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A model of a cylindrically symmetric, force-free magnetic field consisting of a
sequence of concentric layers with piecewise-constant a is used to construct
models of the surface currents on isolated, force-free magnetic flux tubes. Two
boundary conditions are considered: a current-neutralized flux tube (B¢ =0,
B, £ 0 atr >r,), and an isolated current-carrying flux tube (B, = 0, B, =0 at
r>r,). A single-amodel that iscurrent-neutralized isa reverse-field pinch, and
is unacceptable as a model for a solar flux tube. Examples of two-a models for
a current-neutralized flux tube are presented. The models of the surface
currents satisfying either boundary condition are shown to simplify con-
siderably when the surface layer is thin. A model consisting of several layers,
with piecewise-constant a, may be used to find an approximate solution for a
force-free flux tube with an arbitrarily specified current profile.

1. Introduction

Solar magnetic flux tubesare usually modelled asisolated, twisted, force-free
structures (seee.g. Bray et al. 1991). The arguments for treating flux tubes as
isolated structuresare partly observational, with flux tubesin the photosphere
appearing to act asisolated entities (seee.g. Parker 1979, p. 123), and partly
for mathematical convenience (seee.g. Priest 1982, p. 108). Twists and shears
imply a current, and theforce-free assumption, relevant to thelow-g plasmain
the corona, requires that the current density J be along the magnetic field, B.
However, the outer boundary condition on such a flux tube has been given
relatively little attention. Consider a cylindrical flux tube of radius r,. Three
different boundary conditions might be contemplated.

(a) A completely isolated flux tube such that the magnetic field is zero outside
thecylinder: B =0 at r > r,. However, thisis not possible, because, as pointed
out by Gold & Hoyle (1960), this boundary condition isincompatible with the
force-free assumption.

(b) A current-neutralized fiux tube such that there is a uniform axial field
outside the cylinder: B, = const at r = r,. This boundary condition would
apply, for example, to a model in which a twisting motion isimposed at r < r,
on a pre-existing uniform field. Such an idealized twist involves an axial current
flowing in one direction inside the cylinder and a neutralizing return current
flowing on the surface of the cylinder (seee.g. Chiuderi et al. 1980).

(c) Anisolated current-carryingfiux tube such that there isa purely azimuthal
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field outside the cylinder: B, oc 1/r at r 2 r,. This boundary condition also
requires a surface current if the interior solution has B,(r,) = O.

A more general question arisesin connection with boundary conditions (b)or
(c): can aforce-free surface current be constructed to satisfy either (b)or (c)for
any given forceffree solution at r <r,? Recently Low (1993) presented one
specific model for a surface current satisfying boundary condition (c).In this
paper we present a simple technique that enables one to construct a force-free
surface current satisfying either boundary condition in a cylinder shell of
arbitrary thickness.

The force-free condition may be written in the form g, J(x) = a(x) B(x). We
consider models in which «(r) is a piecewise-constant function of radius r. We
discuss three different uses for such constant-a models: to construct exact
solutions with one or more regions of constant a, to construct force-free surface
currents that satisfy boundary conditions (b)or (c)above for any given interior
solution, and to construct approximate solutions for any given current profile
by approximating that profile by a sequence of piecewise constant current
shells. The single-a model is well known: it is the Lundquist solution, B, =
By Ji(ar), B, = B, J,(ar), where B, isa constant and J, is a Bessel function. An
outer boundary condition is required, and either (b) or (c) can be imposed
simply. If one imposes boundary condition (b) then a solution exists with ar,
corresponding to the first non-trivial zero of J,. Thissolution isreferred toasa
reverse-field pinch, where 'reverse-field' refersto the changein sign of B, at the
first zero of .J,, which occurs at r < r,. Alternatively, if one imposes boundary
condition (c)then a solution existswith ar, corresponding to thefirst zero of J,.
There are arguments for (seee.g. Taylor 1974, 1986; Norman & Heyvaerts
1983; Heyvaerts & Priest 1984; Browning, Sakurai & Priest 1986) and against
(seee.g. Low 1985) a single-a model for solar magnetic fields. With boundary
condition (b),astrong argument against a reverse-field pinch model isthat solar
magnetic flux tubes have a non-zero magnetic flux, ®,, + 0, whereas a single-
amodel hasl = a®,,, wherel isthe axial current, and | = 0in a reverse-field
pinch would imply ®,, = 0. Here we show that one can construct two-a models
with 1 = 0 and ®,, % 0 that satisfy boundary condition (b);such models have
a=a, at r<r,, and a=a, at r, <r <r,, where the outer boundary is now
r =r,. Moreover, similar to the outer region in a two-a model, one may
construct a force-free surface region that satisfies either boundary condition (b)
or (c)for an arbitrary (non-constant-a) interior solution.

The matching condition at the boundary between the two regionsin a two-
a model also applies to the boundary between any two regions in a multi-a
model. Such a model may be used to approximate any current distribution to
arbitrary accuracy by including a sufficiently large number of constant-ashells.
The main advantage of such an approach is that it enables one to calculate,
using simple functions (Bessel functions), the magnetic field for a given force-
free current profile to any desired accuracy. This is to be compared with an
alternative approach in which a general classof cylindrically symmetric, force-
free solutions is written down in terms of a generating function f(r), with
B = —3rf’', BE=f+1rf’, f"=df /dr (Lust & Schluter 1954). The implied
current profile corresponds to a= —(F'+rf”)/4[(=irf) (FTirf’)]E, which
cannot readily beinverted tofind f. Thatis, it isnot straightforward tofind the
generating function corresponding to a given current profile. I n contrast, the
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piecewise-constant-a model providesarelatively simple way of constructing an
approximate solution for any given current profile.

I n $2we show examples of two-a models. | n $3we show how a surface layer
satisfying either boundary condition (b) or (c) may be constructed, and then
concentrate on the case where this layer is arbitrarily thin, corresponding to a
singular surface current. | n $4weillustrate how the piecewise-constant-a model
may be used to approximate some known solutions, to establish its usefulness
in constructing solutions for any other given current profile.

2. The two-a model
A static constant-a field is defined as a magnetic field that satisfies
curl B = oB. (1)

In terms of cylindrical polar co-ordinates (r,¢,z), a solution of (1) exists in
terms of Bessel functions:

By(r) = aJl(ar)+bYl(ar), 1
B,(r) = aJy(ar) + bY,(ar). |

where a and b are constants. ITn a multi-a model we have n concentric regions,
with the outer radius of the ith shell at », and with a= «, in the ith shell.
Although we are concerned with the case n = 2 in this section, it is convenient
totreat the case of arbitrary n in setting up the problem. The requirement that
B befinite at r = 0 then gives

5 {(0,304<a1r>,30%<a1r>) O<r<r),

(0,8, Ji(c; ) T b, Yy r), a, oo, r) Tb, Yy(ayr)) (1o S v <y,

withi = 2,..., n. Weseek asolution such that B iscontinuous at each r = r,. The
matching condition at » = r, reduces to

Jlagry) Ylagr)\(as) _ Jy(oey 7y)
(Jo(azm mazm)(bg)"B“(%(alrl))' @

(2)

(3)

A solution exists for
Ji(eyry)  Yi(oyry)

0, 5
o) Yolapr)| T ®)

which isalways satisfied because the zeros of different Bessel functions do not
coincide. I nthesame way, one finds that the matching condition at each r, with
i > 2isalso satisfied. Thus one may construct an arbitrary piecewise-constant-
a modd with no need for singular currents at any of the internal radii, », where
different solutions are matched.

2.1. Boundary conditions

We discuss two boundary conditions, designated as (b) and (c)above. Case (b)
corresponds to a solution with zero net current. For an n-a model the axial
current is given by

I= 2nf "drrJz(r) _ 2Ty

0 Ko

By(ry), (6)
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where Ampere’s equation has been used. The condition | = 0 then reduces to
By(r,) =0, and with (3) this becomes

ay (2, 1) +b, Yila, ) = 0. (7

Outside the cylinder thereisa uniform axial field; that is, By(r) =0, B, = const
atrz=r,.

The other boundary condition (c) requires B, =0 at r =2 r,. This can be
satisfied with a single-a model by locating the surface at r, such that ar, isthe
first zero of J,. We do not discuss this case further in this section.

2.2. Special cases

Before presenting specific two-a solutions, it is appropriate to discuss two
specia cases: the weak-current limit and the reverse-field pinch.

The weak-current limit corresponds to jec,|r, < 1 and |a,| not too large. Then
each Bessdl function may be approximated by the leading term in its power-
series expansion. As a result, By <B,, with B, % B,. I n this limit

o I(r) _{ Ili o, r® (r <ry),
B¢(T) - QT ’ 1(7') - r 22 7‘%+a2(72—r%) (rl <r< 72)'

(8)

The condition | = I(r,) = 0 then reduces to a,/a, = —r3/(ri—r}). The power-
series expansion of the Bessel functions in the outer region is valid only for
letylr, € 1, which excludes cases with r,— 7, < r;; that is, it is not valid for a
nearly singular return current on the surface of the cylinder.

In any model with axial symmetry a given magnetic field line is confined to
the surface of acylinder at constant r. Thefield lines wind around the cylinder
with a constant pitch, described by the pitch angle

tang(r) B 9
Our choiceof 19issuch that § = 0 corresponds to an untwisted, axial field line,
and 19 = {» corresponds to field lines that are circles centred on the axis. | n the
weak-current limit the pitch angle is aways small.

For larger values of », thefield in the inner region differs significantly from
the weak-current limit. I n modelswith |, |r; = 2.40,where z = 2.40corresponds
to thefirst zero of J(z), the direction of both the axial magnetic field and the
axial current reverse within the inner region. I n such models the pitch angle
increases, with 19 = 17 at thefirst zero of .J,. Such amodel becomesa reverse-field
pinchfor |«,|r, = 3.83, where z = 3.83 corresponds to thefirst non-trivial zero of
Ji(z), and then boundary condition (b) issatisfied for », = r,, that is, for asingle-
amode. A two-a model that satisfies boundary condition (b) is of interest for
Jeesfr; Not small enough for the weak-current limit to be satisfied, but with
lee,|r; < 2.40,s0 that the current neutralization is provided by the outer region,
r<r<r,

2.3. Current-neutralized two-a solutions
The procedure used here to construct models of force-free fieldsis as follows.
First, dimensionless parametersareintroduced. The magnitudeof the magnetic
fieldisarbitrary, and isfixed by setting B, = 1. The parameters a, and a, have
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Ficure 1. The solution for a, as a function of », for », = 2

the dimensions of inverse lengths, and setting |«,| = 1 fixes the scale length.
(For convenience, we choose a, to be negative, so the scale length is actually
defined by setting a, = —1.) Different models may be described in terms of
three dimensionless parameters 7, =|e,|r,, 7, = |a,|r, and &, = a,/|,|. In the
remainder of thissection the barsare omitted on these parameters. A particular
model isconstructed by choosing », and r,. Equation (4)isinverted tofind aand
bin terms of the Bessel functions, and the resulting expressionsfor aand b are
substituted into (7), which issolved numerically for a,. Thesmallest solution for
a, ischosen; if any other solution is chosen then thereisa reversal in the axial
field component 5,, asoccursin areverse-field pinch. Theassumption that there
isno reversal of the axial magnetic field in theinner region implies that a, and
a, are necessarily of opposite sign, in order that the currents in the two regions
be in opposite directions so that they can neutralize each other. The choice
a, = —1then implies that a, is positive. Once a, isfound, the full solution is
constructed.

A wide range of modelsis possible, depending on the choices of », and r,. As
noted above, r, € 1 correspondsto theweak-current limit, and for r; > 2-:40 bur
model approaches a reverse-field pinch. In figure 1 we illustrate a case with
r; = 2,in which the current is not weak and in which thereis no reversal of the
axial magnetic field. The minimum value of r, allowed in the model isr, =r,,
which is indicated in figure 1 by the dashed line. The general form of the
solution found in figure 1 may be understood as follows. I n the limit as 7, - r,
the ratio of the areas of the outer and inner regions approaches zero, and
because boundary condition (b)requires that the two regions carry equal and
opposite currents, the ratio of the current densities approaches infinity,
implying a,— oo. In this limit (r,—r,—0) the current in the outer region
corresponds to a singular return current on the surface of the flux tube. For
r,— oo the ratio of the areas approaches infinity, and hence the ratio of the
current densities approaches zero, implying a, — 0.

To complement the solution plotted in figure 1 for one specific value r, = 2,
the solution for a, is plotted as a function of r, in figure 2 for a fixed value of
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Figure 3. The pitch angle 19as a function of radius for r, =2 and r, = 2,

theratio r,/r,. The value chosen, r,/r, = 2%, corresponds to equal areasfor the
inner and outer regions. I n this case, to emphasize that a, and a, have opposite
signs, we plot a, versus a,r, = —r;. The solid line shows the dependence of &,
on r, in the model, and for comparison the dashed line shows the dependence of
a, on r, in the weak-current limit. The vertical dashed line at —2.40 indicates
the value of r, beyond which B, changes sign as the reversefield pinch
configuration is approached.

The pitch angle is plotted as afunction of radiusfor a two-a model in figure
3. The parameters chosen are r, = 2 and equal areas for the inner and outer
regions (r, = 2%r,). The pitch angle 6, which is negative because of our choice
a, = — 1, decreases with radiusfrom zero at » = 0 to a minimum at r;, and then
increases with increasing radius back to zero at »,. The pitch angle approaches
zero at r, because of our requirement that thenet current bezero: Ampere’s law
then impliesthat thefieldlines at r > r, arestraight. For other choices of 7, the
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Ficure 5. Representative magnetic field lines (a) - (ejor the two-a model of figure 3.
Each field line is followed for a twist through 4n.

form of thesolution issimilar to that illustrated in figure 3: the minimum value
of 6 decreaseswithincreasing r,,andfor r, = 2-40theminimumvalueist = —{z.
For r, > 2.40,after relabelling 6 = — 47—~ 0 = +3m, wehave § <izintheregion
2.40< r < r;, corresponding toa twist in theoppositedirection duetoareversal
in the sign of the axial magnetic field, as in a reverseffield pinch. For
comparison, a reverse-field pinch is shown in figure 4: 6 decreases with radius
from zero at r = 0to —ix at thefirst zero of J; at r = 2-40, where the axial field
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Ficure 6. Asin figure 5, but for areverse-field pinch

changes sign. The pitch angle reaches I3= 0 at » = 3:83, which is the first non-
trivial zero of J,,thisbeing the maximum radiusin a reverse-field pinch (seee.g.
Taylor 1986).

2.4. Plotsd two-a solutions

Theresults of numerical calculations of a two-« model with zero net current are
illustrated in figure 5. Representative magnetic field lines (a)—(e)are shown in
three dimensionsfor thecase witha, =—-1,r, =2and r, = 2%, (implyinga, =
1-3). Field lines are plotted as ribbons, and the other lines in the figure are to
guide theeye. The field line (a) at r = 0 isstraight, corresponding to I3= 0. As
theradiusincreases, |f| increases (13isnegative) asillustrated in (b)and (c). Each
fieldlineis plotted to the height reached after two complete rotations about the
cylinder, that is, a twist through 477. At r,, indicated by the cylinder (f), |6] has
its maximum value, which is less than 47 here owing to the choice of r, < 2.40.
For r > r,, || decreases, as shown by (d),until at r = r,, we have I3= 0 and the
outermost field lines (e) are straight.

Figure6issimilar to figure 5, but for a single-a model with zero net current,
which corresponds to a reverse-field pinch. Thefield line (a)is straight, and ||
increases with radius as shown in (b) and (c).At r = 2.40, we have B, aJ, =0,
so the field is entirely in the ¢ direction (I3= —31x), as indicated by the three
circleslabelled (d).Asthe radiusincreases from thisvalue, J, becomes negative,
and theaxial component of the magnetic field reverses its direction, as shown
by (e).A further increasein the radius causes an increasein |6 to more than 1=
owing to B, having changed sign (seefigure 4), until at »r = 3.83, which is the
first non-trivial zero of J;, the outermost field lines (f)are straight (|6] = ).

Note the qualitative difference between the two-a model (figure5),in which
the sign of B, does not change, so that the net magnetic flux is non-zero, and



Force-free flux tubes 171

the reversefield pinch (figure 6), in which the sign of B, changes at an
intermediate radius, so that the net magnetic flux is zero. (Thenet current is
zero in both models by construction.) Asa consequence, in thetwo-a model the
sense of the twist isaways the same (|8 < im), whereasin a reverse-field pinch
the sense of the twist reverses where B, passes through zero.

3. Surfacecurrents

Thesolution (3)intheregionr, <r <r, may be used to construct aforce-free
surface current for any values of B, and B, at r < r,. This surface current may
be chosen to satisfy either of our two alternative boundary conditions, and it
simplifies greatly in the limit of a thin surface.

3.1. General matching condition
On matching the solution (3)to arbitrary values of B, and B, at r = r,, onefinds

1

Balr) = Jo(agry) Yilagry) — Jy oty ry) Yolay 1q)

x{ —By(ry) BACT D ACHNED ACNIPAC?EN]

+B,(ry) [y 1) Yylayry) — Yyl 7) Jy(ay m) I} (10)
Br) !

- Jo(ay1y) Hiayry) _Jy(oyry) Yolayry)

x {_B¢(/rl) [Joloeg ) Yolap 7p) — Yooy ) Jyloep 7y)]

+B,(r)) [Joloey 7) Yy(ory 7y} — Yoloey 7) oy (os )13 (11)
One can alwaysfind a value of a, r, to satisfy either our boundary condition (b)
B,(r,) = 0 or our boundary condition (c)B,(r,) =0.

3.2. Thin surface-current layers

Considerable simplification occursif the surfacelayer isthin, r,—r, < r,, so that
le,7,| is large. The Bessel functions may then be approximated by their
asymptotic forms

2\
J(2) & (E) cos (z —Lvm —1m),

1 (12)
Y () = (%)2Sin (z—4vm—
which apply for |a,r,| » 1. The solutions (10)and (11)then reduce to
By(r) = By(r,) cos [ay(r— ;)] + B, (r,) sin [a,(r —1,)], (13)
By(r) = = By(r) sin[ay(r — )| T B,(r,) cos[ay(r —1,)]. (14)
Now imposing the boundary condition (b) B,(r,) =0 on (13)gives
Sinfa,(r,—r)]
B0 = ) i Lery )
(15)

- cos [ay(r, — 7))
Bulr) = Bur) antram el
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which requires that a,(r,—r,) satisfy

tanfa,(r,—7,)] = -1 (16)
One has B, =0, B, = const at r>r,.
Alternatively, imposing the boundary condition (c)on (14), B,(r,) = 0 gives

cos [ty (ry—7)]

P =B cos =)

(17)
sin{a,(r,—7)|
B0 = B0 gt =)
which requires that a,(r, —r,) satisfy
tanfo(r,~ )] = . (19
P\l

I'n this case one has B(r) = B,(r,) ry/r, B,= 0 at r > r,.

4. A multi-a mode

An arbitrary solution to the nonlinear force-free equation with a = a(r) can
be approximated by a multi-a model. The flux tube is modelled as n concentric
rings with a constant within each ring.

Equation (3)gives

B,_. = 0,a;5i(a; 1)+ b, Yi(o; ), a; Syl 1) + b, Yol 7)) (i <r <), (19)

with ¢=1,...,n, a,=B,, b, =0 and r,=0. Continuity at each r; yields
equations for a, and b,,,, the analogues of (4).The enclosed current at 7, is
required to fit some specified current profile. This reduces to B =f (a;r,),
thus fixing one of «, or r,.

n—a,$

4.1. Fitting procedure

The procedure used to fit an n-a approximation to a known, well-behaved
solution totheforce-free equationisasfollows. Asan example, thetest solution
is taken to be

B — (O BO r/rout BO )
test1 ’ 1 + (’r/}rout)2 ’ 1 + (7'/7‘0ut)2 ’ (20)
2
Aegy1(7) =

rout[l + (T/rout)2] ’

where r,,, isa measure of the radius of the tube. The current corresponding to
this magnetic field is

2mr B 1
1 = out” 019 — . 21
testa(7) Ha [ 1+ (r/rout)zJ 21)

Theflux tubedefined by thissolution hasinfiniteradius, soit must betruncated
at some finite radius to be used in a solar context. This is chosen to be at
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Fieure 7. (a) B, and B, asfunctions of radius: ——, B, , for a well-behaved function (cf.
(20));---, three-a approximation; ....-, ten-a approximation. (b) As (a), but for a.

rout = 1. Thisin turn sets the outer radius of the nth concentric ring in the n-o
approximation, that is, r, =r,,. The magnitude of the magnetic field is
arbitrary, so we set a, = B, = 1. With these choices and with the various
equationsfor fixing parametersdiscussed above, there are n — 1 free parameters,
in this case chosen to bether, (i=1,...,n—1).

Thefirst step in constructing the approximation isto choose a set of ,. Then,
working from theinnermost ring outwards, a, and b, arewrittenintermsof r,_,,
@, , and a,, where r,_, and «,_, are known. One then solvesfor the «; using the
condition that the current inside r, in this approximation isequal to the current
inside r, for the trial solution. Using (6)and (21)yields

_ToutBO _ 1
B, glaim) = 7, [1 1+(T/7out)2i|' (22)

K3

Once«; isfound, a, and b, are evaluated. This procedure isiterated until all the
parameters have been found. Ther, (i=1,...,n—1) are then varied to find the
beSt fItOf Bn—a.z to Btestl,z'

The solutions By, B, and a are plotted in figure 7, with the trial solution
indicated by the solid line, the three-a approximation by the dashed line and
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the ten-a: approximation by the dotted line. B,,_, 4(r,) is the same as B ;, 4(7,)
because of the constraint of equal enclosed currents at these points. Even with
only threerings, B,,_, , isagood fit. One needs more regions to produce a close
fit to the z component than for the ¢ component. Nevertheless, this example
showsthat for well-behaved functions relatively few concentricringsare needed
to give a good approximation to the trial solution.

4.2. Singular surface current

The n-a method can also be used to approximate a known solution in which the
current density diverges at theedge of thetube. Such asolution isthat used by
Low (1993), which in cylindrical polar co-ordinateswith z as the symmetry axis
gives a second choice of test solution:

Btestz = (07 %/\27‘7 Az[é(rgut—'/rz)]%) (T < rout)’
1 (23)

& = —
(R — )P

where r,, isthe outer edge of the tube and A is a constant. The corresponding
current is
TAZ®

2y

Sincea, = B, = 1, thisfixes A = (2iB,/r,,,)} and r,,, is also set equal to unity.

The procedure is essentially the same asfor a well-behaved solution, except
for the outermost ring. For all the inner rings (19)is used as before, and the
same method of solution is used to iteratively find thea, (i=1,...,n—1) and
other parameters. given aset of r, (i=1,...,n—1). I n the outermost ring the
functional formsgiven in (17)and (18)are used for B,,_, s and B,_, .. That is,

teste =

cos[a,(r,~71)]

€08 [0, (7, =754}

B"—0‘~¢(7‘) = B‘n“a,qto(rn—l) (rpy <7 <1y,

sinfa,(r, —7)] )

sin (e, (r,—7,-1)]

Bn—a,z(r) = Bn—a, ATno1)

(Pnoy ST 75)-

Once the other parameters are known, a is found by setting {,_.(r,) =
Lo o(r,). One can invert (24)to find

5 o Brecos [(4/A%r,) By sT-1)]

n
r,—7r

Ther, (i=1,...,n—1) are again varied to find the best fit of B,_, , t0 Bie,-

The solutions B, B, and a are plotted in figure 8, with the trial solution
indicated by the solid line, the three-a: approximation by the dashed line and
the ten-a approximation by the dotted line. The same qualitative remarks can
be made in this case of a divergent current density as are made for the well-
behaved solution.

These examples establish that this method of approximation works well. It
is straightforward to use it to construct piecewise-constant-a models to fit a
given current profile whose associated magnetic fields are not known.

n—1
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Ficure 8. (a) B, and B, as functions of radius: ——, B, , for a solution with a singular
surface current fcf (23)) ——~, three-a approximation ; ... .. , ten-a approximation. (b) As

(a),but for a.

5. Discussion and conclusions

I n summary, the main points made here are as follows.

(i) Flux tubes are classified here as current-neutralized if their exterior
has B, = 0, B, # 0, and isolated current-carrying if their exterior has B, =+ 0,
B,=0.

(i) A single-a model for a current-neutralized force-free flux tube involves a
reversefield pinch configuration, which has zero total magnetic flux. Such a
model is unacceptablefor a solar flux tube, which has a non-zero magnetic flux,
but may be acceptable for an astrophysical jet (seee.g. Konigl & Choudhuri
1985).

(iii) A two-a model permits current neutralization with a non-zero magnetic
flux. Several such models have been illustrated.

(iv) A single-a surface current layer may be constructed to satisfy either the
boundary conditions B¢ =0,B,%0,0r B, 0, B, =0 in the exterior region.
For athinsurface current layer the solutions aregiven in termsof trigonometric
functions (cf. (15)and (17)).
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(v) An arbitrary force-free current profile (that is, arbitrary a(r)) may be
approximated by amulti-a model involving asequence of concentric cylindrical
shells with piecewise-constant a.
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