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The Zakharov equations are derived using the weak turbulence expansion with 
approximate forms of the nonlinear response tensors from kinetic theory. The 
method is used to generalize the equations to the magnetized case. The range 
of validity of the Zakharov model is discussed briefly. 

1. Introduction 

The Zakharov equations (Zakharov 1972) are used extensively in discussions 
of the evolution of Langmuir turbulence when strong turbulence effects are 
considered; see, for example, the review by Goldman (1984). The original 
derivation of the equations was based on a simplified model involving fluid 
concepts. The model leads to two equations: one of these describes the evolution 
of the envelope of the Langmuir waves with the nonlinearity included through 
a term involving a density fluctuation, and the other describes the evolution 
of the density fluctuation due to the ponderomotive force exerted by the 
Langmuir waves. This model can be modified to include various other effects 
(cf. $4 below), but the range-of validity of the model itself is not readily 
apparent. It is desirable to relate the Zakharov theory to a more general theory 
for nonlinear plasma processes, so that, for instance, the validity of the model 
may be discussed in the wider context. In particular, it is desirable to use kinetic 
theory to rederive the Zakharov equations. 

The derivation of the Zakharov equations in this paper is effectively in two 
parts. One part relies on results obtained elsewhere for relevant approximations 
to nonlinear response tensors derived using kinetic theory. The other part, 
presented in $52 and 3 below, involves an extension of a method developed in 
two earlier papers (Melrose 1986a, 1987a, hereafter called I & I1 respectively) 
on parametric instabilities. The method is generalized in $4 to include the effects 
of a magnetic field; this generalization also allows for electromagnetic effects. 
Some remarks on the validity of the Zakharov model are made in $5. 

2. Evolution of the Langmuir waves 

The first of the Zakharov equations describes the evolution of the envelope 
of the Langmuir turbulence. Let E(t ,x) = -grad $(t ,  x) be the electric field in 
the Langmuir waves, and let the envelope ~ ( t ,  x) be defined by 

E(x) = ?&E(x) exp ( - iwpt)  + c.c.), (1) 

where 'c.c.' means complex conjugate and, where convenient, x denotes t ,x  
collectively. 
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A heuristic derivation of the equation for c is as follows. The dispersion 
relation w  = up + 31kI2 V i / 2 w p  + i i y ,  for Langmuir waves implies a wave 
equation 

where yL is the absorption coefficient and where k  denotes w,  k  collectively. On 
including a density fluctuation 6ne, we write w p  + w p ( l  + Sne/2ne ), and include 
the term proportional to 6ne as a driving term. Then with the fast variation 
removed as in ( 1 ) ;  the wave equation for E may be inverted by making the 
replacement w  - wp + ia /at  and (kI2 +- V 2  to find 

The objective here is to rederive ( 2 )  in a more rigorous manner. 
The Fourier transform $ ( k )  = i k  . E(k)/lk12 of the electrostatic potential in the 

waves may be written in the form 

with 

and with &f ( k )  = & ( w T w p ,  k ) .  ( 5 )  

where the Fourier ----- transform of ( 1 )  is used. Denoting equations in I and I1 with 
the relevant prefixes, ( I .  1 )  implies 

1  
lk12 K ( k ) $ ,  ( k )  = -jdA13) Pf 

€ 0  
a d ( k y  k l j  k 2 ,  k 3 )  $ , ( k l )  $ k ( k 2 )  $ F ( k 3 ) ,  ( 6 )  

where the notation is as in I ,  with no distinction now drawn between pump and 
daughter waves. Here the waves are assumed to be longitudinal. Further 
approximations are made in assuming the form (1.8) for the effective cubic 
response, viz. 

e 0 e 2 k . k l k 2 . k 3  
a$-)) ( k ,  k l ,  k2 ,  k 3 )  = 

2 xe(k-kl ) { I  + ~ t ( k - k l  )I 
m: ww, w2w,  t - k l I  ~ + ~ ~ ( k - k , ) + ~ ~ ( t - k , ) .  (7) 

An important step is the identification of the quantity 

as the self-consistent density fluctuation. This identification was made in $ 3  of 
11. Here 6ne(k) is referred to as 'self-consistent' for the following reason: if one 
calculates the 'bare' charge density due to the quadratic response to the fields 
$+ (k ,  ) and $- ( k ,  ), then the ' self-consistent' charge density - e6ne(k) is related 
to this in the same way as the self-consistent field is related to the bare field 
for an individual charge. Henceforth 6ne(k)  is referred to as the density 
fluctuation. 

Using ( 8 ) ,  ( 6 )  simplifies to 
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The factor l / w w l  may be approximated by l / w i  and taken outside the integral, 
and then using ( 4 )  for longitudinal fields, (9) implies 

The final approximation applies for w - w,, with 

Then on inverting the Fourier transform, ( 1 0 )  reproduces ( 2 ) ,  as required, for 
the upper sign. For the lower sign one assumes w - - u p  and then (10 )  
reproduces the complex conjugate of ( 2 ) .  

3. E v o l u t i o n  of the d e n s i t y  fluctuations 
The second of the Zakharov equations describes the evolution of the density 

fluctuations and follows directly from ( 8 ) .  Let an operator 8 ( x )  be defined by 

Then on inverting the Fourier transforms, ( 8 )  implies 

where ( 4 )  has been used. 
If the low-density fluctuation has w ,  k nearly satisfying the dispersion relation 

w = Ikl v,+!jiy, for weakly damped ion sound waves, then one may make the 
approximation 

K ( k )  N- 1 - [w2 + iwy ,  - lkI2 u:]  
~ e ( k )  (1 + ~ i ( k ) )  w i t  

and hence 

Noting the time average (cf. ( I ) ) ,  

IE(x)12 = $ ( x )  . E*(x) ,  

( 1 2 )  reduces to 

which is the second of the Zakharov equations. The right-hand term in ( 1 7 )  is 
effectively the ponderomotive force. 

The approximation ( 1 4 )  applies only for JkI2hke 6 1,  w2 w i t  and T, % T i ,  
when weakly damped ion sound waves exist. More generally, the operator 8 ( x )  
should be constructed using ( 1 2 ) .  



244 D. B. Melrose 

4. Magnetized case 
The electromagnetic and magnetized cases may be treated by relaxing the 

assumption that E ( x )  is a longitudinal field, and by replacing ( 6 )  by the 
appropriate tensor equation. The relevant equation is 

A i j ( k )  E; ( k )  = 5 ' I  S$:fm ( k ,  k l .  k2.  k3  ) s t  ( k l  ) €11 ( k 2  ) E: ( k ,  ) (18)  

with 

It is assumed that E ( x )  is of the form ( 1 )  with w, replaced by a frequency w, 
which is arbitrary for the present. 

An explicit form for the effective cubic nonlinear conductivity tensor for a 
magnetized plasma follows from results derived by Melrose (1987 b )  : 

i s  e2 

S$f, f , (k,  k,, k,, k , )  E -i X ( k - k i  + x i ( k - k 1 ) )  
m: ww, 7 i j ( ~ ) 7 ~ m ( ~ 2 ) I k - k 1 1 2  K ( k - k , )  

with 

7 i j ( ~ )  = 

where the magnetic field is along the third axis and a, is the electron cyclotron 
frequency. Also, in (20)  the approximations w = w, and w, - -w2 are assumed 
except where the difference w - w, = w, + w, appears explicitly. The electro- 
magnetic case in the unmagnetized limit follows by replacing r i j  and r Z m  in 
( 2 0 )  by dij and Jim, respectively (cf. Melrose 1986b). 

It is implicit in the approximations made in deriving ( 2 0 )  that the low- 
frequency disturbance is assumed longitudinal. It may therefore be described 
in terms of a density fluctuation. I n  place of ( 8 ) ,  we have 

with, as in ( 2 0 ) ,  w, = -w, except where the difference w = w,+w, appears 
explicitly. Then, in place of ( l o ) ,  we find 

7. . (w)  
A i j ( k )  s? ( k )  = 2 IdA12) s? ( k ,  ) Sne(k2 ). 

n, 
(23)  

The generalization of the ~ a k h a r o v  equations is obtained by inverting the 
Fourier transforms in ( 2 3 )  and (22) .  Assuming w = w, in ( 2 3 ) ,  let us introduce 
the operator 

do' d 3k  2. 21 ( x )  = --exp (- iw't + i k  . X) Aii(wo + w;, k ) .  j 277 ( 2 ~ ) ~  (24)  

Then ( 2 3 )  and ( 2 2 )  imply - 7ii (00 ) 
A i j ( x )  e j ( x )  = -- e j ( x )  dne(x )  

n e 
(25)  
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and 

respectively. 
Further simplification of (25)  involves approximations to the operator /^lij(x).  

Consider, for example, an electron plasma with the cold plasma response 
supplemented by the first term in an expansion in lkI2 V i / 0 2 ,  where is the 
thermal speed : 

We have 

-curl curl ~ ( z )  + 
c2 

o2 1 30; v: 
8. aj -&-(o0) ,; 29 e j ( z ) + -  [grad div E ( Z ) ] ~  (28)  

w"o 

A result quoted by Kuznetsov (1974, equation (14) )  follows by inserting (28) in 
(25) ,  retaining only the terms up to first order in Q e / o o  and setting o, = up. 

Zakharov (1975) considered collapse near the cut-off frequencies 
w = o,, ;[Q: + 4wg]i++Qe. More generally, if the waves are assumed to be in 
any specific wave mode M, with dispersion relation o = o M ( k )  and polarization 
vector e M ( k ) ,  then one may approximate Aij (k)  for o e o M ( k )  by 

where R M ( k )  is the ratio of the electric to total energy (Melrose 1980, 1986c) 
and y M ( k )  is the absorption coefficient. The inversion of (29)  to find Aij(x) then 
simplifies near the cut-off frequencies where one may expand in powers of Ikl, 
with Jklc/o < 1 by hypothesis. The cases discussed by Zakharov (1975) may be 
treated by setting o, equal to the relevant cut-off frequency and evaluating 
&(x) in this way. 

The right-hand side of (26)  implies that the ponderomotive force is modified 
in a magnetized plasma by the appearance of rii(oo ). This modification has been 
noted previously; a particularly elegant derivation of the modified form was 
given by Cary & Kaufman (1977), cf. also Manheimer (1985). 

5. Discussion 
As indicated in $4 ,  the Zakharov equations may be modified in various ways 

to take account of electromagnetic effects, the magnetization of the plasma, etc. 
This raises the question as to the conditions under which the Zakharov model 
remains useful, that is, the conditions under which the nonlinear evolution may 
be described by two coupled equations of the Zakharov form. The derivation 
presented here allows us to answer this question. From (18) ,  which is quite 
general, we may construct two Zakharov-like equations provided that the 
equation may be split as in (22)  and (23) .  This requires that  the effective cubic 
nonlinear response tensor S:;:m(k, kl,  kz,  k , )  can be approximated by a product 
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of three functions, these being dependent on w, w, and k-  k, respectively (cf. 
(20)). This is the case provided (i) that the high-frequency wave has a high phase 
speed, so that only the leading term in an expansion in Ikl K / w  need be retained, 
(ii) that  the low-frequency disturbance is longitudinal, so that i t  may be 
described in terms of a density fluctuation 6n,, and (iii) that the low-frequency 
disturbance has a slow phase speed, so that only the leading term in an 
expansion in w / l k l K  need be retained. (This third condition follows from the 
details of the derivation of the form (20); cf. Melrose (1986b, 1987b).) 

I n  summary, the Zakharov model is justified provided that the effective cubic 
response tensor is of the form (IS), and a detailed discussion of the range of I 
validity of the model thus requires a detailed examination of the assumptions 
involved in the derivation of (18). 

I 

This paper arose out of a discussion with M. V. Goldman. 
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