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ABSTRACT

The natural modes of a relativistic, dense pair plasma streaming along field lines
consist of electrostatic transverse waves (the subluminal branch of the ordinary mode)
and purely transverse waves (the extraordinary mode). In the case of a strong, uniform
magnetic field, the beam-plasma instability can occur only for longitudinal waves
propagating along the field lines. It is shown that, when curvature drift is included, a
beam-plasma instability of the ‘hydrodynamic’ type can occur for electrostatic
transverse waves. Possible applications to pulsar radio emission are discussed. It is
shown that the instability for longitudinal waves propagating along the field lines can
be suppressed by curvature drift when the Lorentz factor of the beam particles is
large. This upper limit on the Lorentz factor for instability to occur is derived.

Key words: instabilities — plasmas - radiation mechanisms: non-thermal - pulsars:
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1 INTRODUCTION

Despite several decades of investigations, there is no con-
sensus on the specific radiation mechanism that is involved
in pulsar radio emission. It is widely accepted that the emis-
sion must involve some form of instability, but there are
numerous possible instabilities, and opinions vary as to
which is the most favourable. In this paper we consider only
instabilities that occur well within the pulsar magnetosphere,
specifically excluding processes near and outside the light
cylinder. With this restriction, the cyclotron frequencies of
electrons and positrons are well above the radio range, and
processes involving cyclotron resonances are not relevant.
Even with this restriction there are three broad classes of
instabilities and a large number of specific instabilities that
have been discussed in the literature. The broad classes
include (i) the old idea of a bunching instability and an
antenna emission process (Sturrock 1971; Sturrock, Petro-
sian & Turk 1975; Ruderman & Sutherland 1975), (ii) maser
emission processes (Zheleznyakov & Shaposhnikov 1979;
Chugunov & Shaposhnikov 1988; Luo & Melrose 1992b,
hereafter LM; Luo 1993a), in which the dispersion pro-
perties of the ambient plasma are unimportant (the refractive
index n is approximated by unity), and (iii) instabilities in a
dense pair plasma, in which the dispersive properties of the
ambient plasma play a central role (with n#1). Every in-
stability requires a source of free energy, for which there is a
variety of possibilities, including (a) streaming of a very ener-
getic (primary) beam through a pair plasma (Ruderman &

Sutherland 1975); (b) relative streaming of electrons and
positrons (Cheng & Ruderman 1977); (c) inhomogeneities in
the plasma, including both faster particles from a following
bunch overtaking slower particles from a preceding bunch
(Usov 1987) and boundary effects (Asseo, Pellat & Sol 1983,
hereafter APS; Larroche & Pellat 1987); (d) inhomogeneities
in the magnetic field, due to curvature and torsion of field
lines (Blandford 1975; Luo 1993a), and (e) drift of particles
across the field lines (LM, and references therein).

In this paper we are concerned with instabilities that
involve curvature of the fields and associated drift across the
field lines (‘curvature drift’). In principle these effects can
lead to instabilities both of the maser type, with n=1, and of
the ‘hydrodynamic’ type, in which plasma dispersion is essen-
tial. It was pointed out by Zheleznyakov & Shaposhnikov
(1979) that a maser-type instability is possible when curva-
ture drift is taken into account (cf. also Chugunov &
Shaposhnikov 1988; Luo & Melrose 1992a; LM). No maser
action is possible when curvature drift is neglected (Bland-
ford 1975; Melrose 1978; Machabeli 1991). It follows that
no maser action is possible in the formal limit of an infinite
magnetic field (B~ ), due to the drift velocity (v41/B)
vanishing in this limit. A hydrodynamic instability can
develop as a result of curvature drift, as discussed in detail
below. One expects the hydrodynamic and maser instabilities
to be related, in the sense that they are opposite limiting
cases of a single more general instability (Melrose 1986), and
on the basis of this one would expect the hydrodynamic
instability to vanish in the limit B— . In contrast, Beskin,
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Gurevich & Istomin (1988, hereafter BGI) claimed that such
an instability can occur in the limit B— %, and their claim
has led to controversy (Nambu 1989; Machabeli 1991; BGI).

The paper is organized as follows. In Section 2, some pro-
perties of the pair plasma of a pulsar magnetosphere are
summarized. In Section 3, we show that an instability of
‘hydrodynamic’ type, driven by curvature drift, can occur for
electrostatic transverse waves (the subluminal branch of the
ordinary mode) in a dense pair plasma with an energetic
beam. The limiting case B— = is also discussed. It is shown
that, in the infinite magnetic field limit, as in the case dis-
cussed by BGI, an instability cannot develop. In Section 4, it

is shown that the usual hydrodynamic instability (as in

uniformly magnetized plasma) for Langmuir waves pro-
pagating along field lines can be suppressed by the curvature
drift effect if the Lorentz factor of the particle beam is large.
In Section 5, the instability theory developed in Section 3 is
applied to radio pulsars. Conclusions and a discussion are
presented in Section 6.

2 WAVE MODES IN A PULSAR
MAGNETOSPHERIC PLASMA

2.1 Magnetospheric plasma

Magnetospheric models that feature a dense outflowing pair
plasma (e.g. Arons 1981) appear plausible. Such a pair
plasma, which is penetrated by the primary beam, is rela-
tivistic and strongly magnetized. In the following discussion
the pair plasma is also called the background plasma (as
opposed to the beam). To describe such a beam—plasma (the
background and primary beam) system, one may use either
the laboratory frame that is associated with the star or the
comoving frame in which the background plasma is at rest. In
the laboratory frame the background plasma has a typical
Lorentz factor of about y,=102-10° while the Lorentz
factor of the beam particles can be as high as y, =107 (e.g.
Ruderman & Sutherland 1975; Arons 1981). Specific values
of both y, and y, are model-dependent. Nevertheless, in the
cold plasma approximation, one can assume the following
equipartition condition: N, y, = N, y, in the laboratory frame,
where N, and N, are the particle densities of the background
(pair) and beam plasmas, respectively.

In reality, due to the broad distribution of parallel
momenta, the energy of the pair plasma also has a broad dis-
tribution. For convenience, one usually introduces a dimen-
sionless momentum p, = yv,,/c, where y is the Lorentz factor
and v, is the parallel (to the magnetic field line) velocity.
When curvature drift is ignored, p,, can be related to the
Lorentz factor by y>~1+p2. Let f(p,) be the distribution
of parallel momenta for the pair plasma. As pointed
out by Arons (1981), f(p,) features a power law with
index < —1.5, followed by a plateau extending up to
pp*=10°-10%. The lower cut-off of the distribution is
py™=10-50. Outside the interval [pm™, pm] the distribution
drops off exponentially. Normally, due to the presence of the
primary beam and the neutrality of the whole beam—plasma
system, the distributions of electrons and positrons are not
the same and are shifted relative to each other (Cheng &
Ruderman 1977). For a beam~plasma instability (due to such
a relative motion) to occur the parallel momentum spread is
required to be much smaller than the mean difference
between the momenta of each species. Because of the large

momentum dispersion (e.g. Arons 1981), this condition may
not be satisfied and the instability due to the relative motion
can be suppressed. In the following discussion, we assume
that such a distribution difference is negligible.

2.2 Wave modes

In plasma theory, the wave modes (the waves that can be sup-
ported in the plasma) are determined in terms of the
response tensor. In the linear theory, the response tensor
describes the response of a plasma to a perturbation field. In
general, the response tensor for such a plasma is exceedingly
cumbersome (Melrose & Stoneham 1977; Kirk 1980;
Melrose 1980), and in practice simplifications must be made.
One simplification made here is to neglect cyclotron effects.
Another simplification is to neglect the vacuum polarization
contribution. Let ¢ =10"%-1 be the fraction of the cross-cap
potential drop contained in the total potential drop deve-
loped along the magnetic field line near the surface of the
star (the lowest value corresponds to the Crab pulsar). The
criterion for neglecting the vacuum polarization effect can
then be conveniently written (Arons & Barnard 1986)
e(r/R.)> (as/457n)(B/B.)?, where r is the distance to the
star, R, is the light cylinder distance, a;= e?/4me fic=1/137
is the fine-structure constant and B, = m2c?/efi=4.4x10° T
is the critical magnetic field. This criterion is assumed to be
satisfied.

To describe the wave properties of the pair plasma, the
field lines are assumed to be locally circular, and hence it is
convenient to use cylindrical coordinates (g, 7, z), in which
the coordinate axis e, is along the field line, e, is normal to
the plane of the field line and e,= e, X e,. The three com-
ponents of the wave vector k are represented by k,, k, and
k,, respectively. The wave properties are determined by
wave equations that include the current of the linear
response to the perturbed field. In the case of a weak
inhomogeneity, the perturbed field is given by
E(x,t)=&(x,t)exp[—i(wt— k- x)], where &(x,t) depends
weakly on x and ¢ (cf. Appendix A). Let A be the charac-
teristic wavelength and Rj be the radius of curvature of the
field lines. In the pulsar magnetosphere, one can assume that
A /Ry is small. On neglecting the terms of order A /Ry, and
assuming | k,/k| < | k,/k|, the dispersion equations are given
by

1-nr%=0 (1)
and
(K =n%,) (K, —nZ)—(n2,—K,, =0 (2)

(Lominadze et al. 1986; Asseo, Pellat & Sol 1990), with
n*=k%c?|w? (k=k/|k|), ni,=kic*/w? ni,=kk,c?/w?
and n% =k2c?/w% The response tensor components are
represented by K, K,, and K, respectively. The full
expression for the response tensor including curvature drift
can be derived by the method first proposed by Kazbegi et al.
(1989), i.e. it is assumed that w/wgy K 1, where wyz=eB/m,
is the non-relativistic gyrofrequency, and the perturbation is
introduced along the field line. The only transverse per-
turbed motion is along = e, via the drift angle 6, which is in
turn determined by the parallel motion. Thus K,, and K,
are smaller than K, by at least a factor of 6. In a magneto-
spheric model that consists of a background pair plasma and
a beam, the beam is usually assumed to be less dense than the

© Royal Astronomical Society * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/cgi-bin/nph-bib_query?1994MNRAS.268..159L&amp;db_key=AST

2 VNRAS. 268 ZI50TL T

rt

background plasma (but more energetic), so that the wave
dispersion is dominated by the response tensor of the back-
ground. Curvature drift is important only when the Lorentz
factor satisfies the condition

y2A00,> 1 (3)

(LM), where A@ is the angular range of k with respect to the
field line. In the case relevant to pulsar radio emission, one
assumes AG<1. In (3), 6;=v4/v, is the drift angle, where
v,=v2y/wyRy is the drift velocity (Luo & Melrose 1992a).
For the pair plasma (as opposed to the beam) in a pulsar
magnetosphere, condition (3) is not satisfied and curvature
drift can be neglected in determining the wave properties.
Thus, in determining the wave modes, one can use the
approximation K, ~ K, ,~ 0, and K, is given by

2
o Bow _9f(py)
K, =1+—% |dp, —%———%, 4
(27 w2jp¢w_kwv¢ ap(p ( )
where o, is the non-relativistic plasma frequency of the pair

plasma. We assume that the electrons and positrons have the
same distribution f(p,,).

In analogy to the magnetoionic theory, the waves
described by (1) and (2) may be identified as the extra-
ordinary and ordinary modes, respectively. The extra-
ordinary waves are transverse waves with an electric field
vector in the e, direction. These waves have a vacuum-like
dispersion relation. This is expected because at any instant
the particles move perpendicular to e, and do not interact
with the electric field of waves in that direction.

The ordinary-mode waves described by (2) can be clas-
sified as superluminal waves, whose phase speed exceeds c,
and subluminal waves, with phase speeds less than c. For
superluminal waves the Cerenkov resonance condition can-
not be satisfied, and wave damping or growth by this reson-
ance interaction mechanism is not possible. Thus any
damping or growth of this type of wave must involve higher
order interaction (e.g. scattering processes) between particles
and waves. The case of single-particle motion in a super-
luminal wave was discussed by Rowe (1992). In the following
discussion we only consider subluminal waves. Since these
waves have an electric vector in the e,—e, plane and usually
have an electric field component along k, we will simply call
them electrostatic transverse waves (they are also called
Alfvén waves or modified Alfvén waves; cf. Arons &
Barnard 1986).

For the subluminal waves, the dispersion equation (2)
gives

k2C2 )

2 2 2 z

w =k,c (1— , (5)
! 8(y) w,

(r)= J dp,vf (6)

(Machabeli 1991), provided that the conditions

L=yt =) ) 7)
k,c
and
W 2
4<y)(—2) >1 (8)
w
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are satisfied. Condition (7) is valid provided that the refrac-
tive index approaches unity for small angles 6. Condition (8)
requires that the Lorentz factor of the pair plasma be not too
small and that the pair plasma be sufficiently dense.

When the Lorentz factor of the pair plasma is relatively
large, the condition

%y52<|1—n¢|<<<y-3>1/2(%) (9)

can be satisfied. For waves with a refractive index close to
unity, one has the condition

0>y ), (10)

Inequality (9) also implies

%y0-2<<<y-3>1/2(%), (11)

which reduces to (8), i.e. o < 2(y)!"?w,. With conditions (10)
and (8), one has the dispersion equation

2w
1=n= = a B ) (12)
with n, = k,c /w. Condition (10) requires that n, satisfy
2 2_(0!22 =3
ni> = (y75) (13)

For the case relevant to pulsars, we also require n2 < 1. When
there is no curvature drift effect, the waves described by the
dispersion equation (12) cannot be excited. Since y, <y,
and |1-n,|>yy?/2>y;?/2, the resonance condition
w —k, % =0 (with % the beam-particle velocity along the
field line) cannot be satisfied without curvature drift.

From equations (2) and (5), when k is along the magnetic
field line, the electrostatic transverse waves split into two
types. The first type is tranverse, with a refractive index equal
to unity and the electric field in the e, direction. In this case,
superposition of polarization in the e, and e, directions
(the latter is determined by equation 1) can result in circular
or elliptical polarization. The second type of wave is a
Langmuir wave, which is discussed in Section 4.

3 INSTABILITY DRIVEN BY CURVATURE
DRIFT

Earlier investigations of possible instabilities of the
beam-plasma system in a pulsar magnetosphere were mainly
based on the assumption that the pair plasma is uniformly
magnetized (for a review see Lominadze et al. 1986). In a
model in which the pair plasma is taken as a uniformly mag-
netized plasma and the cyclotron effect is neglected, the only
possible instability is that for longitudinal waves (propagating
along the field lines). When curvature drift is included, how-
ever, instability for the electrostatic transverse waves
described by (5) and (12) can occur. Moreover, instability for
longitudinal waves propagating along B is suppressed if the
Lorentz factor of the beam is too large.
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3.1 Amplified electrostatic transverse waves

In most pulsar magnetospheric models, the Lorentz factor
of the primary particle beam is large (as large as y=105;
eg. Ruderman & Sutherland 1975; Arons 1981) and
(3) can easily be satisfied. Curvature drift can therefore
play an important role in the beam-plasma interaction in the
sense that it can change the wave absorption properties. In
this section we consider the beam-plasma instability driven
by curvature drift. The response tensor can be written as
K,,=1-AK% —AK' , K,,=—AK®, and K,=1-AK?",
where AK?Y  and AKY (with i,j= ¢,z) represent the com-
ponents of the main plasma and the beam, respectively. Con-
sider the case of a cold beam. For subluminal waves, then,
w <k, c,and when |1 —n,| <1 one has

2
wyY
AKb, =—"3, 14
AT (14a)
Kb, =20 14b
M el av)
22
wy,O4m
AKY,=—""F 14
RO (14c)

(Kazbegi et al. 1989; Luo 1993b), where near the resonance
[1-n,=~ 606y; see (15)] one has n=1— 63y2+ 6,0y2 (with y,
the Lorentz factor of the beam particles), 8, =v,4/c~ 6, and
Q,=w—k,c(l1-y~?/2-63/2)- k,v,. In the presence of
curvature drift and when (3) is satisfied, the terms 63y and
66,y} in (14a~c) can be important to the beam—plasma inter-
action.

Before estimating the growth rate, one first examines the
resonance condition and specifies the angle at which the
instability occurs. The resonance condition Q,=0 can be
rewritten as

2.2

ngnz _

A Hing(ys i+ 63)= 0,0m,=0, (15)
Q@

provided that (7) and (8) are satisfied. In the straight field line
case, the Cerenkov condition can be satisfied simply by
equating the velocity of the particles to the parallel phase
velocity of the waves, where it is assumed that the particles
move along the field lines. When the particles move along the
drift orbit, the curvature drift term appears in the Cerenkov
condition (15). Consider two cases: (a) | k,|/k~|6,|, vi?,
and (b) | k,|/k>>|6,|, y; . In case (a), the resonance con-
dition can be satisfied for either k,v,>0 or kv,<0, with
nyni/AK?, + 6,6n,>0. One can show that the growth rate
is negligible. In case (b), one may consider that 63 and y; 2
are of the same order of magnitude and n2n2/AK?% > 63,
vy 2. To satisfy the resonance condition, one must have
6460 <0 to cancel the term nZn?/AK?, . One then has

2
9, ~ —odAK;¢=—80dyp(%). (16)

Thus the instability occurs at an angle |6,|>>|6,|. As a
numerical example, for w,=5x10" s7!, @=3x10'"'s7"!,
7,=10? and 6,~3x 1075, one has 6,~ —0.07 which is
much larger than the drift angle. The higher the frequency,

the closer to the field line direction the instability occurs.
This result is consistent with that derived in the rarefied
plasma case, in which the maser emission is operative only at
an angle much larger than the drift angle (LM).

To estimate the growth rate, one rewrites the frequency as
o +Aw, with Aw the frequency shift due to the presence of
the beam. Here it is assumed that | Aw| << . For illustrative
purposes it is also assumed that the background plasma is
cold with a Lorenz factor of y,. The growth rate of the waves
is then

T,=2|ImAw]. (17)

The beam contributes significantly to the dispersion equa-
tion (2) only when Q,=Aw, ie. when the beam particles
have velocities satisfying the Cerenkov resonance condition.
From (2) and (14a—c), using Q, = Aw, the growth rate is esti-
mated to be

1/2
Ty=20,| 6] (-;f) (%) (18)
b

provided that k,v,<0 and | 64]>1/y,. For |6,|<1/y,, one
finds that the growth rate is smaller than (18) by a factor of
| 647,| <1. Fig. 1 shows the dependence on k of the growth
rate I',. The numerical calculation is based on finding the
imaginary roots of the dispersion equation (2), including the
contribution from an energetic beam of positrons. The figure
displays a resonant feature, which corresponds to the
Cerenkov resonance condition ,=0. The curve is plotted
with y,=10% y,=10% ,=5x10" s7!, w/w2=10"*
k,/k=-0.08, wz=10"s~! and R;=10°m. With these
parameters, from (18), the growth rate is estimated to be
~5x 103, which is consistent with the numerical calculation
given in Fig. 1.

Based on the full dispersion relation (Luo 1993b), the
growth rates are calculated for different k,/k. The results are
listed in Table 1, which shows that the growth rate is not
sensitive to the value of k, as long as k, is not too large. This
implies that the wave amplification is determined only by the
angle between the electric field vector and the field line
plane. This is expected since the mechanism is a result of
curvature drift, which is always in the direction perpendi-

10 N A . e e
95 10 105 11 115 12 125 13

k (cm1)

Figure 1. A plot of growth rate as a function of k for
[1—n,|<y42/2. The beam consists of positrons (6,>0). The
curve displays a resonance at k= 9.58 cm ™!, which corresponds to
the Cerenkov resonance condition Q, = 0.
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Table 1. The growth rates for different k, (cm~!). The growth
rates are derived with y,=10°% y,=10% @,=10"s7},
wi/wi=1073, k [k=-01, k=028 cm™!, w,=10""s"! and
Ry=10*m.

Er (cm™1) 0 1073 10~2 107!

Ta (s™')  6.89 x10% 6.89 x10% 7.92x10% 0.926 x10°

cular to the field line plane, and the resonance condition is
dependent on 6 rather than on the azimuthal angle ¢ of k.
This result is correct only when the field line is locally
circular and B=| B is treated as being locally constant.

When the Lorentz factor of the background plasma is
large, the dispersion equation for the electrostatic transverse
waves reduces to (12). Following an argument similar to that
leading to (16), by assuming | k,/k|>>|6,], y; !, one finds
that the instability occurs at the angle defined by

21/3 o 2/3 0
0= ———— [ |5 (19)
)’p| A w [64]

This angle has a weaker dependence on frequency than does
(16). For a positron beam, the instability occurs at an angle
6,<0, with | 6,|> 6,>0. For an electron beam, one has
6, <0 and the instability occurs at an angle 6,> 0. For either
an electron beam or a positron beam, the growth rate is esti-
mated to be

1/3
r=2 -2 (%- |04l'%, (20)
yp)’b @

provided that | 6,|> 1/y,. For | 4| <1/y,, the growth rate is
smaller than (20) by | 6| y,/4<1. Fig. 2 shows a plot of
growth rate as a function of wavenumber k with y,=10°,
7,=10% 0, =10" s7", w}/w2=1073 k,/k=—0.1, k, [k=0,
wp=10"s"! and Rz=10*m. As an example we assume
that the beam is composed of positrons, §,> 0. Here both T,
and 6, are less dependent on the frequency w than they are
in(16)and (18).

3.2 The infinite magnetic field limit

From the preceding discussion, instability is not possible in
the infinite magnetic field limit. When B— o the curvature
drift disappears and the growth rates (18) and (20) vanish.
This is consistent with the maser theory presented by LM,
and is also consistent with the results given by APS. BGI,
however, proposed a theory of curvature maser emission
based on the assumption that wave amplification can occur
for a plasma in a curved field line under a strong field limit
driven by intrinsic field line curvature. The growth rate
found by BGI appears to be inconsistent with the results
found here. In LM, and in Section 3.1, it is shown that for the
cases of both rarefied and dense plasma the existence of
instability relies on the curvature drift, with the presence of
free energy in the form of an inverted particle distribution
also being essential. In the infinitely strong magnetic field
limit, the curvature drift vanishes and there is no transverse
motion. The response tensor has only a parallel component
K, since the particles only slide along the magnetic field

Beam-plasma instability 163

0 05 1 15 2
k (cmh)

Figure 2. A plot of growth rate versus k for [1-n,|>y;2/2. The
Cerenkov resonance condition corresponds to k= 0.28 cm ™.

lines. BGI's model based on this assumption led them to con-
clude that, even for a wave vector parallel to the field line
direction, the electric field of the electrostatic transverse
waves (they called them curvature plasma waves) has a non-
zero component along the field line and that wave excitation
in this case is possible. BGI's result appears to contradict
what one may expect from the familiar case of curvature
emission, in which the beaming approximation (obtained by
assuming that the time-scale of the interaction between par-
ticles and waves is small compared with 1/wg, where
wg=c|Ry) is used. From the curvature emission formula
(Luo 1993b), when k is along the field line (without twisting)
and there is no curvature drift, there is no radiation with an
electric field perpendicular to the field line plane. Thus it is
hardly conceivable that, for particles streaming homogene-
ously along circular field lines, waves with an electric field
perpendicular to the field line plane can be excited by a
perturbation of the particle motion along the field line.
Machabeli (1991) showed that in this case the lowest order
interaction (via Cerenkov resonance) between the particle
and the waves with the electric field being perpendicular to
the field line is ineffective and wave amplification is not
possible (Blandford 1975; Melrose 1978). ,

BGI's model appears to be inconsistent with the standard
geometrical optics approximation (see Appendix A), as
pointed out by Nambu (1989). The geometrical optics
approximation is appropriate when the wavelength is small
compared with the characteristic lengthscale of the inhomo-
geneity. The response tensor can be approximated by
K=Kk, w, x, t)+ K}k, o, x, t), where K'}) is the 1 /R,
correction (cf. equations A2 and A12). The first term K0k,
o, x, t) can be derived in the local approximation (Krall &
Trivelpiece 1973, p. 425), i.c. by assuming that the perturbed
field and distribution vary locally as exp[—i(w? — k- x)], with
the amplitudes being treated as being locally constant. Only
using this assumption can one obtain the dispersion relation
in the general form given by equations (1) and (2). From
(A14) and (A15a-c), the growth or damping is determined
by K, and the A /R correction only changes the ray trajec-
tory.

Finally, in BGI's model it appears that there is no free
energy source, whereas one is needed to sustain any in-
stability. In the maser theory presented by LM and Luo
(1993a), the source of free energy corresponds to the
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requirement of an effective inversion of the particle popula-
tion in the form df(y)/dy > 0. In the beam-plasma instability
the free energy is supplied by the kinetic energy of the beam
particles, and is transformed into wave energy via the reson-
ance interaction. In BGI's model, there is no beam and no
requirement for an effective inversion of the particle popula-
tion.

4 CURVATURE DRIFT EFFECT ON
LANGMUIR WAVE INSTABILITY

The dispersion relation (2) allows the existence of Langmuir
waves propagating in the field line direction provided that
the curvature drift for the background plasma is negligible,
| 8| < 1. The dispersion equation for this type of wave can
be approximated by

1-AK?,=0, (21)

where AKP =1-K,, is given by (4) with 6=0. It is well
known that, for straight field lines, an instability can develop

for Langmuir waves with |1 —n| <1, due to the Cerenkov

resonance interaction of the beam particles and waves
(Egorenkov, Lominadze & Mamradze 1983). One interest-
ing question is how the curvature drift modifies such an
instability when the Lorentz factor of the beam particles is
large. Before going into a detailed discussion, consider the
Langmuir wave instability in the case of straight field lines.

For straight field lines, the dispersion relation modified by
a beam with Q, = Aw (the beam particles are approximately
in resonance with the waves) reads

A
1-AKP ———=0, 22
(22 ( A w)Z ( )
with
w2
A==, (23)
Y
where AK?, , the relevant contribution from the dense pair
plasma, is given by
2 3
w 4Awly”)
AK? =4 2P - , 24
Q@ k‘Zp C2 (<Y> kq,C < )

provided that |Aw/k,c| < 1. When the second of the terms
within the brackets on the right-hand side of (24) is
neglected, (22) gives

-4

1-AK®,"
Since A given by (23) is always positive and | AK?,,|>> 1, the
instability can occur with a growth rate given by

Wy k C
r,=2| 2| (26)
(wp) ya )"

(Egorenkov et al. 1983). When the second of the terms
within the brackets on the right-hand side of (24) is
important, one finds the growth rate

31 (wb) k,c
r,="— 2| = 27)
2 wp 7b(73>]/3

Aw? (25)

(Egorenkov et al. 1983). When curvature drift is taken into
account, and when the beam particles have a large Lorentz
factor, the instability described by (26) and (27) tends to be
suppressed, either due to a significant contribution to the dis-
persion from the off-diagonal curvature drift terms in (2) or
because (23), after modification by a curvature drift term,
can be negative. The condition for the instability to be com-
pletely suppressed in the latter case can be derived as fol-
lows. When curvature drift is important, and since in (14a)
n=1-—6%yZ, A in(23) may be modified as

(=)

w
A=73<1 —y203), (28)

which can be negative for y262> 1. Thus the condition for
positive A is that the Lorentz factor must satisfy y263<1,
which can be rewritten as

B \'"2[ R 12
<2.3%x10° —E | . 2
Vo (10“ T) (104m (29)

Equation (29) then imposes an upper limit on y, of the beam
for the instability to occur. For some pulsar magnetospheric
models with a large Lorentz factor for the beam particles (e.g.
Beskin, Gurevich & Istomin 1983) the instabilities described
by (26) and (27) may not develop and can be completely sup-
pressed by curvature drift. For electrostatic waves with
k=ke,, the electric field vector is in the e, direction and
instability can occur when the velocities of the particles of
the fast component (beam) of the plasma satisfy the Ceren-
kov resonance condition. In the one-dimensional case, in the
wave frame, this instability is attributed to the fast particles
(with velocities approximately equal to the Cerenkov reson-
ance) bunching around the stationary phase point. When the
Lorentz factor of the particles of the beam is large, the curva-
ture drift velocity (across the field line) is also large and the
particles cannot fully interact with waves before they drift
out of the interaction region. The actual value of the upper
limit is explicitly dependent on the distance from the stellar
surface. For a dipolar field, the radius of curvature is about
Rp22(rc/Q)V2, with Q the angular velocity of the neutron
star. From (29) one then finds that the instability can occur
only at an altitude lower than

P 1/5 B 2/5 106 4/5
<89x105|—| |—==| |=| m, 30
r<89 (1 s) (10*‘1“ wl ™ (30

where P and B, are the period and the surface magnetic field
of a pulsar. For Ruderman & Sutherland’s (1975) model, in
which B;=108 T and P=1 s, the instability can occur only
within the distance r<8.9 X 10° m. For the Crab pulsar, for
which P=33 ms and B,=10* T, this distance is estimated to
be r<10* m. Thus there is a serious constraint on the applic-
ability of an emission model that relies on a longitudinal
wave instability produced by an energetic beam.

5 APPLICATION TO RADIO PULSARS

The essential feature of the coherent theory developed here
is that it requires an energetic beam. The minimum Lorentz
factor required for curvature drift to play a role in the
wave-plasma interaction is y,=1/| ,A6,]'2>1/] 64]'2. In
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practice, since the contribution to the plasma dispersion
from the beam is proportional to 66,2, to obtain a sufficient
growth rate (cf. equations 14a—c) the Lorentz factor of the
beam particles needs to satisfy y>> y.. The smallest value of
y. is about 10% Hence the energetic beam can be identified
as the primary beam or another charge-separated beam that
is accelerated in the gap (e.g. Arons 1981). In most presently
available gap models, such as Arons’s (1981) slot gap model,
the energy of the beam particles acquired from the gap accel-
eration is more than enough to account for the radio emis-
sion. This is because the energy invested in radio emission is
always a small fraction of the overall energy budget
(Manchester & Taylor 1977).

The most important constraints on any proposed in-
stability mechanism for pulsar radio emission are that the
plasma instability occurs well within the light cylinder, and
that the mechanism can at least qualitatively explain the main
features of observed spectra and polarization. Since the
actual value of the growth rate is dependent on the details of
the plasma conditions, which are not well understood, here
only the necessary condition for the instability to develop is
considered. This condition corresponds to the e-folding dis-
tance of the growth being much smaller than the distance to
the light cylinder. In this paper, although no attempt is made
to give a complete radio emission model, it is suggested that
due to curvature drift the instability for electrostatic trans-
verse waves can occur well within the light cylinder, and that
this may be responsible for the pulsar radio emission. The
growth rates given by (18) and (20) can be rewritten as

N, R, \"'[ B |\
r,~10* > £
: (10”’m‘3) (105m) (10“T)

-1
y ) -
X(T(;ﬁ) (10‘°s“) s (31)
and
N 2/3 R -1/3
.= 2/3 b B
a 78(26> (1016 m—3) (105 m)
B\~ -2/3 o -1
x(m“T) (1%’) TS R 32)

where an energy equipartition between the beam and
the background plasma y,N,~y,N, is assumed, and
where 0 =N,/N,=y,/y,. For B=10*T, Rz=10°m,
N,=10*m™3 9, =10° 6 =10° and w=10'" s~ !, using (31)
or (32), one has T,/Q>T,/wz>1 (with Rz<R;), which
implies that in principle the instability can occur within the
light cylinder (the e-folding distance is about 3 X 10% m,
whereas for a typical pulsar the distance to the light cylinder
is about R; ~ 107 m). To obtain a large enough growth rate
one must use large N,. To compare with the growth rate of
the curvature maser emission, one may rewrite the growth
rate (18) as Faz2\/§(a')3/w)(Wp/ W,.) vpwg, which is much
larger than the growth rate T,~(1/4m)(@p/w)( W,/ W,) g
found in LM for the larger negative absorption peak (at
0=+ A@,) in the maser emission case. In contrast to the
maser emission mechanism (LM), therefore, the ‘hydro-
dynamic’ instability discussed here does not seem to exclude
millisecond pulsars with B~ 10* T.

Beam-~-plasma instability 165

The emission mechanism discussed here is narrow-band,
as expected since the instability is due to a resonant inter-
action. The intrinsically narrow-band emission may result in
broad-band emission, as observed, if there is (a) broadening
due to variation in the density along the altitude, or (b)
broadening due to variation in the density in the direction
perpendicular to the rotation axis. In the former case, since
the plasma streaming is along the field lines and the magnetic
field B decreases as the distance to the star increases accord-
ing to B~ r~3 for a dipolar field, the plasma density falls in
the same way as the magnetic field. The resonance condition
is sensitive to the plasma density, which strongly depends, as
r~3, on the distance from the surface of the star, and is also
sensitive to the radius of curvature. The broad-band
observed emission can be attributed to radiation from dif-
ferent sources at different altitudes. The broadening due to
variation in the density in the direction perpendicular to the
rotation axis was discussed by APS.

An instability occurs for waves propagating at a small
angle to the field line. The angle can be estimated by (16) or
(19). Fig. 3 shows how the growth rate depends on the angle
6. The angular width (the so-called ‘perpendicular wave-
number window’) within which the instability has a sig-
nificant growth rate (corresponding to the half-peak width) is
about a few per cent of a degree.

The frequency of the amplified electrostatic transverse
waves has upper and lower cut-off frequencies. The upper
cut-off frequency is given by © K w,,,=2(y)"?w,, (cf. equa-
tion 8). The lower cut-off frequency w,,, can be derived by
applying the condition | 8| <1 to (16) (the instability occurs
at a small angle to the field line). Using | 6|~| 64| AK?,, <1,
one has ©> 0, = 2|6,/ w,y}* The upper and lower cut-
off frequencies depend explicitly on both the density and the
radius of curvature; hence they depend on the location of the
emission zone. As the altitude increases, w,,, and @, shift
towards lower frequencies, which implies that a source
region at a lower altitude generates higher frequency radia-
tion. This is consistent with the overall radius-frequency
map obtained from observations (Blaskiewicz, Cordes &
Wasserman 1991) using the relation of pulse width to fre-
quency. The pulse width depends on the geometry of the
field lines and on the detailed emission mechanism. If one
assumes that radiation is generated in the region confined to
the diverging cone of the dipolar field lines, the angular

I, (x10°s™)

0.09 0.1 011 012 013 014 0I5

0 (radian)

Figure 3. The growth rate as a function of viewing angle 6 (in
radians). In the figure, w,=10"" s~', ¥,=10% N,/N,=10773
R;=10*m and k=0.3 cm™'. The energetic beam is composed of
electrons.
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spread at a given radial distance r from the surface is given
by 6,~(3/2)(Qr/c)"/%. The observed angular width d,, varies
with frequency w approximately as d, < w” (Manchester &
Taylor 1977; Smith 1991), where p ranges from —0.2 to
—0.5. If p=-0.25, one can infer the relation re« o =05,
Since the resonances depend on both frequency and the
angle 6, one cannot specify a particular frequency. Neverthe-
less, one can estimate the radius-to-w,,,, (o1 w,,;,) mapping
from the point of view of the emission mechanism itself. For
the upper cut-off frequency, w,,,, ~ r~ %2, one has ro @057,
Here a dipolar field is assumed and hence the plasma density
falls off in the same way as the magnetic field as the altitude
increases (since the plasma flows along the field lines). If one
takes w ~ w.,,, the scaling of the emission radius with fre-
quency is much stronger than r« @ ~%5. When the back-
ground plasma is relatively energetic, the dispersion equation
(12) is appropriate, and its lower cut-off frequency is given
by

2

2 Wi =357 O, 33
W= Opip yg/Zl od I]/2 P ( )

Assuming a dipolar field and the constant y,, for © ~ w,
the emission radius scales with frequency as w =36, which
agrees with observation (Blaskiewicz et al. 1991).

The mechanism discussed here is predominantly linearly
polarized. Let E, and E, be the perturbed electric fields
along the @- and z-components, respectively. From the wave
equation, since AK? >>1, one has

E,
E,

_Inln,

1. (34)
AKT,

This corresponds to linear polarization with an electric field
approximately perpendicular to the projection of the field
line on the plane of the sky. This can provide a natural
explanation of the position angle swing in observed pulses.
One may define the position angle in the same way as for
curvature emission, i.e. one can define the position angle in
terms of the projected magnetic field line. The mechanism of
electrostatic transverse wave instability itself cannot provide
circular polarization. To account for the circular polarization
observed in some pulsars, one must appeal to other mech-
anisms that take into account, for example, the effect of
cyclotron resonance (Kazbegi, Machabeli & Melikidze 1991)
or the effect of the birefringence of the background plasma
(cf. Melrose & Stoneham 1977; Melrose 1979).

6 CONCLUSIONS AND DISCUSSION

In this paper we consider instabilities in a model pulsar mag-
netosphere in which the plasma is composed of a highly
relativistic (7,2 10°) beam moving through a relativistic
(v, =102-103) pair plasma. Emphasis is placed on the role of
curvature drift, v, = c?y,/wyRp, which is an essential ingre-
dient of maser curvature emission. The main results of the
investigation presented in this paper are as follows.

(i) The drift velocity of the primary beam can lead to a
hydrodynamic-type instability of the so-called electrostatic
transverse waves. Since the electrostatic transverse waves
have an electromagnetic component, the waves can be
excited and radiate directly. The maximum growth rate for
the electrostatic transverse waves considered here occurs at
an angle to the field line | 0|>>| 6, |, whereas in the case of

the electrostatic instability discussed by APS the maximum
growth rate occurs in the field line direction, at 8 = 0.

(ii) This instability does not exist in the limit B~ <, seem-
ingly conflicting with the results of BGI, who found in-
stability in this limit. The crucial point of the theory
discussed here is the curvature drift effect. In the limit B— o,
there is no curvature drift and the growth rates (18) and (20)
are zero.

(iii) This curvature drift effect tends to suppress in-
stability of Langmuir waves due to the primary beam.
Shaposhnikov (1981) studied the possible amplification of
Langmuir waves by the curvature drift mechanism and sug-
gested that curvature drift, under certain conditions, can
enhance the Langmuir instability. In his treatment, the
plasma dispersion was not taken into account. Kazbegi,
Machabeli & Melikidze (1986) re-examined this problem by
considering particles moving along circular field lines with-
out curvature drift. They suggested that the intrinsic curva-
ture cannot lead to significant enhancement of the instability.
Kazbegi et al’s (1986) result did not include curvature drift
and, as a consequence, is inconclusive as to whether curva-
ture drift is effective in driving the Langmuir wave instability.

(iv) The emission mechanism discussed here is narrow-
band. A broad-band spectrum can be obtained by assuming
that the radiation is generated at different locations along the
field line. A broad-band spectrum can also result from varia-
tion in the plasma density in the direction transverse to the
rotation axis (for a detailed discussion, see APS).

(v) The lower and upper cut-off frequencies explicitly
depend on the plasma density and the radius of curvature,
and hence depend on the altitude. This implies a
radius-frequency relation, with the higher frequency radia-
tion generated at a lower altitude and the lower frequency
radiation at a higher altitude, which is consistent with obser-
vation. The growth rate is proportional to the radial distance
to the star. As the altitude increases the growth rate also
increases. This suggests that the intensity will increase with
decreasing frequency.

(vi) The emission mechanism itself produces linear polar-
ization. The plasma instability theory presented here is in the
linear regime. As a result of instability, large-amplitude
waves can be produced. There is a critical value of the wave
amplitude, above which the variation of the zeroth-order
orbit of the particles becomes important and the energy
transfer between the beam particles and the waves becomes
oscillatory. A theory including non-linear effects is beyond
the scope of this paper and is not discussed any further here.
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APPENDIX A: GEOMETRICAL OPTICS
APPROXIMATION

Al Induced current

For a weakly non-stationary and inhomogeneous plasma the
induced current is given by

Ji{x, 1) =de'J dr

Xolx—x, 1=t Yx+x), e+ E(x, 1) (Al)
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(Bernstein & Friedland 1983; Manheimer & Lashmore-
Davies 1989, p. 279), where the first pair of variables gives
the spatial and temporal dispersion dependences, and the
second pair represents the weak dependence on the mean
position and time variables due to the non-stationarity and
inhomogeneity of the plasma. Let & be any scalar charac-
terizing the background plasma, such as density, tempera-
ture, etc. & is said to be ‘slowly varying’ when the fractional
change in & at a local wavelength 2n/k or local frequency
2n/w is small. Setting #=x—x" and 7=¢—¢, the con-
ductivity tensor o can be expanded as

oylx—x', 1=t x+x'), e +1)]

=oyn, x—n/2,t—1/2)

a1 L. 0 9} )

‘-nz=:0 n! ( i) x ZTat 0[1’(']7 T, X, t)' (A2)
For a non-stationary and inhomogeneous plasma, we con-
sider the eikonal approximation

E(x, t)=&(x, t) expliy(x, 1)),

where &(x, t) is a function that weakly depends on x and ¢
and y(x, £) is a real function. A Taylor expansion yields

ok
p(x, )=y -k ntottin P

Jdw Jdw
1 27" +...
YR (A3)
and
Sle-mi-1)=8x -1 2—1% 4 (Ad)
ox ot

where the wave vector and frequency are defined by
k=0 /dx and w= —0y/0¢, which are slowly varying func-
tions of x and . The wave equation is given by

1IE_
VX(VXE)+——5+u, —=0. A5
(VXE)+ 5 S5+ S (3)
Introduce ') by writing
oWk, w; x, 1)

=J %’nl)f o1, 7 x, 1) expli{ oz — k- 7p)]. (A6)

The wave equation (A15) becomes

2 .
{1+C—2 (kk— k*T) +—— o(m}ef
w Eg

2

— kX (VX E) 4V X (ik X 8)]+ 5 [0, 8+ (iw#)]
w w

~—L[3(0-&) - iwo-&]=0, (A7)

Eg
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where 0,=0/0¢ and V = 0/0x, and where o'}’ is defined by

: (0) : (0) (0) (0)
ol=-Ly. (a""") +% a,(a"’"') _0my 9%,y

2 ok dw ok, 1 dw
(A8)
The electric field is
E=80+&0+ (A9)

where &) and higher order terms are corrections due to
non-stationarity and inhomogeneity.

A2 The wave kinetic equation

In order to determine which part of the permittivity is
responsible for the dissipation of energy, one may start from
the generalized dispersion relation

J'dx'Jdt’Ag[x— X, =13 (x+x), 31+ E(x', )=0,
(A10)

where A ; is assumed to be a slowly varying function of x and
t. For uniform plasma the equation, after Fourier transform-
ing, reduces to

Ak, )&k, 0)=0, (A11)
with

Ay=(k2cw?) (k- 6,)+ K,

where 12i=ki/k, and K;=0;+(i/eow) 0} is the equivalent

dielectric tensor. Similarly to equation (A3), one has

Ajlx—x, e =13 3(x+x),3(e+ ) =Ay(n, , x— /2,1 —7/2)
° 1 d d\”
="§OE (—%ﬂ'a—%ra—t) Ayi(n, 75 x, 1) (A12)

We also introduce A ;(k, w; x, t) by
Ak, o; x, 1)

=Jd”df A1, 7 %, 1) explilwr— k- ). (A13)
Qa)y N

In the following discussion, the hermitian and antihermitian
parts are denoted by A}l and A%, respectively. Substituting

 dw_ _ (0A;/3k)ele;

equations (A9), (A12) and (A13) into the wave equation
(A10), and multiplying it by &*(x,t)exp[—iy(x, )], one
obtains

______ N(x, k, 1)=—T(k) N(x, k, 1), (A14)

where N, V and I are defined by

1 . 0A;
N=—-§&7¢ —L, Al5
4t B0 (Al5a)

ETEONY Ok
= - 21900410k Al
&E78,0A dw (A15b)

* A
Ty = — 28 6]

- . AlS

&16,0A7 0w (Al5c)
According to Bernstein & Friedland (1983), writing
0'9= g+ ¢" and assuming o™ < 0*, one has

2 .
A= ai,+% (K.k; —kzaij)+i(l—) o (A16)
(A14)is then the wave kinetic equation, and N in (A15a) may
be identified as the occupation number of wave quanta
(Coppi, Rosenbluth & Sudan 1969; Manheimer &
Lashmore-Davies 1989; Nambu 1989). The absorption
coefficient I' is given by

I'(k)=—2iwRete A? (A17)
i

i
where R is the ratio of electric to total wave energy (Melrose
1980) defined by

1
= Al8
we; A} [dw (A18)
with e=&1/|&"|. The velocity (A15b) can be interpreted
as the group velocity in view of the following relation:

ok (dALjow)ere,’ (A19)

From equation (A14), growth or damping of the waves is
determined by (A15¢c)-(A16), which can be derived by local
approximation (Krall & Trivelpiece 1973, p. 425).
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