contributions arise from two contributions
ap-!(k) and ofi“?(k) to the nonlinear correction to the linear response tensor. In Melrose’s notation SI units are used, k denotes
(k, w), a test field is described in terms of its vector potential A(k) in the temporal gauge [¢(k) = 0], the inhomogeneous wave
equation is written

Mo c? ext

AifloAjk) = — =5 J*k) , )

and the extraneous current J** is identified with cubic terms in the weak turbulence expansion
Jik) = a; (k) A (k) + Jd}-(z)“ijt(k, ky, k)Afky)Alks) + Jdlm)aijlm(k’ ky, ky, k3)Afk)Afky)Apks) + -+, (5

where
a*k d*k

m _ 2 7L, "Mk — k, - — 6
dl (27‘[)4 X X (27.[)4( TE) ( 1 kn) ( )
is the n-fold convolution integral. One nonlinear correction oj;"*(k) arises from the cubic response a;;,,(k, ky, k,, k3) evaluated at
ky = —ky, k, = k, and integrated over the ion sound waves with wave four-vector k,. This leads to Tsytovich et al.’s form of TB. The

other nonlinear correction o};*(k) arises from an effective cubic response involving two quadratic responses in the form o Jalks Ky,

k — kA Mk — ky) ok — ky, ko, k), where A~ ! is the inverse of the operator A in equation (4). This leads to Nambu’s form of TB.
Analogous terms appear in Davidson’s kinetic equation for the waves, e.g., equation (2) in Kuijpers (1980a, in Gaussian units).

Nambu’s version of TB was applied to the generation of whistlers from ion-sound (Nambu et al. 1980), of Langmuir waves from
ion-sound (Nambu 1981b), to magnetically and inertially confined fusion plasma (Nambu 1980a, 1983), to the generation of
electromagnetic waves from ion cyclotron waves (Nambu 1982), to the production of low-frequency Alfvén waves from high-
frequency whistler turbulence (Nambu 1980b), to the auroral kilometric radiation (Bujarbarua and Nambu 1983; Bujarbarua,
Sarma, and Nambu 1983), to the emission of solar-type III radio bursts (Nambu and Shukla 1983), to the explanation of high-
frequency electrostatic bursts (Fujiyama and Nambu 1983), and to radiation below the plasma frequency (Finken and Ackermann
1982), both observed in laboratory experiments. Further, approximate energy and momentum conservation laws were derived for
the waves and particles partaking in TB (Nambu and Terasawa 1982), which had been proved already rigorously for any second-
order process by Davidson (1972, § 14.4.1). In a second attempt “to reveal the carefully hidden and often completely misunderstood
limitations of the theoretical concepts involved,” Vlahos and Papadopoulos (1982) used the result of Nambu (1981a) without further
discussion of its validity.

In this paper we argue that neither of the two forms of TB, namely, those of Tsytovich, Stenflo, and Wilhelmsson (1975) and of
Nambu (1981a), exist. Our argument on the nonexistence of Tsytovich et al.’s form (§ III) has proved controversial. The basis of our
argument is a treatment of TB using quantum electrodynamics (QED), as given in § II. The controversial point concerns the
imposition of a symmetry property; we discuss the controversy further in a postscript at the end of § V. On imposing this symmetry
property one adds a contribution equal and opposite to that retained by Tsytovich et al. Our proof of the nonexistence of Nambu’s
TB mechanism is given in § IV: Nambu made an approximation inconsistently in his calculation, and when this is corrected, two
contributions cancel exactly. This is in agreement with Kuijpers (1980a) who found the first term in his equation (2), which
corresponds to Nambu’s most important contribution, to give zero; Tsytovich (1980) and Melrose (1982) also examined the
mechanism proposed by Nambu (19814) and found a null result. (Since this paper was first written we have become aware of similar
criticisms of Nambu’s mechanism by Hirose 1984 and DuBois and Pesme 1984.) Finally, in § V we discuss our result and suggest a
possible alternative to TB for the upconversion of ion sound to Langmuir turbulence in the form of the so-called double-emission
process.

II. INTERPRETATION OF TURBULENT BREMSSTRAHLUNG

It is helpful to introduce a diagrammatic approach, familiar in QED, in order to understand the distinction between the three
types of second-order process described by the resonance conditions (1)~(3), and in order to clarify the distinction between Nambu’s
and Tsytovich et al’s forms of TB. The diagrams may be used in two different ways. One way corresponds to the amplitude for a
process and has the initial state and final state on the right and left, respectively. The other way corresponds to the rate of the
process and has the initial and final states at cuts in a closed loop diagram. These two types of diagram are connected, in that a cut
separates the loop diagram into two sections corresponding to the two amplitudes whose product gives the rate. The elements in an
amplitude are as follows (e.g., Melrose 1980b, § 10.4):

1. A solid line represents a particle.
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F1G. 1.—Thomson scattering is described by a single four-vertex loop cut in half (a) so that the two halves correspond to the same amplitude diagram (b). From a
classical viewpoint the position of the photon lines above and below the electron line in (b) is of no significance.

2. A dashed line represents a photon in the initial or final state (a “real” photon, i.e., satisfying the relevant linear dispersion
relation).

3. A squiggle represents an internal photon line (a “ virtual ” photon, which need not satisfy a dispersion relation).

4. A hatched circle with n photon lines (real or virtual) emanating from it represents an n — 1-fold nonlinear response.

5. A dot denotes a vertex, i.e., a join between a photon line (real or virtual) and a particle line or a circle.

The rules for constructing amplitude diagrams are the following:

1. Particle lines are horizontal.

2. Real photon lines join the particle line at vertices. (In QED the line for a photon in the initial state extends from the bottom of
the diagram to the dot, and for a final photon from the dot to the top of the diagram, but this distinction cannot be made so clearly
in a classical theory.)

3. Virtual photon lines start and end at dots.

4. The real photon lines are labeled (e.g., with their k-vector), and any permutation of photon lines with different labels (changing
the order of the dots around a circle and along a line) represents a distinct diagram.

To these we add rules for constructing diagrams corresponding to rates:

5. The particle line is a closed loop which is cut at two points so that the two parts of the diagram are topologically equivalent to
the two amplitude diagrams corresponding to the two amplitudes whose product gives the rate.

6. Any uncut loop is to be reinterpreted as a nonlinear response (cf. No. 4 under “elements ).

In a field theory a cut in a particle line implies that the particle is on its mass shell (Landau 1959; Cutkosky 1960). Classically the
cut determines the resonance condition, which is the Cerenkov condition (eq. [3]) when only the wave 1 is on one side of the cut, and
is equation (2) when the waves 1 and 2 are both on the same side of the cut.

We are concerned only with processes of second order in the rate. The processes of this order are Thomson scattering together
with nonlinear scattering which interfers with it, three-wave coupling, and TB. Thomson scattering of ion-sound into Langmuir
waves can be described by the diagram in Figure 1a. The indicated cut, corresponding to the resonance condition w;, — k; * v =
wg — kg - v (cf. eq. [2]), then leads to the diagrams for the amplitude in Figure 1b. The diagram for the process of three-wave
coupling is given in Figure 2a for the case of coalescence of Langmuir waves with ion-sound into Langmuir waves where the cut is
associated with the resonance condition (eq. [1]) with L = 1, I’ = 2, and S = 3. As explained by Melrose (1982), there are three other
cuts which can be made in Figure 2a, one of which corresponds to nonlinear scattering and the other two to interference between
nonlinear and Thomson scattering. These are illustrated in Figures 3a—3e, respectively. Note that in Figures 3b and 3c the cuts are
asymmetric; in this case the rate involves the product of two different amplitudes, both of which are second order.

The diagrams for TB can be derived from the algebraic expressions obtained from equations (5) and (4): the intrinsic cubic
response, which leads to the form of Tsytovich, Stenflo, and Wihelmsson (1975), is represented by the diagram in Figure 4a where the
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F16. 2—The diagram corresponding to a three-wave coupling involves two three-vertex loops joined by a real photon line which is cut (a) to produce two
identical amplitude diagrams (b).
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FiG. 3—Nonlinear scattering corresponds to a diagram analogous to Fig. 2a, but cut at a particle resonance in the photon propagator (a), and the interference
between Thomson and nonlinear scatterings corresponds to two similar diagrams cut asymmetrically at a three-vertex loop (b), (c).

cut corresponds to the response condition in equation (3): ws — kg * v = 0. As with the interference between Thomson and
nonlinear scattering, the rate is now given, not by the square of one amplitude, but by the product of the different amplitudes
represented in Figure 4b; i.e., by the product of a first- and a third-order amplitude.

The dominant contribution to the TB of Nambu (1981a) arises from the effective cubic response due to two quadratic responses
and is represented by the diagrams in Figure 5. Again the cut in the diagram is asymmetric, and the rate is given by a first-order
times a third-order amplitude.

The diagrams in Figures 4a and 4b are closely related to a diagram mentioned by Ross (1969, Fig. 10), who developed a quantum
theory for nonlinear plasma processes. Ross’s diagram is Figure 6a, which corresponds to the two amplitudes in Figure 6b. Ross
interpreted this diagram as a radiative correction to the emission process, here a radiative correction to the emission of ion sound
waves. In our case the “radiative correction” is due to the emission and reabsorption of a real Langmuir quantum rather than a
virtual quantum in Ross’s case. As with a virtual quantum, it is essential that the wave k-vectors of the two Langmuir quanta be
equal and opposite. Classically this arises on phase averaging, see equation (12) below, which reduces the number of independent
k-vectors from four to two. Classically the interpretation of k; and —k; in Figure 4b is confused by negative and positive frequencies
being equivalent, with a real wave described by both positive and negative frequencies. In QED the positive and negative
frequencies are associated with absorption and emission, respectively. According to the QED interpretation, Figure 4b implies that
every time a Langmuir quantum is emitted, an identical one is absorbed. Hence there is no change in the Langmuir turbulence due
to the process described by Figure 4a.

Tsytovich et al.’s form of TB is the same physical process as this radiative correction to the emission of ion sound turbulence, but
is viewed from its effect on the Langmuir turbulence. The equivalence of TB and the radiative correction are obvious from the QED
viewpoint, in that they are described by the same diagram. We have confirmed this classically by calculating the radiative correction
and showing it to involve the same function as in Tsytovich et al.’s form of TB; this calculation is not particularly instructive, and we
do not include it here. However, a relevant point is that this related process does exist, and our argument that TB does not exist
must be compatible with this fact.

F1G. 4a FiG. 4b
Ks ks
\ \ \ \
\ \ \ \
\ \ \ \
\ \ \
) > < )
FIG. 4¢ F1G. 4d

F1G. 4—Tsytovich et al’s form of TB corresponds to a four-vertex loop cut around a single vertex corresponding to an ion-sound wave; there are two such
diagrams (a), (b), and the sum of their contributions is to be taken. Once cut, each diagram corresponds to a first-order amplitude (c) and a third-order amplitude (d).
The important symmetry corresponds to interchanging k and —k;, in (d).
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Fi16. 5.—Nambu’s form of TB corresponds to two connected three-vertex loops, as in Fig. 2a, cut around a vertex corresponding to an ion sound wave; again
there are two such diagrams (a), (b).

The nonexistence of Tsytovich et al.’s form of TB follows from the implication that for each emission of a Langmuir quantum an
identical Langmuir quantum is absorbed. In the classical theory this balance follows by symmetrizing over the waves described by
k;, in Figure 4a. This symmetry was not imposed by Tsytovich et al., and when it is imposed, one obtains an additional contribution
equal and opposite to the one they retained, as we now show.

1II. NONEXISTENCE OF TSYTOVICH, STENFLO, AND WILHELMSSON’S MECHANISM

A symmetry of the S-matrix formalism of QED and of an analogous Lagrangian theory for classical electrodynamics (Appendix
C) was not imposed by Tsytovich et al., e.g., in their equations (6a) and (7). Here (see also Appendix A) we repeat their calculation in
our notation, pointing out where the symmetry applies.

We assume that all waves are longitudinal and are described by the Fourier transform ¢(k) of their electrostatic potential, with k
denoting (w, k). The response of the plasma is described by expanding the charge density p(k) in powers of ¢:

plk) = x(k)p(k) + Jdl‘z’x(k, ki, k)l )g(ks) + j di®x(k, ki, ka, k3)(ky)p(ka)plks) + -+, ™

which is equivalent to the longitudinal part of equation (5). The response tensors y are calculated in Appendix B using the Vlasov
equations. The emission and absorption of radiation may be treated in terms of the time-averaged rate P that work is done on the
electric field (e.g., Melrose 1980a, pp. 65 and 67), and here this reduces to (Appendix A)

P = — lim 1 ﬂ Re [iwp(k)p(—k)] ®)
T T)ent T HY ’
where T is the normalization time and “Re” denotes the real part of the expression. The term of relevance in Tsytovich et al.’s
mechanism arises from the cubic response in equation (7):
P — lim 1 d*k d*k, d*k, d*ks
e T ) 2n*2n* 2ot 20t

@m*o*(k — ky — ky — ka)liowx(k, ky, kz, k3)( — K)plk)(k2)d(ks)] - ©

F1G. 6a
s
\
\
\
K \
\ S \
\
\ 3
\
\
\
) k|_
FIG. 6b FIG. 6¢

F1G. 6.—(a) That of Ross (1969, Fig. 10). The corresponding amplitude diagrams (b), (c) are analogous to Fig. 4c and 4d, except in that the Langmuir wave is
virtual rather than real.
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We separate ¢(k) into parts ¢, (k) and ¢g(k) describing the Langmuir waves and ion sound waves, respectively, and assume that each
is of the form

dulk) = @y (k)2né[w> — wp(k)] exp [iy (k)] , (10)
with
op(—k) = —wylk), (11)

and where ®,,(k) is the amplitude and (k) is the phase of the wave. In general, we must distinguish between “forward” and
“backward ” waves before imposing equation (11) (Kuijpers 1980a), and we do so explicitly in Appendix A. On substituting equation
(10) into equation (7), we get various contributions to p©®)(k), where k refers to the Langmuir waves if one is interested in TB of
Langmuir waves. Each contribution consists of a different arrangement of the three potentials ¢(k,)d(k;)d(k3), with one of them
describing Langmuir waves and the other two describing ion sound waves. Upon a suitable change of the integration variables k;,
k,, ks, we can identify the argument k, with the Langmuir wave and k, and k, with the ion sound wave, provided we now use the
expression for y which is fully symmetrized over the arguments k,, k,, and k5.
We now average (denoted by angle brackets) over the phases of the ion sound waves:

| D5(k) |2
Vv

(@siki)sks)) = 2ndlw; — w5k, )J2n)* 0%k, + k3) . (12)

Then, rewriting [§(w — wg(k)]? as T/2n times 6[w — wg(k)], equation (9) gives
P d*k d*k,

- @2ny* 2ny*

The power P as given by equation (13) is related to Tsytovich et al.’s analysis as follows: taking the imaginary part of their e} as
given by their equation (6) with equations (6a), (7), or (8), multiplying by their | E}|?, and integrating over their k, one obtains an

expression equivalent to P. The existence of TB would imply P # 0.
The direct calculation of y(k, k;, k5, k3), before imposition of any symmetrization, leads to (see eq. [B7] of Appendix B)

N 1 0 1 0 1 of (p)
k, ki, ky, k)= —e* W d3p —— k- — .= ky - . 14
1 Ky, Ky, ks) jdpw—kwv ! 0p{cu2+w3—(k2+k3)°vk2 6p|:w3—k3'v > op (14)

As argued above, one should use the expression for y which is symmetrized over ky, k,, and k;, which is ¢ of the sum of the six
expressions obtained from equation (14) by permuting the subscripts 1, 2, and 3. Then, provided no resonant parts are taken
(denoted “nonres ”), the symmetrized (denoted by a bar) form satisfies (Melrose 1972)

nonres [y(k, ky, ks, k3)] = nonres [3(—ky, —k, ks, k3)], (15)

| @, (k)| | (k) |*2n0[w — oy (k)] x 278[w; — wg(k,)] Re [iox(k, ki, k, —k;)] . (13)

as well as the imposed symmetries
J-((k, kla k2’ k3) = i(k’ kh k3’ kZ) = Z(kf k29 kla k3) .

The relevant symmetries here follow from equation (9) with ¢(— k)p(k,)p(k,)d(ks) replaced by ¢, (—k)ps(k,)dr(k,)Ps(ks), and then
with k; = —k; and k, = k. Thus, the symmetries involve the following interchanges of argument: k, < k; and —k<«<k,. The
nonresonant part of y does not contribute in equation (13), and, following Tsytovich, Stenflo, and Wilhelmsson (1975), the relevant
resonant (res) part is that at w; — k5 * v = 0. Equation (14) implies

; ) 0 1 0 1
k, ki, ky, k3)] = ine* | d3pd(ws — ks * v)ky  ——k, * — Lo 1
ros Ll o o J] = e J polos =l s e gl o~ k0 dpo—kow| O
for this resonant part. Now, on setting k; = —k,, one finds that the symmetry k, < k, implies that the terms which are odd number

k; — —k, do not contribute, as noted by Tsytovich et al. Note also that the factor w in the integrand in equation (13) implies that
only the part of y(k, ky, k, —k,) which is odd under k— —k contributes to P. This point is discussed ftrther in Appendix A.

The symmetry implied by our QED argument requires that we retain on the part of y(k, k,, k, —k,) which is even under k— —k.
This part gives zero when inserted in equation (13), and this null result for P implies the nonexistence of Tsytovich et al.’s form of TB.

The additional symmetry implied by the S-matrix form of QED is not imposed explicitly in any of the standard classical
treatments of weak turbulence theory, e.g., Kadomstev (1965), Sagdeev and Galeev (1969), Tsytovich (1970), Davidson (1972),
DuBois (1976). In QED the symmetrization over like fields is made explicitly. The classical theories need to be modified by requiring
that this symmetry be imposed. We discuss this point in Appendix C where we give a purely classical argument leading to the
relevant symmetry.

A more formal discussion of the symmetry properties of the nonlinear response tensors is given elscwhere (Melrose and Kuijpers
1984). Hitherto the following has been assumed: the resonant part of y(k, k,, k,, k) satisfies a symmetry opposite to that of the
nonresonant part; i.e., for the resonant part there is a minus sign on the right-hand side of the counterpart of equation (15). However,
this is not correct in general and is not correct in the case of relevance here. The response function y(k, k,, k,, k5) has resonances at
o—k-v=0,0, -k, v=0,w, —k,* v=0,and w; — k5 - v =0, and also other resonances at (w — k * v) — (w0, —k, *v) =0
and so on, which are of no interest here. Let us denote these as “res,”, “res;” “res,”, and “res;”, respectively. The result found by
Melrose and Kuijpers (1984) is equivalent to the following. Consider k <> —k;,, as in equation (15): then for “res,” and “res;” the

© American Astronomical Society ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/cgi-bin/nph-bib_query?1985ApJ...294...28K&amp;db_key=AST

34 KUIJPERS AND MELROSE Vol. 294

symmetry property has the same sign as in equation (15), and for “res,” and “res,” the opposite sign applies. One important point is
that there is no unique symmetry property for the nonresonant parts; different nonresonant parts have different symmetries. In brief,
if neither of the interchanged k’s (k and k, in eqn. [15]) is resonant, then the sign is as in equation (15), and if either is resonant, then
the opposite sign applies. The cases of interest here are for res; x(k, kq, k,, k3) and res; y(k, ky, k,, k3) under interchange of the
nonresonant k’s. The appropriate symmetries have the positive sign:

res; x(k, ky, ko, k3) = resy x(—ky, ki, —k, k),
resy x(k, ki, Ky, k3) = 1esy y(—k,, ki, —k, k3) .
Together these imply
res; y(k, ki, k, —k,) =res; y(—k, ki, —k, —k;), (17a)

which is the symmetry property relevant for TB. Thus, res; x(k, k,, k, —k,) is even under k— —k, but because only the odd part
contributes to P in equation (13), the net result is null; i.e., P = 0. On the other hand, the other two resonant parts have symmetries
with the opposite sign and combine to give

reso y(k, ki, ky —ki) = —reso x(—k, ky, —k, —ky). (17b)

A resonance in k, i.e., in the “response” p(k), is not usually considered in classical theories. If we relabel k as k, and k, as k in
equation (17b) and then insert the resulting expression in equation (13), we obtain a nonzero result for P, which now refers to the
power in ion sound waves. The corresponding physical process may be identified as a radiative correction to the Cerenkov emission
of ion sound waves, which is the process that Ross (1969) mentioned.

IV. NONEXISTENCE OF NAMBU’S MECHANISM

The dominant term in Nambu (1981a) arises from an incorrect evaluation of the last term in his equation (12). Apart from the
one-dimensional form and different normalization the imaginary part of this term, arising from the resonance wg — kg * v =0, is
essentially equal to the last term in equation (2) of Kuijpers (1980a) which Kuijpers found to give zero, i.e., not to contribute to TB.
Also, Melrose (1982) indicated that no relevant contribution arose from his nonlinear response tensor o}y (his eq. [A5]),
and Tsytovich (1980; see comments preceding his eq. [14]) came to the same conclusion, thus anticipating a null result for
the term isolated by Nambu. In evaluating the last term in his equation (12), Nambu made the approximations (ws — kg * v) ™!
+ [0, —ws—(ky —kg) * v] '~ (ws—ks*v)"' and (kg v — wg) ™' + (0, — Kk v)"' = (ks - v — ws) ™! (see his egs. [21] and
[22]) which are correct for the imaginary part of each factor but not for the real part. If these approximations are not mace and one
proceeds along Nambu’s line, the result obtained is zero, as shown in Appendix D (see also Hirose 1984 and Du Bois and Pesme
1984).

The nonexistence of Nambu’s mechanism may also be deduced in terms of symmetry properties of nonlinear response tensors.
Suppose we take the quadratic response p®(k — k,) to fields at k, and k;, find the associated ¢'®'(k — k,) by inverting the relation
p(k) = y(k)¢(k) in equation (7) expressing the linear response, and then take the quadratic response to ¢'*(k — k,) and ¢(k,). The
result is of the same form as the cubic response in equation (7), but with an effective response tensor

X(k’ kl, k— kl)x(k — kla k29 k3)

eff k’ k , k R ki) = 18

x5k, kyy ko, k3) Wk —ky) (18)

involving two quadratic responses, as discussed in § I. As before, we set k; = —ky, k, = k, take the resonance w3 — k3 * v = 0, and
then impose the symmetrizations k; < k3, —k < k,. In this case we have the symmetry properties

X(k - k19 k, _kl) = X[_k5 —kls - (k - kl)] = X*(k’ k15 k— kl) s (19)

where the asterisk (*) denotes complex conjugation; the nonresonant parts of x(k, k,, k,) and y(k) are real, and the resonant parts are
imaginary. It then follows that the resonances at k; and k; in equation (18) gives equal and opposite contributions. The implied
cancellation is shown explicitly in Appendix D using Nambu’s notation.

V. DISCUSSION AND CONCLUSIONS

We conclude that TB does not exist in the forms currently proposed in the literature. The specific process which does not exist is
TB defined as follows: (i) the upconversion of low-frequency waves to high-frequency waves through (ii) a second-order process
(same order as Thomson scat'tering) in weak-turbulence theory in which (iii) the particles are resonant with the low-frequency waves.
The conclusion that Nambu’s version of TB does not exist has been stated independently by DuBois and Pesme (1984) and Hirose
(1984); it was also implicit in earlier work (Kuijpers 1980a; Tsytovich 1980; Melrose 1982). Our conclusion that Tsytovich et al.’s
mechanism does not exist is likely to be controversial, especially in view of the rapidly expanding interest in various possible
applications, as summarized in § I, and in view of increasing theoretical interest in the mechanism (e.g., DuBois and Pesme 1984).

Our formal arguments for the nonexistence of TB centers around a symmetry property which is imposed explicitly in QED and
which is not imposed in standard versions of weak-turbulence theory (e.g., Tsytovich 1970; Davidson 1972; DuBois 1976). QED is
the modern-day theory for electrodynamics, and this inconsistently implies that weak turbulence theory, as currently formulated, is
deficient. It is elementary to rectify this deficiency by imposing the relevant symmetry. We give a classical argument in Appendix C,
implying that this symmetry should be imposed. The symmetry is over like fields when one corresponds to a “ disturbance ” and the
other to a “response” in weak turbulence theory; e.g., when k, and k, respectively, in equation (5) or (7) describe the same field (as
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they do in TB). The net and only effect of imposing this symmetry is to add to the calculated growth rate for TB an equal and
opposite contribution, leading to the null result.

Another way of expressing our argument is based on Figures 4a and 4b which are Feynman-like diagrams for a radiative
correction to the Cerenkov emission of the low-frequency waves (Ross 1969). The cuts in these diagrams define the initial and final
states, and the difference in the energy of the particle between these two states must be the same irrespective of which way around
the diagram one proceeds. Suppose, proceeding from the initial (i) to the final (f) state, the shorter way corresponds to a
low-frequency quantum being absorbed: then conservation of energy implies €, — €; = Awg. Proceeding the other way, we must get
the same result: €, — €; = hw}, + hws — hawy, where the prime applies to w,(k,) with k, = k, and hence we must have o}, = w;. Thus
the high-frequency quanta have equal and opposite frequencies, implying that one is absorbed and that the other is emitted. In other
words, the high-frequency quanta are emitted and absorbed in identical pairs. Therefore there can be no net change in their
distribution. We claim that TB, as proposed by Tsytovich, Stenflo, and Wilhelmsson (1975), corresponds to this process but without
the correct symmetry being imposed, so that the required emission and absorption in identical pairs is erroneously violated.

A question which has been posed by Nambu (1984, private communication) is whether our results apply to TB in the presence of a
magnetic field. Although we have not discussed the magnetized case explicitly, we believe that our arguments are unaffected by a
magnetic field. The argument is (a) only the part of y(k, k,, k, —k,) which is an odd function of k contributes in equation (13), and (b)
the symmetry discussed above requires that we symmetrize so that y(k, k, k, —k,) is an even function of k. Hence, the inclusion of a
magnetic field should not alter the conclusion that TB does not exist.

In § I a physical interpretation of TB is mentioned in which an electron radiates the high-frequency waves due to its accelerated
motion in the fields of the low-frequency waves. From a quantum mechanical viewpoint, this process can exist only as a higher order
process in which N = w;/wg low-frequency quanta coalesce into one high-frequency quantum. This process is a familiar one in
quantum optics (e.g., Bloembergen 1965). However, it requires an Nth-order response of the medium; it is not possible as a
second-order process in weak-turbulence theory. We suggest that this physical interpretation is not relevant to TB.

The implications of the nonexistence of TB are obvious for many of the suggested applications: the suggestions must be rejected.
However, upconversion of low-frequency waves to high-frequency waves is possible by other processes, notably by the scattering/
double-emission process (Melrose 1982; Goldman and DuBois 1982). The process requires a high level of anisotropic ion-sound
turbulence, as arises, for example, in current-driven ion sound in the laboratory (Stenzel 1978). A possible application is radiation
from quasi-perpendicular collisionless shock waves, replacing the TB mechanism in Klinkhamer and Kuijpers (1981). A constraint
on this alternative mechanism is that the growth rate of the nonlinear process is to be added to the linear growth rate of the ion
sound waves (Goldman and DuBois 1982), and the result must be positive. This constraint appears to be quite severe, requiring
continuously driven ion sound turbulence with the electrons having a second source of free energy to drive the nonlinear (double-
emission) instability.

We conclude that upconversion of ion sound turbulence to Langmuir turbulence cannot be by the (nonexistent) processes called
turbulent bremsstrahlung, and that the efficacy of upconversion by the alternative scattering/double-emission process has yet to be
established.

Note added in manuscript—The reader should be made aware that in the refereeing of this paper our central argument has not
been found convincing. A major difference of opinion has not been resolved. It is recognized that there are two alternative types of
formalism, which might be called “response” and “Lagrangian” formalisms. All standard classical theories, and also DuBois’s
(1967) version of QED, fall into the “response” class in which the response is treated differently from the disturbances. In the
Lagrangian theories, which include the form of QED adopted here and the classical counterpart of it discussed in Appendix C, one
treats the response and the disturbances as equivalent and symmetrizes over them. The only important differences between these
theories concern TB: the former allows it, the latter forbids it. We believe that the Lagrangian formalism is the appropriate one in
general, but it is on this point that opinions differ. It is not clear how this controversy can be resolved other than by experiment.

The visit by J. K. to Sydney, during which this work was carried out, was supported in part by a grant from the Science
Foundation for Physics of the University of Sydney.

APPENDIX A
NONLINEAR DAMPING PROCESSES

The power radiated P is found as follows. Identify P as the volume integral of the rate per unit volume —J(x, t) - E(x, t) at which
work is done on the electromagnetic by the current density J(x, t) and average it over an arbitrarily long time T'; use the power
theorem to write the integral over Fourier space; insert

E(k) = —ik(k) (A1)
and use the equation of continuity
k + J(k) = wp(k) (A2)

to derive equation (8).
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The wave properties are determined by the longitudinal dielectric constant
x(k)
€lk|*’

Any solution @ = w,(k) of the dispersion equation €“(k) = 0 may be chosen to satisfy equation (11). However, real waves are
described by both positive and negative frequencies, and we require two solutions w,, (k) to describe “forward ” and “ backward ”
waves (Kuijpers 1980a). We write (Melrose 1980a, p. 47)

oe-(k)] !
Rusth = {0 S8 )~ (a9

for the ratio of electric to total energy in the waves. With y,,, (k) the absorption coefficient, the power given to waves in the mode M
may be written as

e'(k) = (A3)

Ak yp (k) [ @y +(K)|?
P=— = N . (A5
> J @9 Ruslh) :
Then using equation (13), now summed over the forward and backward modes on the right-hand side, we identify
a3k .
yLek) =Y | =5 1®s.(ky)|* Re [iwy(k, ky, k, —ky)], (A6)
53 ) @2m)

with k = [w +(k), k] and k; = [ws(k,), k,] implicit on the right-hand side. The relation (11) between positive and negative
frequencies for each mode implies that only the part of x(k, k,, k, —k;) which is odd under k « —k contributes. The symmetry
property discussed in § III implies that only the part which is even under k— —k is to be retained, leading to the null result.

APPENDIX B
NONLINEAR RESPONSE TENSORS

The Vlasov equation for longitudinal fields, after Fourier transforming, gives

—ilw — k- v)f(p, k) + jd/l‘z’ieqb(kl)kl . %f(p, ky)=0, (B1)

where f(p, k) is the Fourier transform of the electron distribution function. On expanding in powers of ¢, we write f™(p, k) for the
nth-order term with

fO, k) = f(p)2n)*o*(k) . (B2)
Then equation (B1) gives
ed(ky) [
(n) = | d}®» —/—2= Kk = fo=Up kY. B
f (pak) j w——k'v 1 apf (p’ 2) (3)
The nth-order response is given by
p(k) = —e Jtﬂpf “Xp, k), (B4)
with pV, p@, p® identified with the three terms on the right-hand side of equation (7). One identifies
1 I (p)
— _2 | g3 .
1) = "J‘“’w_k.v" ol (B3)
1 0 1 of (p)
= —¢3 Sp—— k, — k, - B6
X(k’kl’kz) efdpw—k'vkl 6p|:w2—k2'v 2 ap]’ ( )
1 0 1 0 1 of p)
k ki, k,, =—e* |dp———k, - — ky— k- . B7
1, kers ke, kes) ej pw—k°v ! 8p{w2+a)3—(k2+k3)'v 2 ap[w3—k3°v 3 ap]} (B7)
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APPENDIX C
SYMMETRIZATION OVER LIKE FIELDS: A CLASSICAL VERSION OF THE QED ARGUMENT

In standard classical treatments of weak turbulence theory, a nonlinear response is found to a test field, as described by equation
(5) or (7), for example. If ¢ in equation (7) is composed of two or more fields, ¢ = ¢, + ¢ + - - -, say, then the only physically
significant part of p(k) is the part which is symmetrized over the like fields. For an initially unsymmetrized cubic response tensor y
and for fields ¢, and ¢ the relevant source term for TB is

p(k) = Jdl“’fc(k, ki, kzy k3)ps(ki)or(k)ps(ks) » (C1)
with
Z(k7 k19 kZ’ k3) = %[X(k’ kl’ kz, k3) + X(k’ k37 k27 ki)] . (Cz)

Our QED argument implies that we should symmetrize over k and k,, and the reason for this is not apparent when the theory is
formulated directly in terms of a source of the form (C1).

In QED this additional symmetry arises from the form of the interaction Lagrangian or Hamiltonian. Although it is not common
practice, classical weak turbulence theory can be developed using a Lagrangian approach (e.g., Low 1958; Galloway and Kim 1971;
Dougherty 1970, 1974; Dewar 1972, 1977). The potential energy density is p(x)¢(x), and hence the action S resulting from the cubic
response is

d*k
5= j d*xp()P() = JW pR)d(—K)

[ d% d*k, d*k, d*ks
o) @n)* 2n)* 2n)* (2m)*

where we insert the cubic response from equation (7) and assume that no symmetry is imposed on y. Now writing ¢ = ¢, + ¢ and
retaining only the term ¢ (—k)ds(k,)d(k,)Ps(ks) relevant to TB, it is apparent that the only part which contributes to the action is
the part which is symmetric under —k < k,. That is, in this case we should replace y by

)?(k’ kls st k3) = %D_C(k’ kl’ k2’ k3) + )_C("kz, kb _k> k3)] s (C4)

where we assume that the symmetrization [eq. [C2]) has already been carried out.

A more formal procedure for deriving the symmetry property (eq. [C4]) is the standard procedure in field theory for calculating
the interaction term in the equation of motion from the Lagrangian. This involves the following steps: (i) starting from equation
(C3), write all frequencies as positive with ¢(k) = ¢(w, k) for @ > 0 and ¢(k) = ¢*(— w, —k) for v < 0; we now omit the arguments
and regard ¢, ¢, OF, ds, and @& as independent fields. (ii) Construct the effective Lagrangian L(k) by writing

Q2m)*ot(k — ky — ky — ky)x(k, ky, ks, k3)p(—K)plky) (ko) p(ks) , (C3)

d*k
S= JW L(K) (C5)

and regard L(k) as a functional of the fields. (iii) Calculate the relevant response by taking the appropriate functional derivative; here
p(k) is found by differentiating L(k) with respect to ¢¥. (iv) Because ¢F appears in both ¢,(—k) (for @ > 0) and in ¢,(k,) (for w, < 0),
there are two terms, which may be combined as in equation (C4) to obtain

p(k) = Jdl‘”i(k, ky, ka, k3)s(ky)pr(kz)ps(ks) - (Co)
The essence of our argument is that one should use equation (C6) rather than equation (C1). This change has no effect in the

treatment of all second-order processes other than TB, and for TB it leads to an additional term which exactly cancels the one
retained by Tsytovich, Stenflo, and Wilhelmsson (1975).

APPENDIX D
NAMBU’S APPROXIMATION

Consider the following term from Nambu’s (1981a) equation (12):

w?, e? 1 k | Dk, w)]> 0 1 1 oo
="£_‘ 4 —_— e
(K, Q) K2 m? dek:Q—KuK—keo(K—k,Q—w)av w—kU+Q—a)—(k——k)v a0
1 [ 1 1\
’ = - D1
xwpefdvﬂ—w—(K—k)ka6U<Kv—w+Q—Kv> ov’ (D1)
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where the notation is Nambu’s. Apart from notation, ,(K, Q) is a one-dimensional form of our y*(k, k,, k, —k,), with k replaced by
(Q, K) and k, by (w, k). Nambu writes €,(K, Q) as a product AB. Let us write

(K, Q; k, w; K-k Q—w)=

3
e
——mn, | dv
me

KK—k o [ 1 1 e
Q—Ko 60{ +Q—a)——(K—k)v} b (D2)

w — kv ov

which is the one-dimensional nonrelativistic form of equation (B6) with Nambu’s normalization for f,,. Then we have

| Dk, w) |
Kzzx(K k, Q — w)

K, Q) =

AWK, Qi ko K —k Q— oK —k Q—w; —k —w; K, Q), (D3)

which is obviously analogous to our equation (19). In his equations (21) and (22) Nambu introduces factors 4 and B, and apart from

constants which are irrelevant in the following discussion, these are

A=K, Qk w; K—k Q—w), (D4)
B=yK -k Q—w; —k, —0; K, Q). (D5)

Nambu then neglected, without comment, the term [Q — w — (K — k)v] ™! in A (see eqns. [D4] and [D2], and an analogous term
(Q — Kv)~ ' in B (see eqs. [D5] and [D2]). These omissions are unimportant in evaluating the imaginary parts, which are
ne’n, oe o 1
ImA=— - J‘dvé(a)—kv)—av—k(K—k w0 Ko’ (D6)
ed af 1
Im B = d Poe i 2 :
m ejdv(w k) k wO—w—(K—Wp (D7)
Evaluation of the derivatives in equations (D6) and (D7) leads to the identity
ImA=—-ImB. (DS)
If we retain the terms neglected by Nambu, then explicit evaluation of the real parts gives
en o/ 0V
Re A=Re B=—7kK(K —k) | d = .
¢ ¢B=" kKK -k f '@ = k)@ — Ko)[Q — @ — (K — kyo] (D9)
One then finds
Ime(K,QocIlm AB=ImAReB+ImBRe A4=0. (D10)

Nambu’s approximations led him to conclude incorrectly that Re A and Re B are different and hence that Im AB is nonzero. The
vanishing of Im €,(K, Q) implies that Nambu’s mechanism does not exist.
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