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Two-photon emission in X-ray pulsars
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Summary. It is suggested that the following processes may deter-
mine the spectra of X-ray pulsars such as Her X-1. (i) Non-
radiative collisional excitation of electrons to their first Landau
level, followed by radiative decay, is the only important source
of photons. (ii) These cyclotron photons are transferred through
the source by being absorbed and re-emitted (“resonant” scat-
tering) implying a mean occupation level of the electrons in their
first Landau level consistent with the population of cyclotron
photons. (iii) Non-cyclotron photons below the cyclotron fre-
quency can be produced by the re-emission process occurring
through two-photon emission, rather than single photon emis-
sion, with the sum of the two frequencies equal to the cyclotron
frequency. (iv) Non-cyclotron photons above the cyclotron fre-
quency can be produced by a related process.

Specific formulas describing the two-photon emission process
are derived and expressed in the form of an averaged emission
probability. Compound probabilities are defined for absorption
plus re-emission and for non-radiative collisional excitation plus
cyclotron emission. Interpolation formulas relate these com-
pound probabilities to the probabilities for resonant scattering
and resonant bremsstrahlung respectively.

Key words: X-rays: binaries — stars: neutron — accretion —
plasmas — radiation transfer

1. Introduction

The discovery of a cyclotron feature in the spectrum of the X-ray
pulsar Her X-1 (Triimper et al., 1978) appeared, initially, to con-
firm a prediction by Basko and Sunyaev (1975) for the presence
of such a line in the spectrum of an accreting, magnetized neutron
star. The prediction involved two arguments relating, respec-
tively, to the “non-cyclotron” and “cyclotron” photons. The
non-cyclotron photons were assumed to be generated as in an
unmagnetized X-ray source (e.g. Felten and Rees, 1972). The ulti-
mate source of these photons is bremsstrahlung, but because the
absorption per unit length xp for this process is smaller than
the corresponding quantity x, for (Thomson) scattering, the re-
sulting spectrum is below the black-body level by a factor
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(xg/x,)'"%. On the other hand the cyclotron absorption per unit
length x, is greater than k,, and hence near the cyclotron fre-
quency the spectrum should rise to the black-body level, pro-
ducing a cyclotron line in emission. This second argument has
been rejected by subsequent authors on the grounds that cyclo-
tron absorption is followed rapidly by re-emission of the photon,
and hence should be regarded as resonant scattering. For elec-
trons in their ground state, the (Thomson) scattering cross-
section formally has a divergence at the cyclotron frequency
o = Q,, and this resonance is treated by replacing the resonant
denominator w — Q, by @ — Q, + iI'/2 where I' is the decay rate
of the first excited state due to cyclotron emission (e.g. Ventura,
1979). There is also a resonance in the cross-section for brems-
strahlung and this has been treated in an analogous way (e.g.
Kirk and Mészaros, 1980). Most discussions of the formation
of the spectra of X-ray sources with cyclotron features have con-
centrated on various aspects of the transfer of radiation through
the strongly scattering source region (e.g. Bonazzola et al., 1979;
Nagel, 1980; Kaminker et al., 1983). Although the assumed ulti-
mate source of photons is usually implicit, the implication is
that all photons are generated by bremsstrahlung.

Our primary purpose in this paper and in an accompanying
paper (Kirk and Melrose, 1985; hereinafter, Paper II) is to ex-
plore the possible role of two-photon cyclotron emission in the
formation of X-ray spectra. To this end it is necessary to derive
compound expressions for resonant scattering, resonant brems-
strahlung and related processes, and also to derive the transport
equation which governs the transfer of radiation according to
these processes. We propose and discuss the following alternative
viewpoint on the origin of cyclotron and non-cyclotron photons:
the only important source of photons is non-radiative collisional
excitation of electrons to their first Landau level, with cyclo-
tron photons being produced in the subsequent radiative decay;
non-cyclotron photons are produced by a small fraction of the
resonant scattering events involving two-photon emission. A pre-
liminary discussion of these ideas has been given by Kirk, et al.
(1984), who argued that two-photon emission is a more impor-
tant source of non-cyclotron photons than is bremsstrahlung.

The distinction between “cyclotron” and “non-cyclotron”
photons is made here simply in order to facilitate the discussion.
In the transport equation itself such a distinction is unnecessary.
The role of two-photon emission envisaged here is one of ef-
fectively converting a cyclotron photon, which is absorbed by an
electron, into two non-cyclotron photons when the subsequent
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re-emission is via the two-photon process. This can produce a
spectrum of non-cyclotron photons below the cyclotron line, i.e.
at w < Q,. Non-cyclotron photons at @ > Q, can be produced
by a related process. First an electron absorbs a cyclotron photon
so that it is in its first excited state. The excited electron then
scatters a non-cyclotron photon at w < Q, with simultaneous
transition to the ground state so that the scattered photon has
frequency o' = @ + Q,. In this way it is possible in principle for
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Fig. 1. Feynman diagrams. The initial state is on the lower right, the
final state is on the upper left; a solid line with an arrow denotes an
electron with the numbers labelling the value of n; the dashed lines indi-
cate photons labelled with their frequency; the squiggly line and the circle
denote an interaction with the field of another particle. In Compton scat-
tering (a) there are significant contributions from n” =0, 1 and 2 in
general. The probability exhibits a resonance at @ = Q due to the inter-
mediate state n” = 1. In the centre of the line the intermediate state is
real in the sense that the “scattering” separates into two uncorrelated
processes, namely cyclotron absorption (b) and cyclotron emission (c).
Bremsstrahlung (d) is analogous to Compton scattering (a) with the initial
photon replaced by an interaction with the field of another particle. There
is again a resonance at @ = Q due to n” = 1. In its centre this resonance
corresponds to a real intermediate state: the collisional interaction causes
a non-radiative transition to the first excited state (e), and there is an
uncorrelated decay, usually through process (c). Non-resonant photons
may be produced by a small fraction of the decays occuring through the
two-photon process (f) or the compound scattering-decay process (g)
rather than through process (c)

the entire spectrum of non-cyclotron photons to arise through
secondary processes involving the cyclotron photons. Feynman
diagrams for all relevant processes are illustrated in Fig. 1.

We adopt a viewpoint which is qualitatively different from
that adopted by earlier authors, e.g. Herold (1979), Mészaros
and Ventura (1979), Kirk and Mészaros (1980), Nagel (1981),
who used expressions which incorporate both the resonant and
non-resonant terms. The physical distinction which we make is
between processes which involve real and virtual intermediate
electron states. There are several notable implications of the
intermediate states being real for resonant scattering and reso-
nant bremsstrahlung. First, for an intermediate state to be real,
the electron must spend a non-negligible time in it, implying a
non-negligible mean occupation number for the excited state. As
the dominant excitation and de-excitation processes are cyclo-
tron absorption and emission, respectively, the mean occupation
number for the excited state is proportional to the mean occupa-
tion number of the cyclotron photons (Melrose 1981). Second,
for a real intermediate state, the excitation and de-excitation pro-
cesses are uncorrelated. This allows us to separate the discussion
of the excitation processes, which include non-radiative colli-
sional excitation, and the de-excitation processes, which include
two-photon emission. Third, although it is not important in the
present application, it is essential to regard the intermediate state
as real to include the effects of induced or stimulated emission
correctly (Melrose, 1981). Fourth, the kinematic conditions are
different when the intermediate is real and when it is virtual.
For a real intermediate state in resonant scattering, energy must
be conserved separately in the excitation and de-excitation pro-
cesses, whereas for a virtual intermediate state energy need be
conserved only between the initial and the final states. Some of
the implications of these kinematic restrictions have been dis-
cussed by Wassermann and Salpeter (1980). In describing the
resonant processes in terms of compound probabilities we in-
clude the induced processes and the two separate energy con-
servation conditions - (expressed through the product of two
o-functions) explicitly, and we show that the usual procedure
for treating resonant denominators provides a convenient inter-
polation formula between the regimes of true scattering and
absorption emission.

In Sect. 2 general formulas relevant to these various pro-
cesses are written down and in Sect. 3 an approximate expres-
sion describing two-photon emission is derived. In Sect. 4 we
define and derive the compound probabilities, and show that the
usual procedure of treating resonant denominators provides a
convenient interpolation formula between the regime of true scat-
tering and that of the emission-absorption. In Paper II we de-
monstrate that such compound probabilities arise naturally in
the transport equation, and we discuss the relative importance
of bremsstrahlung and the two-photon process in the accretion
columns of X-ray pulsars.

2. General expressions for probabilities

We introduce the notation used here and then write down
probabilities (rates per unit time and per unit volume of k-space)
for the processes of relevance here. Most of the following results
have been written down previously by Melrose and Parle
(1983a,b) who gave further details of their derivations.
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2.1. Summary of notation

We use natural units # = ¢ = 1, except where stated otherwise,
and SI units in describing the electromagnetic field; gaussian
units are obtained by setting &, (=1/poc* before setting ¢ = 1)
equal to 1/4x.

2.1.1. Electrons

Electron (or positron) states are denoted by the sign € of the
energy (€ = 1 for electrons, € = —1 for positrons) and a set g
of quantum numbers. This set includes the principal quantum

number n=0,1,2, ... and the orbital [ =0,1,2,... and spin
0 = +1 quantum numbers, which are related by
n=1+31 +0). (1)

There is an arbitrariness in the choice of ¢, corresponding to an
arbitrariness in the choice of the spin operator which we choose
to be the z-component (i.e. the component along B) of the mag-
netic moment operator. Sokolov and Ternov (1968) referred to
this choice as “transverse polarization”. This is different from
the spin operator implicit in the use of the wave functions of
Johnson and Lippmann (1949) for example. Another quantum
number included in the set g is the z-component of momentum
p,. We choose the sign of p, by writing the plane wave func-
tions as exp[ —ie(et — p,z)]. Specifically, p, (and not —p,) is
the physical (parallel) momentum for a positron. The energy
eigenvalues are ¢, with

= (m? + p? + 2neB)'/?. )]

There is a further quantum number which depends on the
choice of coordinate axes and of the gauge for the background
magnetic field. If we choose Cartesian coordinates with the vec-
tor potential A for the magnetostatic field depending only on
x, called the “Landau gauge”, then p, is an appropriate choice
of this additional quantum number. With the plane wave func-
tion now including a factor of the form exp[ip,y], p, specifies
the center of gyration as being at x = —ep,/eB. Another con-
venient choice (Sokolov and Ternov 1968) is in cylindrical polar
coordinates with the gauge such that A is independent of the
azimuthal angle, called the “cylindrical gauge”. The relevant
quantum number is s (with n —s=0,1,2,...) which is inter-
preted as specifying the distance of the center of gyration from
the axis in units of the gyroradius. In practice we average over
the positions of the gyrocenters and the resulting expressions
then do not depend on the specific choice of this additional
quantum number. Melrose and Parle (1983b) formulated rules
for writing down probabilities averaged in this way.

2.1.2. The vertex function

A quantity which plays a central role in our theoretical devel-
opment is the vertex function [I'yf(k)]* This is obtained from
a matrix element of the Dirac matrix y* between an initial elec-
tron (€,9) and a final electron (¢, ¢'), with a wave with 3-vector

= (k cosy, k, siny, k) emitted at the vertex. The 4-tensor
notatxon has p running over 0 to 3 with signature + — — —
There are sixteen components of the 4 x 4 y-matrices for each
value of u, the sixteen components of the I'-functions correspond
to the choices e = +1, ¢ = +1, 0 = +1, ¢’ = +1. An explicit
expression for the vertex function for “transverse polarization”

is
[FS400]F = CIC, [0, {5l o+ piplit,
B P VI = plye L,
ieaBE o™ — pye I, ),
Ny -1+ Py PuJH D}
— €00, - {agi(— PV o + Pl o)
byt -1 + Pwpa™ VI 20),
lfo'b (JI i PP NI 5,),

dei(— pa VI + P Tl i)Y ] 3
with
ey + e + m) Y
C,im [—4;—— Y, @
and with

a;:; = 56’6(1 + plzpz) + aae’—e(plz + pz)

e = Ocedl — pip.) + de_ o — p.)
Mg = Oedp + p) + 000 {1 + pip.) 5)
agg=0odp. + p) — 00— 1 + pip.)
bys = dedp — p2) — 00— (1 — pip.)

d;:; = 55’:‘(1 + p/zpz) - Gée’—e(plz + pz) .

where we use the notations

p '=i_ Ppi= Pn

gt e "o+ m (6)
. .

pz._ﬁq«+82r’ p"'_efl’,+m

Pn = (2neB)'/?, = (m? + pH)'2.

The functions J;(x) have argument x = k2/2eB and are defined by
J(x) = {n/(n + )}/ exp (~$0x! LX)
= (=)Ix), (7

where L)(x) is a generalized Laguerre polynomial.

2.1.3. Waves

The response of the medium is described in terms of a response
4-tensor a**(k) or in terms of the dielectric 3-tensor K;iw,k),
which is such that K;{w,k)—¢;; is equal to minus c/w’e,
(before setting ¢ = 1) times the y = i, v = j component of a**(k).
The inhomogeneous wave equation

A‘”(k)Av(k) - _#OJ ext(k) s (8)
with
A¥(k) = k2" — K*k* + poa™(k) , ©)

has solution

A¥(k) = Dy(k) exlk) » (10)

where D*'(k) is the “photon propagator” and where J% (k) is an
arbitrary extraneous current. Here D*¥(k) is the photon prop-
agator in the medium, be it a plasma, the birefringent vacuum
or a combination of the two.

The natural wave modes correspond to poles in D**(k). Wave
modes are labelled M, M’, etc., with (i) dispersion relations w =
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W (k) (— —wy(—k)) etc, with (ii) polarization 4-vectors
eh(k) = e3f(—k) normalized by

eh(k)efruk) = —1, (1)

where * denotes complex conjugation, and with (iii) ratio R,(Kk)
of electric to total energy in the waves. For most purposes here
we assume that the waves are approximately transverse with

oy = K|, Ryk) = %

2.2. Specific probabilities

We now write down general expressions (Melrose and Parle,
1983b) for the relevant probabilities (average over the positions
of the gyrocenters where relevant).

2.2.1. Single-photon emission

The probability w), (k) that an electron in state €,q emit a
photon in the mode M with transition to a state €, 4’ is

e?Ry (k)

wi (k) = | ) et K [Tesk)]“|*2nd(ee, — €'e, — wplK)).

12)

This probability includes all the relevant crossed processes: the
signs € = +1 and € = +1 correspond to electron and positron
in the initial and final state, respectively, and absorption of the
photon corresponds to the expression (12) with k - —k,

[Fy—k]* = [l (13)
One-photon pair annihilation is included throughe = 1, = —1,
and the probability for the inverse process of one-photon pair
creation follows from (12) withe = —1,€¢' =1 and k - —k.

2.2.2. Two-photon emission

The probability w* M(k’k) that two photons are emitted in the
transition €, — €,q’ is

€* Ry (k)R (k)
e (K )y (k)|
X 2n5(eeq — ey — wp(K) — 0y (K));

UMY (1)

€g, — wy(K) — € e
[rge®)rs q"q(k)]“ i
exp| =— (k' x k),
+qzes—(oM(k)— ! P 2B(k )
+ (2/e)[I'egk + k) ]"Do,,(ku + Ky)
x o™ (ky + Kyg's — kag, — ki)
where k,, denotes (w,,(k), k) and similarly for kj,.. The final term
involving the photon propagator D*¥(k) and the quadratic re-
sponse tensor a**?(k,k’,k”) for the medium is neglected here;
its contribution for Compton scattering has been discussed by
Stoneham (1980a,b).

The crossed processes included in (14) are two-photon emis-
sion by an electron or a positron, Compton scattering by an elec-
tron or a positron and two-photon pair annihilation and creation.

In paper II we also mention double Compton scattering. The
probability for this may be obtained from the probability for

three-photon emission through a crossing symmetry. The proba-
bility for three-photon emission may be written down in a form

wyg (K, k) = le (K)ed (k)M (k,K')|?

(14a)

MP(k ) =

(14b)

271

analogous to (12) and (14). We shall not require an explicit ex-
pression for this probability.

2.2.3. Non-radiative collisional excitation by an external field
(an ion)

The probability for a transition €,q to €,q" due to a given ex-
ternal field with 4-potential 4*(k) is

d*k .
Py=e | Gy? 206ty = € = DTG50 ALK (15)
In practice we are interested in a transition due to the field of
an ion. Simple arguments suggest that for many purposes the
ion (charge Q, mass M) may be regarded as classical and unmag-
netized. Let its velocity and Lorentz factor be V and I' respec-
tively, with 4-velocity U = (I', I'V). Then we have

A(k) = Qe DH(k)U 218(kU) (16)

where x4 = (to,X,) denotes the initial conditions. The recoil of
the ion may be included by making the replacement
M

o(kU) - T OE —E— w) 17
with E = E(P) = (M? + |P)Y* E' = E(P),P=TMV and P' =
P — k. Here we shall consider only the simplest case where the
ion is at rest and its recoil is neglected. Then in the Coulomb
gauge we have A*(k) = (®(k),0) with

Q2nd(w)e™ e

o) = 4meo [k|* K (w, k)

(18)
where KX(w,k) is the longitudinal part of the dielectric tensor.
The probability per unit time w§,, of a non-radiative collisional
transition then becomes

_ ’k 2md(ee, — €'ey) ..
¥40 ™ (ans, [ Go® (kPR W) | 1T

19

2.2.4. Electron-ion bremsstrahlung

The probability p},(k) that a photon is emitted in the transition
q — ¢ in the external field is

¢ Ry(®)
&0 |0 (k)|
x 2md(ee, — €'ty — Wpelk) — )

P g’{q(k) =

a*k’
[ Gy It M0 1) 300
20)

with M*'(k,k’) given by (14). With the assumptions made above
for A*(k), the probability per unit time that a photon be emitted
becomes

¢’ Ry(k) o1
go(dmeg)? |wM(k)| f (@n )3 IeMu(k)M Ok, k)l2

d(ee, — €'ey — wpy(k))
{|k|*K*(0,k)}?

Wirok) =
(21)

2.2.5. Electron-electron collisions

The method used above may be extended to treat electron-
electron collisions. An expression for the cross-section for this
process was derived by Langer (1981). Apart from differences in
notation, Langer’s result differs from that obtained using the
present method in two notable ways. First, Langer used Johnson
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and Lippmann’s (1949) wavefunctions which correspond to
eigenfunctions of a physically obscure spin operator. As a con-
sequence only spin-averaged forms of his results are of physical
significance. The choice of spin eigenfunctions made here cor-
responds to a spin operator which commutes with the Hamil-
tonian (Sokolov and Ternov, 1968), as one requires of any
physically meaningful spin operator. In the standard represen-
tation this operator is

1= mo, + p,[o % (p + eA)],. 22)

Second, Langer ignored the effects of the medium through his
choice of photon propagator, which corresponds to D**(k) =
—g""/eok? in the present notation. Further investigation of elec-
tron scattering is in progress and will be reported elsewhere.

3. Approximate probability for two-photon emission

In this section we derive an approximate expression for the
probability of two-photon emission, and of the related process
of Compton scattering with a transition n=1ton' =0 or n=
0 to n' = 1. First, we introduce some of the approximations by
deriving the known approximate expression for one-photon
emission. We then derive the approximate probability for two-
photon emission and use a crossing symmetry to derive the
probability for Compton scattering 0 — 1’ from it.

3.1. One-photon emission

In treating one-photon emission by an electron (€ = € = 1) we
start from the probability (12) and make the following ap-
proximations:

(i) Dispersion in the medium is neglected, implying w,,(k) =
k| and R,/(k) = 3. We later sum over the two states of trans-
verse polarization.

(i) The magnetic field is “weak”, ie. eB « m? This corre-
sponds to B« B, = 4410°T = 44103 G.

(iii) The electron is non-relativistic, implying n « m?/2eB =
B./2B and p? « m2.

(iv) The photon is of “low” frequency, i.e. w « m, correspond-
ing to a photon energy « 1 MeV.

With these approximations we may set ¢,ée),¢, and €
equal to m, except where a difference between them appears
explicitly, as in the J-function in (12), and also we may ignore
0., Pu P @and p,, in comparison with unity, cf. (6). Also the
argument of the functions J9(x) is small (x « 1) so that they may
be approximated according to

(n+v)!}1/2 x"? v>0

mw={ "

n!
nl M2 xpy|/2
= {(n - Ivl)!} b

We consider only transitions from the first excited state (n =
1, I=1, 6 = —1) to the ground state (n' =0, 1'=0, ¢’ = —1)
without a spin flip (i.e. ¢ = ¢'). The 3-vector part of the vertex
function for this case may approximated by

B 1/2 )
w)(uw

v<0 (23)

rmm;-% (24)

We choose two transverse polarizations

t = (cos 6 cos i, cosOsiny, —sin ) (25a)
a = (—siny,cosy,0) (25b)
and write

B\,
M=t Tifk) = —i e cosf (26a)

2B,

B 1/2
=a-I'sfk) = v 2

M,=a m¢>(ﬁj e (26b)

The probability for emission in each polarization then reduces to

27

2 k2
wh? (k) = 2e_ |M, 276 {w —Q—kyp, + = }
g0 2m

with k, = wcos 0 and v, = p,/m here. In (27) the first quantum
correction to the cyclotron frequency is included

Q=é<b—B)
m 2B,

and only terms up to the first quantum recoil are retained in
the expansion of the argument of the J-function.

The transition rate I' from the first excited state to the ground
state is found by summing over the two states of polarization
and integrating over k-space:

d*k
I'= [ Gy (90 + w80}

For an electron at rest (p, = 0) (26) and (27) in (29), with the
quantum recoil neglected give the well known result

(28)

(29)

B
r=$0-,
B,

where o = e2/4neyhc) is the fine structure constant.

(30)

3.2. Two-photon emission

We now treat two-photon emission from the first excited state
(n=1,1= 1,0 = —1) to the ground state in a manner analogous
to the treatment of one-photon emission in part (a). Except in
the argument of the -function we set p, = 0 and ignore terms
of higher order in B/B,. The J-function in (14) may be rewritten,
fore=¢€¢=1,

e, —eg —0 — @) =

2
@+m} an

5{w+co’—§2—(k,+k’,)v,+—

2m
with k, = wcosf and k, = w’'cos @, cf. (27). From a kinematic
viewpoint two-photon emission is like one-photon emission with
the original w, k, replaced by o + o', k, + k..

3.2.1. Sum over intermediate states

The major complication in treating two-photon emission is in
performing the sum over the intermediate state ¢” in (14). In (14)
the sum over p, and over the additional quantum number (e.g.
py or s”) has already been performed, and the remaining sum
is over n”, ¢” and €”. In the transition from n = 1 to n’ = 0 there
are contributions from n” =0, 1 and 2 to lowest order in our
expansion parameters; both electron (¢” = 1) and positron (¢’ =
—1) intermediate states contribute, and both spin flip (¢” = 1)
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and non-spin-flip (¢” = — 1) transitions also contribute. Some of

the details of the evaluation of the sum are given in the Appendix.
A convenient way of presenting the result after this sum has

been performed is in terms of a probability expressed as a pola-

rization tensor. Let « and § run over t and a and o« and ' run

over t’ and a’, cf. (25a,b). The approximate probability may then

be written as the fourth-rank polarization tensor

w b (k' k) = (M) (MPFy*215 <w +o —Q

(k, + k.)?
2m )

| o'

— (k, + K)o, + (32)

The lengthy calculation summarized in the Appendix gives

. 2
MY = —{(Q—w)sin@'cose’cos0+—a,)sin0’
®

i
2m+/2eB l:

x (w'sin?0 + Qcos?0)}e™ — {(2 — w')sin O cos O cos &

20" . ., 3 o w?
+ ——sin (w sin?6 + Qcos?)}e¥’ + -sin 6 cos 0
1) Q+w

I w'?
x cos 0'e?¥ W 4+
Q+w

sin 6’ cos @’ cos fe* * 2"“"] (33a)

[(Q + w)sin@'e¥ + (Q + o’)sin fe¥’

o Wt ziw':l

—i(Q + w)sin &' cos Ge'*

i
2m+/2eB

w?sin @
Q+ o

@'?*sin@’

2iy — iy’
e +
Q+ow

(33b)

Mta‘ —

i
2m+/2eB |:

20
- i{(Q — w')sinfcos b + d

’

cos &' sin B}e“”'

e—ivj/+2i1//’:|

(33¢)

.w?*sinfcos b
Q+ o

72 o1 ’
2 iw sin 0’ cos 0
Q+w

M* = [— i(Q + w’)sin O cos O'e?’

i

2m+/2eB
20 .

—i {(Q — w)sin @' cos ' + Tfucos 0sin 9/}e"”

72 o3 4 4 243 ’
L sin 6 cos § o2 4 ;@ sin 6 cos
Q+ow : Q+ o

o2 iw'] .

(33d)

3.2.2. Sum over polarization and average over angles

If one is not interested in the polarization of the photons then
it is appropriate to sum over the states of polarization. This sum
corresponds to

Z (Maa’)(MBﬁ’)* — |Mtt'|2 + |Maa’|2 + |Mm'|2 + |Mat'|2.

poln

(34

In performing this sum considerable simplification occurs if one
also averages over the azimuthal angles ¥ and ¢’ and over the
polar angles 6 and '. In the following we quote results in which
the average over Y and Y’ and an average over forward and
backward directions have been performed; that is we neglect
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terms which vary as odd powers of cos 6 and cos 6. We write

(0]

=—, I=—=1—,
y=g V=3 y (35)

and neglect the difference w + o' — Q except in the d-function in
(32). With the average denoted by angular brackets, we have

, Q . 4y* .
M2y = o <y’2 sin%6’ cos?6’ cos?6 + % (y'?sin*8 + cos*f
m y
+ 2y'sin26 cos?0) sin?6’ + y? sin26 cos?6 cos?6’

4y'? . . .
+ %— (y2sin*0’ + cos*0’ + 2ysin6’ cos20’)sin26

1+y

y12 2
+( > sin26’ cos?0’ c0529>
1+y
Q

) ) y2 2
1 2 20 n2 20
—3<( + y)*sin?f’ + (1 + y')*sin +<1+y’>

8m
y/2 2
x sin%0 + < > sin29’>
1+y

yZ 2
+ (———) sin?0 cos?0 cos20’

<|Maa’|2>

(36b)
ta’|2 Q 2 cinlp, 2 2 qin2 2 4y,2
M| >=8W (1 + y)*sin®6'cos?0 + y*sin®6 cos?0 + —
y
yZ 2
x sin®@ cos?6’ + (—~—7> sin?fcos?0
1+y
y/Z 2
+< > sin%¢’ 00520> (36¢)
1+y

. Q . 4y? .
M2y = e <y’2 sin®¢’ cos®6’ + y—),)zcosze sin?0’ + (1 + y)?

y/2 2 yz 2
x sin®@ cos®0’ + — | sin?6’ cos?6’ + ;
14y 1+y

x sin%6 c0820'> .

(36d)

3.2.3. The averaged probability for two-photon emission

The probability for two-photon emission averaged over all angles
is obtained by averaging (36a to d) over 6 and €’ and inserting the
resulting expressions in the sum (34). Note that although we do
this we also retain the dependence on cosf and cos in the
J-function. The reason is that the Doppler and recoil terms are
important in determining the line shape, etc., but they are un-
important in determining the rate photons are emitted. Thus
we write down the averaged probability (in normal units)

) (27:)3 B\ c®  F(y
wory (K, k)Y = 0‘2<E) Eyz(l —)
x6<w+w’— Gt kg )
with
B . ¥ =y
F(y) = |y1 y)|[7{y +( )}+3{(2_y)z+(1+y)2}
y? (1—y)2> ( y? (l—y)z) ]
+4((1—}')2+ v )P Ty )TR)

(38)
A plot of the function F(y) is shown in Figure 2.
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Fig. 2. The function F(y) defined by (38) is plotted for 0 < y < 1. Kirk
et al. (1984) found that in this range the function is well approximated

by F(y) = 4[1 + y*/(1 — y) + (1 — y)*/y]

3.2.4. Compton scattering 0 — 1

The probability for Compton scattering with a transition from
the ground state to the first excited state is related to two-photon
emission by a crossing symmetry. Suppose o is the initial photon
and o' is the final photon; we require w > Q for the process to
be kinematically allowed. The probability for it is obtained from
that for two-photon emission, cf. (14), by k -» —k. In (37) this
is equivalent to replacing w and k, by —w and —k, in the argu-
ment of the é-function. Thus the probability for Compton scat-
tering (cs) 0 — 1 is

. _(27t)3 ,(B 3¢5 F(—y)
ok, k) = 25 o E: azm
)2
xé{w’—w—Q—(k;—kz)uz+@izmﬂ}
(39
100
80
S
1
w
~_ 60
>
2
401
20

0 0.2 0.4 06 08 1.0
y

Fig. 3. The function (1 — y)?F(—y) is plotted for 0 < y < 1. Note that
the function F(—y) diverges as 96/(1 — y)* for y = 1. The function also
diverges at y = 2 due to the resonance at the second harmonic w = 2Q

where k — —Kk also involves changing the sign of y in (38). The
function F(—y)(1 — y)? is plotted in Fig. 3.

4. Resonances and compound probabilities

Melrose (1981) defined compound or effective (Compton) scatter-
ing probability 0 — 0’ due to absorption 0 — 1” followed by
emission 1” — 0. Near the resonance at the cyclotron frequency
it was argued that the probability for Compton scattering over-
laps with this compound probability; a Lorentzian profile with
decay rate I identified as the inverse radiative lifetime (including
the effects of induced emission) of the excited state provides
an interpolation between the two. Here we establish this result
in a more general way and show that an analogous result
applies to the resonance at the cyclotron frequency in brems-
strahlung, with the compound probability then being for non-
radiative collisional excitation 0 — 1” and radiative decay
1" - 0.

4.1. Absorption and re-emission as resonant scattering

Consider scattering of a photon w,(k) to w,(k’) by an electron
with transition from €, q to €, q'. The probability for this is given
by (14) with k - —k, wy,(—k) = —w,(k). The probability
contains denominators in M*(k,k’) which have resonances at
eg, — wp (k') — e, = 0 and at eg, + wplk) — €”e,r = 0 with
the J-function requiring eg, + @y (k) = €'e; + wy(k'). Only the
latter of these resonances is relevant for the following discussion.
Comparison with the d-function in (12) shows that e, + @y (k) —
€'ey = 0= €'e; + wy (k') — €’¢, is the condition for a photon
wy(k) to be absorbed in the transition €,9 — €”,q” or for a
photon w,,(k’) to be emitted in the transition €’,q4" — €,q’.
In this case the state €”,q" is a real state.

Near such resonances the scattering probability diverges,
and the “scattering” should be regarded as absorption followed
by emission. The scattering probability is defined as a rate per
unit time and per unit volumes of k-space and k'-space. At the
resonance the absorption probability gives the rate per unit
time and per unit volume of k-space that photons wy(k) are
absorbed. Once the electron is in the state €”,q” it decays, say
with a total rate per unit time I';". The probability per unit
volume of k'’-space that this decay produces a photon w,,.(k’)
is given by the ratio of the emission probability w,.(K), cf. (12),
to the decay rate I'.. Hence the effective resonant scattering
probability, i.e. the rate per unit time and per unit volumes of
k-space and k’-space, is given by

TN, —K) = 3 Wit (—kwi, (K)/T5 (40)
q .
where we sum over all possible resonances.

In the immediate vicinity of a resonance the actual scattering
probability (14) (with k > —k) is dominated by the term which
exhibits the relevant resonance. Inspection of (14) shows that
for near-resonant scattering we have (Res = resonant)

e*Ryp(K)R (k) e
ReswMM(k/, —k) = Y — MM 1o (K)[Ios (k)]')?
" 7 €d|ar (K)o (k)| e [T T
X |er (k) [Tie (k)] *|*2n
« dee, — €'ey + wpk) — wpe(K))
(et, + wplk) — €"gy)?

(1)
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where we use (13). Using (12) in (40), we may write down an
interpolation formula which includes both (40) and (41) by re-
placing the denominator in (41) by a Lorentzian line profile:

€* Ry (K)R (k) »
S o QO
X Jerr,(K) [Igq (R)]**|?
al's)2
(es + wp(k) — €"e )2+ (I50/2)?
X 2nd(ee, — €6y + wplk) — wp(K)).

Res wh MK/, —k) =

42)

This effective probability interpolates between the compound
probability for absorption and re-emission in the core of the
line, and true scattering in the wings of the line. Note however
that far in the wings the terms retained in (41) cease to dominate
in the true scattering probability (14), and the full expression
(14) then needs to be used.

The expression (41) generalizes a result derived by Melrose
(1981). Note that the decay rate I'S.- in (42) is the inverse lifetime
for the excited state €”,q" to all processes.

4.2. Resonant bremsstrahlung and non-radiative collisional
excitation

The resonance in the cross-section for bremsstrahlung was
treated by Kirk and Mészaros (1980) using a non-relativistic
form of quantum electrodynamics involving the “seagull” dia-
gram. With the view-point adopted here the resonance in
bremsstrahlung corresponds to a non-radiative collisional excita-
tion (from state n = 0 to state n” = 1) followed by a one-photon
decay (from n” =1 to n’ = 0). As in the case of scattering, the
distinction between resonant bremsstrahlung and non-radiative
excitation followed by radiative decay is that the intermediate
state is virtual for bremsstrahlung and real at the resonance.
By analogy with (42), we may define a probability which inter-
polates between nearly resonant bremsstrahlung and the non-
radiative collisional excitation plus radiative decay.

Inspection of the probability (21) for bremsstrahlung, to-
gether with the expression (14) for M*'(k,k’), and of the proba-
bility (19) for non-radiative collisional excitation leads to the
following interpolation formula:

e RM(k)

Res wi (k) = leiz &) [Ig g

nF‘ /2
(58 + oy (k) — €ep)? + (Ig/2)*

2, Wirq ()J[?

(43)

Once account is taken of the differences in notation, (43) re-
produces the corresponding result of Kirk and Mészaros (1980).

4.3. Evaluation of the collision probability

For completeness let us outline the evaluation of wg., in the case
of collisional excitation 0 to 1’ for non-relativistic electrons.
In earlier derivations, e.g. Canuto and Chiu (1971), the term
K%(0,k) in (19) was not included. Here we assume it to be of the
form K*0,k) = 1 + k3/|k|?, where k5! plays the role of a Debye
length. Then making the non-relativistic approximation and
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the other approximations discussed in Sect. 3.1., one finds
B ¢ (Ze\2 1 N(FPA I INE
<, dx’ 44
Waa =50 |pz|< > (2eB)2~f X (X" + x)? “44)
with x' = k'2/2eB,
ki | (p.—p)*

o  \P: TP 4
¥~ %B " 2B 43)
and with p, = (p2 — 2eB)'/? for a transition 0 — 1’. For this
transition (without a spin flip) one finds
IIrya®)]°P = [Jox)]> = x'e™ (46)
and

(o(x))* _

d ~ e*°E|

f X % S A O(xo (o))
= Cy(xo), 47
with
E(x) = (48)
Then we find, cf. Canuto and Chiu (1971),
e’B m (Ze\? Cy(xo)

~ 49

o = S < ) (2¢B?" “

For a one-dimensional non-relativistic Maxwellian distribu-
tion of electrons interacting with various ions (charge Ze in
(49), number density n;), the rate of excitations 0 — 1’ is

dp 2
R, =Yn, f—z e P 2mTyt, 50
1 Z i (znm,]—')l /2 1’0 ( )
where the sum is over all ionic species and where T is the elec-
tron temperature in energy units.

5. Conclusions

The main results of this paper are the approximate expressions
derived in Sect. 3 for two-photon cyclotron emission, and the
compound probabilities derived in Sect. 4. These are the basic
results required for a quantitative treatment of the processes
discussed in the Introduction in formulating a theory for the
formation of the spectra in X-ray pulsars with cyclotron features.
This application is discussed in Paper II.
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Appendix
Reduction of M*(k,k’)

We wish to approximate M*'(k,k’) in (14) in the weak field
(B« B), low frequency (w,®’ « m), non-relativistic (p? « m?)
limit for transitions n = 1 to n’ = 0. The final term involving the
nonlinear response tensor in (14) is neglected. We write the two
remaining terms in M*¥(k,k’) as MP'(k, k') + M%'(k,Kk’) and note
the identity M%"(k, k') = M*(k’,k) so that only M%*(k, k’) need be
evaluated explicitly. For € = € = 1 we then have

—i(k’ Xk)z/2eB

(e, — @' + €'¢p)e
Muv ,k’ — q q 5
'k, k) Eazn (gq — (1)’)2 —m? —2n"eB — k,
x [Feg ®]rgy &)]
_y (8g + 82)(ed + m)(e, + ey + m) |72 (oMY
el de 6046 ,60
(ieiW’)"ein”(‘// _ l//r)e—i(k‘ xKk)z/2eB ) ,
X (6, — @)* —m? — 2n"eB — kI Fw (k) (A1)
q ¢4
with
oK) = Y (07800105 k)6 — ' +€'5)  (A2)

where we define the g’s by, cf. (3) and (4),

, 0' 0: 1/2 . o .
(i@ = [%*—"’)] (—ie™ ™ (e g5 ()]

(A3a)
(84 + €€ + m)

[rys ’)]”=[ iy ]m(—ie"*’)""(ie“”)"[g;ii;(k')]“.
(A3b)

We need only the space components of F**, i.e. u,v #0. A
straight-forward but lengthy calculation gives

Fiulk k) = —(= )" e V[, (T2 5(x)

x {e; — o' + kip, — m}

+ p1e” IR (X )] (Ada)
Fi (k) = —(=)"eV " PLI0 (T3 -o(x) {es — o

+Kopl —my = pie VIR (R (x)p,]  (Adb)
FRaw (& K) = (=) T0( - 1(x) &1 — @ — Kip), — m}

= PRI - 1(X)p] (Adc)
F o, K) = i(= )€ "LI0. (05— o(x) & — o

+kpl —m} = VI (X )p,] (A4
Fllp & K) = —i(=)" eV " ILI0 (0 o(x){e; —

+kpl —my o+ pre VIR (TR (x)p,]  (Ade)

Foa & K) = (=) [e IR 1()p1 I3 1(x){— (&1 — @')p;,
— kK +mp.} — e VIR ()1 (X)Parp,] (A4
F3h (b K) = (= [~ ¥p,J0(I%(x) (e, — @)pl — K,
+mpy} — eV IR0 - (X )Pup]
Fm(k,K) = —i(= )" [pre™¥I% 1 (% - () { (e, — @)
X pl = K, + mpl} + e WI% (W k- (X)pypl]
(Adh)

(Adg)

F22,.0kK) = i(=)" [pre” ¥ I2(I%(x) (e, — w)pl — ki,

+mpl} + eV IRx) g - (X )Pup2] - (A4i)
So far we have made no approximations but we have set p, = 0,
giving p, = —k, — k;, and have relabelled the state g’ by 1 where
convenient. Also p,.. denotes /2n"eB.

The following simplifying approximations are now made. The
initial square root factor in (Al) is approximated by unity, as
is the phase factor exp[—i(k’ x k),/2eB]. The denominator in
(A1) is approximated by —2m[(n" — 1)Q + '], the J-functions
are approximated as in (23) and only the leading terms in expan-
sions in x and x’ are retained. Finally ¢, in (A4) is approximated
by m + Q and corrections of order w/m or /m are neglected
otherwise.

The resulting expression for the space components p =i,
v =j of M"(k, k) is

.y 1 P . cns
Mik k)= ——— [6‘ 84{ —2wsin fe¥ — 2w’ sin B'e™
i Al }
+ (0% +i85)(0) + i55){ —Qsinfe™¥ — Qsinfe” ¥}
+ (8% + i85)(6) — i65){(Q — o')sin O’
o(Q — o)

0o Sn Ge¥} + (8 — i85)(6] + i8%)

Q- o)

o .
x {(Q — w)sin O™ sin @'’
{( )sin fe” + 01 o Snte }

+ 05(0% + ié’z){g mp (wcos 8 + 2w cos0') — Qcos 0}

i +Si j Q ’ ’
+ (6 — 152)5’3{9 T (w'cos 8

+ 2wcos ') — Qcos 0’}] . (AS)

The results (33) follow by projecting onto the vectors (25).
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