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Uniqueness of the Alfvén singularity in a relativistic pulsar wind

Jianke Li* and D. B. Melrose

Research Centre for Theoretical Astrophysics, School of Physics, Sydney University, NSW 2006, Australia

Accepted 1994 May 13. Received 1994 May 11; in original form 1993 November 22

ABSTRACT

A splitting of the Alfvén surface in an axisymmetric wind due to relativistic effects,
suggested by Okamoto & Ardavan, does not occur. It is shown how spurious singu-
larities can arise in the theory of relativistic winds, and it is argued that only one
singularity is genuine. This singularity is shown to correspond to a matching between
the poloidal flow velocity and the poloidal component of the phase velocity of Alfvén
waves, provided that the effect of the non-zero electric field and charge density is
taken into account in deriving the dispersion relation of the Alfvén waves.
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1 INTRODUCTION

In a non-relativistic, axisymmetric, stellar wind, the Alfvén
singularity occurs where the poloidal flow velocity, v,, is
equal to the poloidal Alfvén velocity, v,,= B,/J4mo (cf.
Weber & Davis 1967; Mestel 1968), where B, is the poloidal
magnetic field and o is the density. It has been argued that,
in a wind that is relativistic, axisymmetric, gravitation-free
and cold, for example in a pulsar wind, the conventional
Alfvén singularity is split into an Alfvén singularity, which is
near the light cylinder, and a pure Alfvén singularity, which is
further away from the light cylinder (Okamoto 1978;
Ardavan 1979, and references therein). The pure Alfvén
singularity occurs at v, =v,,/y, where yis the Lorentz factor
of the flow, and v, =B,/ ,;4n,oo (po is the proper density)
acts like the ‘Alfvén’ speed similar to the non-relativistic case.
The Alfvén singularity, which Michel (1969) referred to as
the Dicke-Alfvén point, occurs at v, =(va,/YN1— oo/,
where a (cf. Section 2) may be interpreted as the angular
speed of rotation of the star, and o is the radial cylindrical
coordinate. Okamoto (1978) suggested that ‘the Alfvén
cylinder has bifurcated from the pure Alfvénic cylinder by a
relativistic effect’ In addition to these two singularities,
Ardvan (1979) argued for the existence of a third singularity
at v, = (v, /Y1~ aaw,/c’, where v, is the toroidal com-
ponent of the wind velocity. However, the suggestion that the
Alfvén singularity is split by relativistic effects is not
supported by other authors (e.g. Michel 1969; Kennel,
Fujimura & Okamoto 1983; Camenzind 1986). In particular,
Camenzind’s (1986) analysis implies that there is only one
singularity - the Alfvén singularity. Here we present two
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complementary arguments that there is indeed only one
Alfvén singularity in the presence of relativistic effects, and
we conclude that the pure Alfvén singularity is spurious and
of no physical significance.

In Section 2, we briefly summarize the arguments leading
to the suggested bifurcation of the singularity. In Section 3,
we show how some mathematical treatments of a relativistic
wind can lead to spurious singularities, and also that the pure
Alfvén singularity is spurious. In Section 4, we argue that
there is no splitting of the Alfvén wave mode due to
relativistic effects, and we show that the condition that the
poloidal flow velocity match the poloidal Alfvén velocity
defines the same Alfvén surface as the condition for the
Alfvén singularity

2 SUGGESTED ALFVEN SINGULARITIES

The original argument for the splitting of the Alfvén surface
due to relativistic effects is based on singularities that appear
in the wind equations. In summarizing the argument here, we
follow Okamoto (1978), cf. also the summaries by Mestel
(1968,1972).

By combining Maxwell’s equations and the hydrodynami-
cal equations, the properties of an axisymmetric, steady-state
wind may be expressed in terms of four integrals which are
constant along a poloidal field line. Separating the flow
velocity, v, and the magnetic field, B, into poloidal and
toroidal components, one finds

v,=kB,, (1)
v,=aa~+ kB, (2)
Ko =1, (3)

where « is a scalar function of position, and a and 7 are two
such constants of integration. In the wind theory, one can
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assume that the wind originates from the stellar surface with
a negligible initial poloidal velocity, so that to a good
approximation a is equal to the stellar surface angular
velocity. The other two constants, 8 and u, arise from the
angular momentum and energy integrals, respectively:

aB,
- ok ==L (4)
aov
‘J/(]._ (,‘2 [)=:u’ (5)

where o = o, y relates the density to the proper density.
Okamoto (1987) noted that equations (1)~(3) and the

torque integral (4) can be written in a form similar to their

non-relativistic counterparts (cf. Mestel 1968):

+4noyxam’
o8, = Pt Amoyram STOYRET. (6)
1—-4mpoyx
2
amo” + px
('U\U,=_—L2. (7)
1-4moyx

Okamoto then argued that (6) and (7) imply the existence of
the ‘pure Alfvénic singularity’ at 4woyx?= 1. He also argued
that the energy equation (5), which reduces to

(1 —(1 - ap/4nnuc’)4moyx’]
[1—4moyx’— azwz/cz]

y=u , (8)

implies the existence of the ‘Alfvénic singularity’ at
dnpyxt=1- a’a?/c2.

Before discussing the suggested relativistic splitting of the
Alfvénic surface, it is appropriate to comment briefly on the
non-relativistic formulation. In a non-relativistic wind theory
(cf. Mestel 1992), y is put equal to unity in (4), and in the
energy integral (5); then, because the leading terms in an
expansion in 1/c? cancel, one retains the next-order terms
y=1=(v)+v})/2c*+ ..., with (u—1)c? remaining finite in
the limit ¢~ co. The standard procedure involves first de-
coupling the toroidal and poloidal dynamics. Equations
(6) and (7) depend only on p (monotonically decreasing
outwards in any reasonable model) and @ Satisfaction of the
finiteness of (4) then fixes 8. In the energy integral (5), which
normally includes thermal and gravitational terms as well as
the centrifugal slingshot term, as in the stellar wind theory,
there are a singularity and two critical points. These corre-
spond to where v, equals, respectively, the poloidal Alfvénic
speed - the Alfvén singularity - and the slow and fast
magnetosonic speeds (Belcher & MacGregor 1976). (The
slow magnetosonic point is absent for a cold wind, as in the
present paper.) However, it is only the condition of smooth
flow through the magnetosonic points that actually constrains
the flow, enabling all the parameters to be fixed. The condi-
tion of non-singular behaviour at the Alfvénic point is auto-
matically satisfied (Sakurai 1985), once the finiteness of v,
and B, is ensured by the appropriate choice of 8. There is no
splitting of the singularity in the non-relativistic case: y=1
and ¢ oo imply that the pure Alfvén singularity and the
Alfvén singularity coincide.

3 SINGULARITY, GENUINE OR SPURIOUS?

In a physical theory such as a wind theory, a singularity
(mathematically, a removable singularity) is said to arise
when the solution for a physical quantity fis of the form

_A(x’ y’ ai)
f_ B(x9 Y ai) ’ <9)

and B(x, y, a;) vanishes, where A and B are arbitrary
functions of x, y and a,. Here x and y are independent
variables, and the a; (i=1, 2,...,n) are n parameters corre-
sponding to, for example, the various integral constants
of MHD pulsar wind equations. A physical quantity must
be finite, so that one requires A(x, y, a;)=0 simultaneously,
with B(x, y, a;)=0. Let x=x_, y=y, be the solution of
B(x,y, a;)=0, A(x, y, a;)=0 for x and yas functions of the a;.
Assuming that one of x or yis related to distance, this solu-
tion determines not only the location of the singular point (or
the singular surface in general), but also the values of the
physical variables at this surface in terms of the parameters
a;. Even though the value of f in (9) is not fixed at x, and y,
the equations A=0 and B=0 provide a constraint on the
parameters a;. In other words, the requirement that the
solution pass through the singular point implies that the a,
are related to the values of the physical variables at the
singular point.

We refer to a singularity, at (x,, y,), that appears in the
mathematical form (9) as genuine if A(x, y, a,) and B(x, y, a,)
have no common factor that vanishes at (x,, ¥.), and
provided that B(x, y, a,) has a simple zero there. We call a
singularity spurious when there is a common factor that
vanishes at (x,, y.) in (9). Such a common factor does not
affect the regularity of f itself at (x., y,.), which is a normal
point of f.

In the discussion of singularities in a relativistic wind, the
a; correspond to the four constants a, 3, 7 and x. We choose
as our independent variables

x=a’m?c?, (10)
10
y=4mxoyx>

All other variables can be expressed in terms of these
independent variables. At the Alfvén singularity the simul-
taneous vanishing of the denominator and numerator in (8)
determines the values x =x, and y=y, in terms of the four
constants:

1

=l—-x=""
G a 1— ap/dnnuc’

(11)

Thus this singularity is genuine. The parameters a, 8, 7 and
u are therefore constrained, because they are related to the
physical value y, at x, .

According to Okamoto (1978), the pure Alfvén singu-
larity occurs where the denominators on the right-hand sides
of (6) and (7) vanish, that is, at y=1. To show that the pure
Alfvén singularity is spurious, we use (4), (5) and (8) to re-
express the numerators in (6) and (7) in terms of our
independent variables. One finds
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aot+ o= DAEH Y1) 1)

a ya—Yy

Both numerators are proportional to 1 —y, and these factors
cancel the denominators 1 —y in (6) and (7). Thus the pure
Alfvén singularity is spurious. In fact, both @B, and o,
have genuine singularities, but these are at the Alfvén point
and are regularized by (11).

An additional argument that the pure Alfvén singularity is
of no physical significance follows by assuming the contrary,
that is, assuming the pure Alfvén singularity to be real, and
exploring the consequences of this assumption. On regulariz-
ing (6) or (7) at y=1, or at the pure Alfvén point, one obtains
— B/4n = ypanaari,. Unlike the regularization of (8) at the
Alfvén singularity, this equation does not determine f in
terms of other integral constants, because yp, is unknown,
and an additional equation is required to fix S uniquely. One
might expect (8) to provide such an additional equation, but
on substituting y=1 into (8) one obtains the same equation,
— Bl4n=ypanaar, . It follows that the assumption that the
pure Alfvén singularity is real neither defines a unique
surface in the wind, nor provides a unique relation between
the integral constants. In this sense, the pure Alfvén point is
of no physical significance.

Ardavan (1979) also argued for a critical point at
1-y—aww,/c?=0 by considering the relation between the
parameters x < y/y, ky=y and y. As the foregoing results
show, there is only one genuine singularity in y, which is at
the Alfvén point, and hence, whatever the significance of
Ardavan’s critical point, it cannot be a genuine singularity in
y. In the Appendix, we show how an infinite class of spurious
singularities can be generated, and also, as illustrative
examples, how spurious singularities can be generated at the
pure Alfvén singularity and Ardavan’s critical point, starting
from the expression (8) for y.

4 WAVE-SINGULARITY ANALOGY

The Alfvén surface in a non-relativistic wind can be
interpreted as the surface at which inwardly propagating
Alfvén waves are stationary with respect to the star, corre-
sponding to the poloidal component of the Alfvén velocity
balancing the poloidal component of the wind velocity. We
show here that in the relativistic case this condition defines a
unique ‘Alfvén surface’, and does not imply the ‘pure Alfvén
surface’. In treating the waves’ properties, the plasma is
assumed to be locally homogeneous, which is valid for wave-
lengths much smaller than the characteristic distance, ~ @,
over which the properties of the wind change. One is then
free to consider the waves in an inertial frame in which the
plasma is locally at rest; this is referred to as the local rest
frame of the plasma.

The dispersion relation for Alfvén waves in a relativistic
wind may be derived in two ways. The direct approach is to
derive the wave equation by linearizing the MHD equations
for the relativistic wind, and to seek plane-wave solutions of
the resulting equations. In the relativistic generalization, it is
important to include two additional ingredients. One is the
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displacement current: it is well known that inclusion of the
displacement current in the local rest frame of a plasma leads
to the Alfvén speed, v, = B/(4mp)"?, being replaced by
vy =v4/(1+v3/c?)V? in the dispersion relations for the MHD
modes. The other ingredient is an additional force term, o, E,
which appears in the equation of fluid motion, with the elec-
tric field, E= — v X B/c, and the charge density, o, =V-E/4xn,
both being non-zero in the wind. (In a non-relativistic wind,
both E and p. are non-zero, but they contribute only a
relativistic correction to the dispersion relation.) The deriva-
tion of the dispersion relations for the Alfvén and magneto-
sonic modes is then straightforward. The alternative way of
deriving the dispersion relations is to start from the disper-
sion relations in the local rest frame of the plasma, including
the effect of the displacement current as outlined above, and
to make a Lorentz transformation to the laboratory frame,
which is moving with velocity — v relative to the local rest
frame of the plasma. These two approaches lead to the same
dispersion relations. Here we outline the latter approach.

Let quantities in the local rest frame of the plasma be
denoted by primes, and quantities in the laboratory frame be
unprimed. The dispersion relation for Alfvén waves in the
local rest frame can be written in the form

, B"” K-BY
e f1s B ) KB
4mpo,c 4m0,

; (13)

where o, may be interpreted as the proper density of the
plasma. The Lorentz transformation leads to the following
relations between quantities in the two frames:

w'=ylo-kwv),

' |v><B|2

B?=p*— ot

, ., kB ‘B
k-B=7—y(w—k~v)v7. (14)

The dispersion relation for Alfvén waves in the laboratory
frame then reduces to

1 lv x B|?
o—kv)l|1+ B*-
y(w—kv) [ 475,0002 e

_ L |kB_ . VB
= [ yw—k-v) 02}. (15)

The condition for a standing wave, defining the Alfvén
surface, is that the poloidal component of the flow velocity
match the poloidal component of the phase velocity of
Alfvén waves. This corresponds to w=0, k-v=ko,,
k-B=kB, in (15). On writing B>=Bl+B},
v-B=v,B,+vB and so onin(15)and, using (3), after some
algebra one finds that this condition requires
dnpyx?=1- a’a?/c? It follows that the condition for a
standing Alfvén wave in the flow reproduces the condition
for the Alfvén singularity, as expected. Note that there is only
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one Alfvén mode and only one Alfvén surface defined by
this standing-wave condition.

5 DISCUSSION AND CONCLUSION

We present two arguments that there is only one Alfvén
singularity, and that it is not split by relativistic effects.

The first argument involves three steps. The first step is
to define a singularity to be (a) genuine when a physical
quantity is expressed in terms of two independent variables
(x=0a’0?/c?, y=4mpyx?) and the denominator has a zero
at a point where the numerator is not identically zero, and (b)
spurious when the numerator and denominator have a
common factor so that the vanishing of the denominator only
appears to give a singularity. The second step is to show that
the Alfvén singularity at v,=(v,,/y)V1— a’a’/ct s
genuine. The third step is to show that the ‘pure Alfvén
singularity’ at v, =wv,,/y is spurious. The argument is that,
after (8) is regularized at the Alfvén singularity, the value of 3
so determined implies that the numerators in (6) and (7)
vanish at y=1, so that the apparent singularity from the
vanishing of the denominators at y=1 does not occur
because the factors (1 — y) in the numerators and denomina-
tors cancel. A complementary argument against any rele-
vance for the pure Alfvén singularity involves assuming, on
the contrary, the singularity to be real and requiring that (6)
or (7) be non-singular at y= 1. However, regularization of (6)
or (7), even when combined with (8) at y=1, does not deter-
mine B uniquely in terms of other integral constants, and nor
does it determine a unique surface in the wind. In this sense,
the pure Alfvén singular surface does not exist, and there is
no pure Alfvén singularity.

The second argument involves determining the dispersion
relation for Alfvén waves in a relativistic wind, which
requires the inclusion of the displacement current and the
effects of the non-zero electric field and charge density in the
wind. We show that the Alfvén surface corresponds to the
surface where the poloidal flow velocity, v,, matches the
poloidal component of the phase velocity of Alfvén waves,
(0aplYNT = a7,

The derivation of the dispersion relation for Alfvén
waves given here provides an interpretation of the factor
J1—a’ar?/c? that appears in the expression for the Alfvén
surface. The Alfvén speed evaluated in the local rest frame of
the plasma is v,= B'/J4mp,, where B' is the magnitude of
the magnetic field in this frame and the proper density, o,, is
the actual density in this frame. In the Lorentz transfor-
mation from the local rest frame of the plasma to the labora-
tory frame, v, is treated as a parameter, whose numerical
value is the same in all frames. The magnetic field B and
electric field E in the laboratory frame are related to B’ by
B'?=B?—E? which gives B'>=B?+B(1~a’w?/c2). In
the non-relativistic case (here a2@?/c?~0) only the poloidal
component, B, appears in the dispersion relation for Alfvén
waves propagating in the poloidal direction, and in the
relativistic generalization this is replaced by an effective
poloidal componentB,1 — a’@’/c’, found by evaluating B’
for B,=0. Thus the factor {1 — a’@*/c* may be attributed to
the appropriate magnetic field in the definition of the Alfvén
speed being the Lorentz invariant quantity B’, rather than the
actual magnetic field in the laboratory frame.
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APPENDIX A

Spurious singularities can arise when the numerator on the
right-hand side of (9) is a function of f. To explore the effects
of such a dependence, we note that for an arbitrary function
C(x, y, a;) one has

A(X, Y ai)+ C(-x’ s ai)f A(x’ Y ai)

= . Al
B(x,y,a)+C(x,y,a;) B(x,y,a,) (A1)

Using (A1), one may rewrite (9) in the form

=D(x’ yyf; ai)
E(x’ )’> ai) ’

D(x,y,f,a)=A(x,y,a)+C(x,y,a) f,
E(X,y, ai)=B(x9Y> ai)+C(x7y7 ai)' (A2)

Since C(x, y, a;) is an arbitrary function, by choosing
different functions C(x, y, a;) and setting E(x, y, a;)=0, one
can apparently generate an infinite number of singularities.
For a specific choice of C(x, y, a), let E(x, y, a,)=0 imply
that a singularity occurs at the point x =x, #x_, y=y, #y..
Now consider the value of D(x, y, f, a;) at this point. Combin-
ing the two expressions (9) and (A2) for f, one finds

A(a9 y9 ai>E(x) y9 ai)
B(xa Y ai)

D(x, y’f’ ai)=

— A('x9y’ ai)E(x’y’ ai) (A3)
E(x,y,a)=C(x,y,a)

It follows that in (A3), with C(x, y, a;)# 0, the numerator
D(x, y, f, a;) vanishes whenever the denominator E(x, y, a;)
vanishes. The numerator and denominator share a common
factor, namely E(x, y, a;) itself, and it follows that all these
new singularities are spurious.

Two relevant examples involve generating spurious
singularities at the pure Alfvén point (at 1—y=0) and at
Ardavan’s additional critical point (at 1-y—a@w,/c?=0)
by starting from (8) and using (A1) and (A2). To rearrange
(8) in a form such that the denominator is the same as in (6)
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and (7) involves choosing f=y and C=a’a?/c? in (A2).
The numerator can be rearranged to give

_Md Yyt e

- (A4)

By construction, the pure Alfvén singularity at y=1 is
spurious. In the same way, by choosing f=y and C=
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a’w?/c?— aaw,/c? in (A2), and rearranging the resulting
numerator using (5), one derives an expression

—y—aawv/c

Again by construction the singularity at 1 —y —aaow,/c*=0
is spurious. Similarly, one may generate spurious singularities
starting from (6) and (7).
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