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It is argued that familiar nonlinear instabilities, such as three-wave decay
instabilities and scattering off quasi-modes, have reactive and resistive versions.
In appropriate limits these versions correspond to fixed-phase parametric
instabilitiesand torandom phasegrowthinweak turbulencetheory, respectively.
Using asimplified mode it isshownthat thereactive version passesover intothe
resistive version when the band-width of the pump is comparable with the
growth rate.

1. Introduction

The theory of parametric instabilities has developed in two compleinentary
ways. One approach applies to fixed-phase or monochromatic waves, and the
other to random-phase or bioad-band waves. Following the terminology of
Briggs (1964) for beam-driven instabilities, these arereferred to asreactive and
resistive nonlinear instabilities, respectively. Theinterrelation between them is
discussed in this paper. Two (related) specific nonlinear instabilities are used in
developing the ideas; these are scattering of Langmuir waves off thermal ions,
and three-wave processesinvolving two Langmuir wavesand an ion sound wave.
The reactive and resistive versions of the former are called 'parametric decay
into a quasi-mode' and 'nonlinear Landau damping' (NLD) respectively, and
thetwo versionsof the latter are described moreloosdly as the parametric decay
instability and the three-wave decay process. To avoid any possible confusion,
the terminology 'reactive’ and 'resistive’ is used exclusively in the following
discussion.

I n conventional treatments of parametric instabilities (e.g. Nishikawa & Liu
1976; Liu & Kaw 1976; Cap 1978), one wave, called the pump, is assumed to be
of largeamplitudeand to be monochromatic or fixed phase. Anonlinear dispersion
equation is derived for low-frequency fluctuations including terms proportional
to the square of the amplitude of the pump. Reactive nonlinear instabilities
correspond to situations where the dispersion equation isassumed to berea and
has complex solutions for frequency « with real wave vector k. The instability
involves the pump decaying into a daughter wave and this low-frequency
fluctuation. I n practice the low-frequency fluctuation may be a quasi-mode, a
strongly damped density fluctuation or it may involve wavesin an otherwise
weakly damped mode (e.g. the ion sound mode) driven unstable by the non-
linear interaction. When the low-frequency disturbance is strongly damped, the
instability is resistive, and the imaginary part of the dispersion equation then
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plays an essential role. More generally, resistive nonlinear instabilities may be
regarded as consequences of nonlinear wave-particle and wave-wave inter-
actions treated in the random-phase approximation (RPA). Kinetic equations
are derived in terms of a spectral density (often the wave action) in k space
(e.g. Sagdeev & Galeev 1969; Tsytovich 1970; Davidson 1972; Merose 1980).
This spectral density includes a spread in k and henceimplicitly requires non-
zero band-widths. Besides the band-widths being non-zero, another difference
between this so-called weak turbulence theory and the theory of parametric
instabilitiesisthat no distinction is made between pump and daughter waves.

Three time-scales may be relevant for the waves involved in nonlinear
instabilities. Thesearethe growth timet, whichistheinversedf thegrowth rate,
thedamping or losstimet,;, and the phase mixingtimet,;, whichistheinverse of
the effective band-width Aw. Reactive instabilitiesinvolve fixed-phase growth,
and require that ¢,, be longer than t,. I n practice one usually assumest;, = co.
Effectsof finitet,,/t,, that isof non-zero band-widths, have been considered by,
for example, Valeo & Oberman (1973), Thomson & Karush (1974), Thomson
(1975)and Laval, Pellat & Pesme (1976);the non-zero band-width reducesthe
growth rate for ¢,,/t, < 1 (wheret, refersto the growth time for ¢,, = c0) and
increasesthe threshold above which growthis possible.For resistiveinstabilities,
the use of the PRA impliesthat t,, is much less than other times of interest,
i.e. one effectively hast,; = O.

In this paper it is argued that for relevant nonlinear instabilities there are
reactive and resistive versionswhich passover continuously into each other for
t, ~ i.e. when the growth rate is roughly equal to the band-width of the
growingwaves. For t, < ¢,,, growth occursfaster than phase mixing, thegrowing
wave has a fixed phase and the reactive versionisrelevant. For ¢, < ¢, phase
mixing occursfaster than wavegrowth, and the growth must beindependent of
the phase, asin the RPA, so that the resistive version is appropriate. Animpli-
cation isthat the reduced growth ratesfound for parametric instabilitiesdue to
non-zero band-widths (cf. the literature cited above) should correspond to the
growth ratefor theresistive version. Here thisisshownfor thetwo most familiar
nonlinear instabilities, the threewave decay P—~D+s of a 'pump’ Langmuir
wave P into another 'daughter’ Langmuir wave D and an ion sound wave s,
and the decay P — D involving a resistive or reactive low-frequency quasi-mode
(theresistive version of which corresponds to nonlinear Landau damping). It
seemsthat not all nonlinear instabilities can be paired in thisway, owing to the
apparent absence o resistive counterparts for modulational instabilities. Con-
versely, one could argue that the reduced growth rate for ¢,, <t, for such in-
stabilities, e.g. for theoscillating two-stream instability, actually correspondsto
a hitherto unrecognized resistive counterpart.

2. Nonlinear wave eguation

Weare concerned with threelongitudinal fields, apump field ¢ »(k), adaughter
fidd ¢,(k) and a low-frequency field resulting from the beat between these two
high-frequency fields. Here ¢ (k) or ¢ (k) denotes the electrostatic potential at
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k = (w,k). The nonlinear wave equation for the daughter field is (Sl
units)

|k[* K (k) $p(k) = 61—0 f dA® Y (k, by, kg, ks) §p(ky) Bp(ks) S plks), (1)

where only the effect of the pump in driving the daughter field is retained. On
theleft-hand side of (1),

K (k) = 1+ x (k) + x,(k) (2)
denotes the longitudinal dielectric function in terms of the electron and ion
susceptibilities. On theright-hand side of (1),

4
g 7’:)4 (‘127’:)'; @m)1sHk—ky— ... — k) (3)

denotes the convolution integral and o& (k, k,, ks, k) is an effective cubic
response function which is assumed symmetric under interchange of k; and k.
I nterms of the actual nonlinear response functions, defined by the weak turbu-
lence expansion of the charge density for any species, i.e. by

pk) = —eo k|2 x (k) p(k) + ):,2 fd/\(")al") (b, kyy .. k) PlEy) ... SlE,), (4)
n=
one has
at(a:g (k: k]s k2’ k3) = 3(1(3) (k> k] y kz: k3)
+20® (K, ky, k = ky) D (K= key) 20 (k — ey, ky, k). (5)
Thefactors 3and 2 in (5)appear only when the nonlinear response functionsin
(4)are assumed to be symmetrized over al arguments; these factors are to be
omitted when unsymmetrized approximateforms are used.
Therelevant approximationsto the nonlinear response functions which apply
when k — k, isalow-frequency beat are
a(2) (k, kli k - k ) = [a(2) k_k]’ _kl’ k)]*
- €oek .k
m ww,

dA™ =

|k K, |2 x (k—ky), (6)
and

O, oy, ey ) = — 28 KKy K Ky kslk k|2 — k), 1)

where only the electronic contributions are retained. Then (5)implies

S_e 2k. k|k2 k3 | _k1|2Xe k kl){1+X’L k kl)} (8)

&) (K Jey, kg, kg) = —
ael%( v 3) me W) WyWg 1+Xe(k k1)+X1(k k)

3. Nonlinear dispersion equation

Following an approach used by Falk & Tsytovich (1975), (1)may be reduced
to a nonlinear dispersion equation by performing a statistical average (denoted
by angular brackets ()) over the pump field. The statistical average

¢ p(ky) Pp(ks)
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is non-zero only for &k, = — k,. Consequently we may write
(Pplky) §plks)) = (2m)484(ky + ky) | p|*(Ky)- (9)

Then (1)impliesthe nonlinear dispersion equation, for the daughter waves,
—-|k|2K(k)+l %|¢ [2(ky) o & (K, Ky, K, — Ky) = 0. (10)
€o (2”)4 P 17 Yeft \'Vs 1 s 1

Two different models for |¢p|%(k) allow us to treat resistive and reactive in-
stabilities using (10), as we now show.

3.1. Resistivenonlinear instabilities

I n resistive instabilities the waves may be regarded as having random phases.
A semi-classical formalism can then be justified, with the waves regarded as a
collection of quanta with energy #%w, momentum %k and occupation number
N(k), so that the energy density in the elemental range d®k/(27)% is

fiw(k) N (k) dk/ (2m)3.

Let R(k) be the ratio of electric to total energy, and let the labels P, D, etc.
denote the pump, daughter, etc. as above. Then

fiw p(k) Np(K) Bp(K)

|¢P|2(k) = €0|k|2

2nd(w — wp(k)), (11)

where negative frequencies are included implicitly through wp(— k)= —wp(k).

The daughter waves satisfy the dispersion equation K(k) = 0 with solution
o = wp(k) in the absence of the pump. Let the linear damping of the waves be
described by the absorption coefficient v (k), such that the wave energy decays

asexp[—yptk)t].For k nearly satisfying the dispersion relation for the D waves
in the absence of the pump, (1) reducesto

fie? Bp(k) (d°k, Rp(k,) Np(k,)
emiwp(k) J (27P  wp(ky)

k—k){1+x,(k—Fky)}
. 2 k—k 2Xe( 1 1 1 12
e e Ry k) P

w—owp(K)+§ypk) =

where x and «, are unit vectorsalong k and k, respectively, and where

w =, = wp(K) ~wp(k,)
isimplicit in k = k;.

Totreat nonlinear absorption processes, we replace w — w (k) on theleft-hand
side of (12)by iyp¥(k)/2, where y¥Z(k) is the nonlinear absorption coefficient,
and takethe appropriate imaginary part of thefinal combination of termsonthe
right-hand side. A resistive nonlinear instability corresponds to a negative value
of y}E(k). The two examples discussed in §4 areinduced scattering doff ions, due
totheimaginary part of y, in the numerator of (12), and the three-wave decay,
duetotheimaginary part of the denominator in (12).
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3.2. Reactive nonlinear instabilities
For strictly monochromaticwaves we may write
Pplz) = ape-ikPz+gXgikre, (13)
where k isthe wave 4-vector for the pump. Then wefind

901708) = S om0k =) = (284 + )] (14)

where Wp isthe energy density in the pump, and whereRp denotesRp(kp). For
most purposesonly the contribution from the term with k = k5 in (14) need be
retained, and then (10)with (8)reducesto

(k—kp) {1+ x:;(k—kp)}
Kk —kp)

e? WPP

— = 0. 15
€gm? a)2a)2 (13)

K(k)+

.12 [l — K2 2ed

Reactive nonlinear instabilities correspond to solutions of (14)with complex o
for real k.

The reactive instabilities of interest here are the parametric decay instability
and decay into areactive quasi-mode. These are derived by setting

Xe(k - kl) ~ 1/(k - kl)2 /\2De and X,,(k - k1) >~ = a)%i/(w = (01)2,
with|® - o,]? < wh;and |© — |2 > @, distinguishingthe two cases, respectively.

4. Effect of non-zer o bandwidths

Itis plausiblethat induced scattering off thermal ionsand decay intoareactive
quasi-mode are the resistive and reactive versions, respectively, of asingle non-
linear instability, and that the three-wave interaction and the parametric decay
instability aretheresistiveand reactive versions, respectively, for adifferent but
related nonlinear instability. I n principlethis could be confirmed by retaining
both the real and imaginary parts of the nonlinear term in (10)and solving for
the dispersion relation including both effects simultaneously. However, this
approach is complicated by thefact that the reactive versionsare derived only
in the limit of zero band-width. In this section, a ssmple model for non-zero
band-widthsis introduced and is used to establish the stated relation between
theresistiveand reactive nonlinear instabilities.

The model involvesfirst generalizing (13)to

$p(@) = ap(x) €77 +af(x) e* 7=, (16)
wherea p(z) describestheenvel ope of the pumpfield. Thenin placedf (14)wehave

821708) = B[~ + L+ ) (17)

with
LK) = f B (ap(e) ab(z — E)). (18)
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Next it isassumed that the pump waves may be regarded as having a spread in
frequenciesbut not in direction:

(k) = Ep(w) (2m)20%(K). (19)

Finally aspecificform for {,(w) is assumed. Two different forms are convenient
for analytic purposes. Theseare

2mt exp [ - (w(;;))l;)z] , (20a)
{plw) = 2”0

(0= wpl+ Go) (200)

These correspond to the temporal correlation function varying with time as
exp[ - HAw)%?] and exp[—Awl|t|], respectively. In either case, Aw may be
interpreted as the band-width of the waves. The cases (20a) and (205) are
referred to as Gaussian and Lorentzian profiles, respectively.

4.1. Three-waveinteraction

The resistive and reactive versions of the threeewave decay may be treated
together by considering an approximate dispersion equation derived from (10)
by inserting (17) and (19) and making appropriate approximations to the
susceptibilitiesin (8).For athermal distribution of particles (plasmafrequency
thermal speed V,, Debye length Ap, =V, /v,,) we have

PG’

Xao(k) = W{l—&(za)+nézaexp[—z§]} (21)
with z, = w/2}|k| ¥, and

. 272 22 &£ 1,
B(z) = 2ze—z”f dtet® ~ 22
ple) 0 11+2—1ZZ 23 1 22)

The appropriate approximations for three-wave processes are
Xelk—ky) = 1/|k—ky|22}, and y(k—k) ~ —ofi/(0—w,)?
in the numerator and, in the denominator,

1+|k— k,|27%,

K (k— kl)"(w w,)? | k—Kk;|2 A%,

[w -0, —wyk _k;)+ §iy,(k—k;)]
X [w —w+ ws(k - kl) + %z’}’s(k - kl)]r (23)

where w, and vy, denote the frequency and absorption coefficient for ion sound
waves. The poles implied by (23) occur near w—w, = + w,(k—k;). Assuming
only oned the polesisimportant, and omitting argumentsk ¥ k, for simplicity,
(10)then gives
- 1; 212 & RDRPWP K.K dw, $plwy)
w—Op+2WpF 20, €mE  Wpwh re-reele |k kp|? BF w—w, +ws+%z'ys 0,
(24)
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where we assume w, ~ wp in taking afactor 1/w% outside theintegral. For the
two cases (20a, b) theintegral in (24)gives

i¢(zi), (25a)

dw, Cp(@) — Awe,,

Fra
T w—w, F 0, + Ly, . _ 1 . , (250)
w—wP+ws+7’(Aw+%’Ys)
with
©—0pT W+ 37

2, = PAw 2 73. (26)

The resigtive version of the three-wave decay may be treated by taking the
imaginary part of the integral (25a,b), inserting thisin (24) and equating the
resulting contributionsto theimaginary part of w. The resultsfor the two cases
(25a,b) are

2

_ oy 4 b e? RDRPWP Kol2

YEHI0 = £ 9 TR 2 kK

Aw
27
(0 —wp F 0,)*+ (by,)*’ (270)

X

Av+ 47, (278)

(0—0p F )2+ (Aw+Ly,)¥
where |z, |2 > 1isassumed in (27a).
For comparison, the result from conventional weak turbulence theory, which
followsfrom (12),is

o meh Rp(K) [ d%, Bp(ky) Np(k,)
b “""?ie.,mzwl,(knkmef B opky)
[t 161 20y (K — k;) Swp (k) — wplky) Fay(k—Ky),  (28)

where the damping of the ion sound waves is neglected (y, = 0). The main
difference between (28) and (24)is in the descriptions of the pump spectrum.
These arerelated by

a3k, Rp(k,) Np(k,) RPW del
(2m)3 ‘”P(

Otherwise, one is to take the limit 'ys—>0 in (24), corresponding to neglecting
damping in (28), and hence to replacing the resonant denominator in (24) by
—ind(w - w, ¥ ,) in theintegrand, and using wi(k — k;) ~ |k —k,|2 ;2.

Two implications for the resistive version of the three-wave decay follow
from (24)with (25a, b). Oneinvolves the neglect of Im in the nonlinear (final)
term in (24):this is justified only for Imw < Aw+ }y,, and implies an upper
limit to thegrowth ratefor theresistive version. The other isthat theline profile
of the growing wavesissimilar to that of the pump, and, in particular, Av may
beinterpreted astheband-width of thegrowing waves. Thustheresistive version
appliesonly if thegrowth rate is less than about the band-width of thegrowing
waves.

Note that it is only the decay P D +s which has a negative absorption

(29)
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coefficient and so leads to aresistive instability. The other process (upper sign)
corresponds to a coalescence P+ s— D and does not cause the daughter wavesto
grow exponentially.

The reactive version of the three-wave decay may be described by (24) with
only thereal partretainedin (25a, b). For the Gaussian profile (25a), in thelimit
|z, |2 > 1 theresulting dispersion equation isidentical to that for Av = 0. Thisis

“’m fie* BpRpWp

w—w 1y W—-WpFo,+Lv)F
( D+?7D)( pt s+2 73) 2(1) eome waz

|k.kp|?|k—kp|2 =0,

(30)
with the well-known solution (for the lower sign)
< © = 3 — (37, + dvp) +H{(Ryp — $7,)% + 4c}t] (31)
wi
wIn e RDRPWP 2 9
T2 emio,w,0% [x.xp|? |k — Ky 2. (32)
Growth occurs only above the threshold
¢ > 3Yp- 1Y, (33)

Thecondition |z, |2 > 1requiresthat thegrowth rate (containedin theimaginary
part of w in (26))be much greater than the band-width Aw. A similar conclusion
followsfor the Lorentzian profile (25b); in this case iy, in (30), (31)and (33)is
replaced by ¢(Aw Tt y,).

Theresult (e.g. Thomson & Karush 1974)that anon-zero band-width decreases
the growth rate (from the value for Aw = 0) follows trivially from (31), as
modifiedfor theLorentzian profile. Thenfor Av > 4cthegrowthrate corresponds
to [Imw| ~ ¢/Aw. The new point made here is that this corresponds to the
growth rate for the resistive version, e.g. to (27b) for Aw > }y,, |0 — wp T wy).
Thus the reduced growth rate for the parametric three-wave decay found by
Thomson & Karush (1974) for Av = 0 corresponds to the resistive or weak-
turbulence version of the decay instability.

Qualitatively, the inclusion of Aw # 0 increases the threshold for thereactive

version for Av > }v,, and causes the reactive version to pass over into the
resistive version for Aw > ct.

4.2. NLD and decay into a quasi-mode
NLD, duetoinduced scattering off thermal ions, and the parametric decay into
a quasi-mode may be derived from the dispersion equation (10) with (8) by
retaining only theimaginary part of y;(k - k,) and therea part of
Xilk—ky) = —whi/(0—ow,)?,

respectively. A minor complication is that, in the former case, Re x(k—k,)
should not be neglected; its inclusion leads to a factor (1t T,/T;)% in the de-
nominator. Let usignore thisfactor for the purpose of argument and assume a
dispersion equation
RDRPWP

s
W-—-wp+3tYp+ et wph

i el — g2 [ G2 Eplon) il =) = .
(34)
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(Itis not difficultto include an interpolation factor to reproduce the factor
(1+7,.T,) for NLD, but this merely complicatesthe algebra without affecting
the argument.) For the twoforms (20a, b) theintegral in (34), with theform (21)
for the susceptibility, reducesto

i w—wp
o, -0 (45)) 50
|2ttt ={ .
I %{1_¢(w—wp+mw)} (35b)
(1)127 (l)V ?
with
P(z) = () —imbze~?, (36)
and with
@ = o} + (M), w} = 2lk—kp|? V2 (37)

Theanalysisd thiscaseissimilar tothat of the three-wave interaction. NLD
istreated by inserting theimaginary part of (85a) or {(35b) in (34)and solving it
for Imw, neglecting the rea terms. For the Gaussian case (35a) the argument
(Ww—wp)/@ is real and one may use (36) to evaluate the imaginary part. Com-
paring the cases Av = 0 and Aw + 0, one finds that the band-width of the
growing waves is determined by the Doppler spread w;,, for Av < vy, and is
determined by the band-width of the pump waves for Av < w,. The same
conclusion followsfor the Lorentzian case (35h).

For the decay into a reactive quasi-mode, the growth rate for Aw = 0 may be
found from (15)with

Xe(k_kP) =~ l/lk“kPlz’\%)w 'Xi(k_kP)| =~ w%n’/(w—wp)2 > 1.
One finds
3%
Imw = ?(20)86)*, (38)

with cdefined by (32).Thisresultisreproduced by (34)with (35a, b) provided the
imaginary part of ¢ isignored (cf. (36))and the argument of ¢ is much greater
than unity. Thisis the casefor (W —wp)? > wi (Aw)?, when the right-hand side
o (35a) or (35b) may be approximated by —w?;/(w—wp)? I n particular, this
impliesthat the result (38)appliesonly for [Imw| > Aw, w,, i.e. only when the
growth rate exceeds the band-width of the growing waves. For

Ime < max [Aw, ],

| —wp| is less than max [Aw, ;] and the reactive version (i.e. decay into a
reactive quasi-mode) is replaced by theresistive version (NLD).

5. The oscillating two-stream instability

The effect of a non-zero band-width on the oscillating two-stream instability
(OTSl)hasbeendiscussed by Thomson & Karush (1974)and by Smith, Goldstein
& Papadopoul 0s (1979). Thesetwo discussionsdifferin that in the former it was
found that the growth rate involves the statistical average over a product of
four pump fields, whereasin the latter only two pump fieldsare averaged. From
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a practical viewpoint this difference is not very important, involving only a
factor of two. Thediscussion of OTSI hereisrestricted to identifying the source
of thisinconsistency.

OTSl involvesalow-frequency fluctuation with afrequency whosereal part is
negligible. Then both the positive and negative frequency parts of ¢, (k) need
to beretained in (1), which becomes

ask,
[ R+ [0 00k, ) ot B~ )| 0

d*k,
+ [e_of(zﬂ)a. ol (b, by, oy, — k) pp(ky) ¢P(k1)] ¢p(—k)=0. (39)

One then derives a pair of coupled equations for ¢p(k) and ¢,(—K). These
equationsareof theform

[K (k) + KNZ(k ]¢D )+ 8(k) $p(— k) = 0. (40a)
[K(—k)+ ENH(— k)] g — k) +8(— k) $p(k) = 0. (40B)

The determinant of the coefficientsleads to the dispersi oneguation
{K (k) +KNL(K)Y K(=k)TKNL(-K))—S(k) S(- k) = 0. (41)

According to (8) with the approximations made here, a& (k,ky, &5, — k) in (39)
isequal to a$} (k,k,, k, — k,). It thenfollowsthat KN'-(k)KNL - k)= S(k)S(-k)
for a monochromatic pump, and (41)reducesto the familiar form for the dis-
persion equation for OTSI, i.e. to

KNL(k) KNL(—F)

BB T R(=F) O 42)

1+

in thenotation used here.

The two different dispersion equationsfor a statistically averaged pump are
effectively derived as follows. Thomson & Karush’s form correspondsto incor-
porating KNL(k) into K(k) in (41), then statistically averaging, and Smith,
Goldstein & Papadopoulos form corresponds to statistically averaging (42).
Thelatter followsfrom (41) provided

1 p —k)gpk)p —k)) = {plky) Pp(ky) Sp( - k1) $p( -, (43)
which isthe case whenever the fourth-order correlationfunction factorizesinto
second-order correlationfunctions.

It may be concluded that the effect of a non-zero band-width on OTSI is
adequately described by theresultsobtai ned by Smith, Goldstein & Papadopoul os
(1979). As for the other reactive nonlinear instabilities, the growth rate is
reduced for ¢,, <t. However, for OTS there is no recognized random phase
counterpart, owing, presumably, to the role played by the ponderomotive force
in this and other 'modulational’ instabilities (e.g. Nishikawa 1968; Goldman
1984).
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6. Discussion and conclusions

It isshown in this paper that four familiar instabilities involving Langmuir
turbulencemay be paired into reactive and resistive versionsof two instabilities.
It isapparent that this result appliesin a wider context whenever reactive and
resistive counterparts exist. The reactive counterpart is a conventional para-
metricinstability for which the band-width of the pumpis negligible. The band-
width of the growing wavesis then formally lessthan the growth rate (although
growth itself causes a frequency spread), and this band-width increases pro-
portional to that of the pump. The reactive version passesover into theresistive
version when the band-width of the growing wavesexceedsthe growth rate. The
random phase approximation can then be justified, and the weak turbulence
theory of wave-particle and wave-wave processes is appropriate. There are,
however, some reactive nonlinear instabilities which have no accepted resistive
counterpart. Theseinclude modulation instabilities, notably the oscillating two-
stream instability which involves the ponderomotive force. As the spread in
frequency isincreased above the growth rate (for zero spread) such instabilities
aresuppressed, and it could be argued that the reduced growth rate corresponds
to aresistivecounterpart of the modulational instability.
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