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ABSTRACT

Field line geometric effects on curvature emission and absorption are explored in
detail. In particular, we consider field line distortion near the star’s surface due to a
quadrupolar component, with the field line geometry approximated by a local helix.
The spectral power for a particle moving along the field line is derived from the
familiar synchrotron formula, and the absorption coefficient is derived by appealing
to the Einstein coefficients. Field line torsion can result in wave amplification, with
the maser emission occurring very nearly along the field lines. The maser emission
can be saturated by quasi-linear diffusion. The application of such maser emission to
pulsar radio emission is discussed.

Key words: masers - plasmas - radiation mechanisms: nonthermal - stars: magnetic

fields — pulsars: general.

1 INTRODUCTION

In earlier investigations of curvature emission and absorp-
tion, the magnetic field lines were assumed to be locally cir-
cular (Luo & Melrose 1992, and references cited therein).
This is a reasonable assumption provided that the field lines
are confined to a plane. There are at least two regions in a
pulsar magnetosphere where this assumption may not be
satisfied: the region near the stellar surface where high-order
multipoles may be important (Ruderman & Sutherland
1975; Blandford 1975; Ruderman 1991; Krolik 1991) and
the region near the light cylinder where the field lines are
swept back as a result of rotation (Blandford 1975; Shitov
1983). We refer to any non-dipole geometry that involves the
magnetic field lines deviating out of a plane as a ‘torsion’ (cf.
Section 2). A field line with torsion has two radii of curvature
in orthogonal planes. One example is a twisted field line; cf.
equation (8).

An important consequence of the inclusion of field line
torsion in curvature emission is that it can give rise to maser
emission (Luo 1993). This mechanism for maser emission is
complementary to that due to curvature drift (Luo &
Melrose 992). As shown previously (Luo 1993), maser emis-
sion due to field line torsion may be attributed to an
asymmetry in the radiation pattern about the particle orbit
(in this case it is along field lines). In the presence of field line
torsion, a particle trajectory not only curves in its osculating
plane (which coincides with the field line osculating plane
when the curvature drift is neglected) but also curves out of

this plane. As a consequence, the beam pattern of the radia-
tion is asymmetric about the particle orbit. This asymmetry
in the beam pattern can result in maser emission in the same
way as the curvature drift allows maser emission by introduc-
ing an asymmetry into the emission pattern.

The purpose of this paper is to explore this mechanism
further in application to pulsar radio emission. We consider
only the simplest geometry of the field lines with torsion: a
locally helical field line. In such a geometry, the curvature
and torsion radii are locally constant. The spectral power for
a particle moving along a helical orbit is well understood, as
it corresponds to the case of synchrotron emission by a
particle spiralling around a magnetic field line. The absorp-
tion coefficient is determined from the spectral power by
appealing to the Einstein coefficients (e.g. Melrose 1980).

In the application to pulsars, we consider a model in which
the non-dipole field is attributed to a quadrupole near the
star’s surface. This non-dipole field line configuration was
also used by Barnard & Arons (1982) in constructing a polar
cap model for non-dipole fields. Field line twisting occurs
when the dipole and quadrupole axes are not aligned.
Because of the quadrupole, the usual axisymmetry is broken.
The field line structure in one polar cap region is different
from that in the other. Near one pole (of the dipole) the
dipole and quadrupole fields have the same polarity and
complement each other, giving rise to field lines tipped
towards the quadrupole axis, compared with a purely dipole
field. Near the other pole the dipole and quadrupolar com-
ponents have opposite polarity, weakening the field near the
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star; the cone of open dipole field lines at large distances
splits into two cones near the stellar surface (cf. Kuz’'min
1992).

In Section 2, we introduce the wave transfer theory
needed to study absorption of waves in the medium. The
spectral power for a particle moving along a locally helical
field line is derived by analogy with the corresponding syn-
chrotron formula. In Section 3, torsion-induced maser emis-
sion is discussed and compared with the curvature-drift
mechanism. In Section 4, the theory of maser emission due to
torsion is applied to pulsar radio emission. Saturation of
maser emission is briefly discussed in Section 5.

2 CURVATURE MASER EMISSION DUE TO
TORSION

2.1 Wave transfer equation

The absorption of waves propagating through a medium is
described by a wave transfer equation (e.g. Chandersekhar
1960, p. 9). The level of the radiation is conveniently
described by the specific intensity, /(k, s), which is defined as
the energy per unit solid angle through unit area normal to
the displacement s along the ray path. Generally, in an aniso-
tropic medium the ray direction is different from the wave-
normal direction, defined by the wave vector k. The
continuous bending or refraction of a ray due to this aniso-
tropy may be important in the context of polarization pro-
perties of pulsar radiation; for detailed discussion, see, e.g.,
Melrose (1979) and Barnard & Arons (1986). However, the
difference between the wave normal and the ray direction is
neglected here. The medium is also assumed locally homo-
geneous so that the dependence on s is suppressed in the fol-
lowing discussion. Let a(k) be the (spontaneous) power
radiated per unit volume in k-space (e.g. Rybicki 1984) and
let u be the absorption coefficient per unit length in s. One
defines the optical depth and the source function by writing

T=Js/4 ds, (1)

and

s=2 a(k) 2)
U

respectively. The wave transfer equation can be integrated to
yield

I=Ioe"+J dr'e_”S(r'), (3)

0

where I, is the specific intensity of the incident radiation. In
equation (3), S(t) is obtained by expressing (2) in terms of
the optical depth 7(s). One may define the absorption coef-
ficient per unit time, I, by

S (4)

where v, is the group speed. In the following discussion we
assume v, ~ ¢ and that the absorption coefficient I' can be
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derived using the Einstein coefficients. Wave amplification
(or maser emission) corresponds to an optical depth (2) that
is negative, 7<0.

An observationally relevant quantity is the radiation flux
density F(k), which is obtained by integrating the specific
intensity over the solid angle about k. Consider a source
whose characteristic dimension is much less than the dis-
tance to the observer, as in the case of pulsar emission. Then,
from (3), one has the radiation flux density

F(k)=iJ dVa(k)exp[— (k)] (5)

DZ
where V, is the source volume of the radiation, and D is the
distance between the source and observer. For present pur-
poses, I,=0 is assumed. Then, to account for the observed
flux level, the optical depth in equation (5) must satisfy
<< —1.

The absorption coefficient in equation (4) can be written
down by using the FEinstein coefficients (e.g. Melrose
1980). In doing so, the following one-dimensional approxi-
mation to the particle motion is made. In a pulsar magneto-
sphere, the particle motion can be separated into
perpendicular and parallel parts (in reference to the magnetic
field line), with the perpendicular motion quantized into dis-
crete energy levels (called Landau levels). The time-scale for
a particle to lose all its perpendicular energy to synchrotron
radiation and fall to the lowest Landau level is

1,~347x 10" ¥(y/10%)/(B/108T ) s,

where y and B are the Lorentz factor and the magnetic field,
respectively. Due to the strong magnetic field, this time-scale
is so small that all the particles should be in their lowest
Landau levels. Therefore the particle motion in a pulsar
magnetosphere (well within the light cylinder) is essentially
one-dimensional.

In the one-dimensional approximation, using the Einstein
coefficients, the absorption coefficient I' can be written as (cf.
Melrose 1978)

N k)= —(2”2“)3’5°deyd’;(y”

n(w,6,7), (6)
w mc

with k = k /k, and where 7(w, 6, v) is the spectral power of a
single particle, N, is the particle density, y is the Lorentz
factor of the parallel motion and f(y) is the particle distribu-
tion function normalized to unity. For maser emission to
occur there must be some domain in y over which both the
following conditions apply:

df(y)/dy>0, (7a)
dn/dy<0. (7b)
The condition (7a) is obvious from (6) since # is always posi-
tive. This condition requires an effective particle population
inversion which provides free energy to sustain the maser

emission. The second condition is obtained by a partial inte-
gration of (6).

2.2 Locally helical field lines

Evaluation of the absorption coefficient (6) involves calcula-
tion of the spectral power associated with a particle moving
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Figure 1. A locally helical field line. The magnetic field line
through a point ‘O’ is locally indistinguishable from a helical curve
h. The ‘pitch angle’ is ©t/2 — a and the radius of the projected circle
is R. The field line tangent, normal and binormal are e, ¢, and e,
respectively. They satisfy e,=e, X e,.

along the field line. Here we consider the case where the field
line is twisted, described by a curvature radius and a torsion
radius. For a planar field line the curvature radius is defined
as the radius of the circle that lies in the field line plane and
has maximum fit (contact) with the field line. The curvature
radius of a twisted field line can be defined in a way similar to
the planar case; i.e. it is defined as the radius of the circle that
lies in the osculating plane (the plane defined by the tangen-
tial and normal directions of the field line) and this circle has
maximum contact with the field line. At different points
along the field line the normal directions of each osculating
plane (called the binormals) are not parallel. The rate of
change of the binormal with respect to the position is called
the torsion, and the modulus of its reciprocal is called the
torsion radius. Due to the beaming effect of radiation by
ultrarelativistic particles, one can assume that the dimension
of the emission region is much smaller than the curvature
and torsion radii. Thus the twisted field lines can be approxi-
mated locally by a helical curve (Fig. 1).

As shown in Fig. 1, for a locally helical curve, both torsion
and curvature radii are locally constant. For convenience of
calculation, we define the angle, a, such that the ‘pitch angle’

is /2 — a (cf. Fig. 1). We also define a plane on to which the -

projection of the field line is locally a circle with a radius R.
The curvature radius and torsion radius are now given by

Rz=R(1+tan’a),

(8)

) n
= (1+tan’a), with| a | <=,
|tan a | 2

respectively. Negative a is allowed and corresponds to twist-
ing in the opposite direction (positive torsion, by definition,
corresponds to field lines curving out of its plane in the
binormal direction). For small a, one has Rp/
R,=|tan a|=|a|. Thus | a| can be interpreted as the ratio
of the curvature radius to the torsion radius. A locally circu-
lar field line corresponds to the special case, @ =0 and hence
R,=%,Rz;=R.

2.3 Spectral power

To calculate the spectral power, one needs to write down an
explicit expression for the polarization of the relevant waves.
In a pulsar magnetosphere, the length-scale characterizing
inhomogeneity due to the curvature and the torsion of field
lines is Rz (when Rz<R,), which is much larger than the
interaction length-scale characterized by A6 R, where A6,
is the angular spread of the radiation pattern and where R,
and R, are the curvature and torsion radii, respectively (cf.
Section 2.2). Thus in writing down the polarization, the field
line is treated as locally uniform. In this approximation, the
possible waves are in the ordinary and extraordinary modes
(e.g. Arons & Barnard 1986). In the following discussion we
consider only transverse (or quasi-transverse) waves with
frequency in the radio range. In close analogy to the
magnetoionic theory, the polarization vector for quasi-trans-
verse waves can be written approximately as

_Lk+Ti+ia_ Ti+ia
AT (TR

(9)

where T and L are the transverse and longitudinal polariza-
tion coefficients which in general depend on 6. The approxi-
mation in equation (9) is valid for | L| < T|. The unit vectors
k, £ and d form an orthonormal set:

k=k/k, (10a)
a=Bxk, (10b)
i=(Bxk)xk, (10c)

with B= B /B. For pulsars, due to the strong magnetic field,
one has wpz/w>>1 (where wy is the non-relativistic gyro-
frequency), and in the small angle approximation, | 6| <1,
the polarization coefficients reduce to 7= 0 for the x-mode
and T= <« for the low-frequency branch of the o-mode pro-
vided that the electron-positron plasma is quasi-neutral
(Arons & Barnard 1986; Lominadze et al. 1986).

In the calculation of the spectral power, traditionally,
emission is treated by evaluating the Poynting vector from
the fields generated by a source, e.g. an accelerated motion of
a particle (Jackson 1968). The spectral power is found by
calculating the power crossing an arbitrary sphere enclosing
the source. In the presence of a medium, it is more con-
venient to derive the spectral power by considering the rate
per unit volume at which work is done by a current (asso-
ciated with the source) on the field that it generates (Melrose
1980). A derivation of the synchrotron spectral power by
this method is outlined in Melrose (1980). The curvature
spectral power including field line torsion can be obtained
through the synchrotron formula (A1), since the field line is
locally indistinguishable from the helical curve (see Fig. 1).

Let k be through the point ‘O’ and let it be at an angle 6 to
the osculating plane of the field line B. For quasi-transverse
waves, assuming that the Lorentz factor is well below the
threshold (y ~ 103) above which the curvature drift is import-
ant (cf. Sections 3 and 4.1), the curvature spectral power is
given by [see equation (A1) in Appendix A

q2w2
24ntegcwg(l+ T7)

n(w, 6)=

2

X |0TE 'K, ;5(y) +nBcos a& Koy, (11)
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where

p==, (12a)
c
gt ) .

=s1n(oz 0) nﬂsma’ (12b)

cos(a+0)

np cos a cos(a+ 6) |

= 12

g [ 2(1—npcos 6) } ’ (12¢]
)

=——ncosacos(a+6)&3, (12d)
2wg

W =< cos (12¢)
R= R COS 0, e

and where 7 is the refractive index. In deriving (11), we
assume that the refractive index satisfies the condition
|n—1| <1 such that 1 — nf cos 6> 0. This condition is trivi-
ally satisfied by the extraordinary mode with n=1. Now we
show that the low-frequency branch of the ordinary mode (o-
mode) can also satisfy this condition provided that waves
propagate at a sufficiently small angle to the magnetic field
line with w/w, <1, where w, is the non-relativistic plasma
frequency.

For the low-frequency branch of the o-mode with polari-
zation perpendicular to the field line plane, the dispersion
relation is (Arons & Barnard 1986; Luo, Melrose & Macha-
beli 1993)

2 2,2 szz
Wiy (1 8<y>w§)’ )
where k, and k, are the components of k along and binormal
to B, respectively, and where (y) is the average Lorentz
factor of the plasma. For a dense plasma (w/w, < 1), equa-
tion (13) describes waves with polarization perpendicular to
the field line plane, i.e. the polarization is given by equation
(9) with T= . The approximation in (9) is appropriate, as
the dense plasma shorts out the parallel electric field of
waves. The dispersion relation (13) implies

1-n=-n%6%+06)/2, (14)

with 0 =kZc*/(8(y)w}) and where the approximation
cos 6=1— 6?%/2 is made. Thus the condition that the refrac-
tive index be close to unity (dispersion can be neglected)
implies that both the dispersion correction 6 and the pro-
pogation angle 6 be sufficiently small. Since

1-nBcosO=1—n+n(1/y*+ 62)/2, (15)
the condition 1 — nf cos 6> 0 implies that § <1/y2

2.4 Maser emission

Maser emission corresponds to the absorption coefficient (6)
being negative for a certain range of parameters (e.g. within a
certain angular range). Using equations (6) and (11) one
obtains the absorption coefficient for the o-mode:

1“0=§ (&) def(y) o8 'y KAy)
Wg
_ nBsina 3oy
X[ costa+0) X 1T p cos gy K2 (16)
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In deriving (16) we use 7= < and the term « K, 5(y)in (11)
can be dropped. The presence of the first term in the square
brackets is due to the fact that do/dy # 0 for a #0. For a =0,
the absorption coefficient reduces to that for curvature emis-
sion in the absence of both torsion and curvature drift, in
which case the absorption coefficient is always positive (since
the first term in the square brackets vanishes). For a # 0 the
absorption coefficient (16) can be negative for some range of
6 since the coefficient of the term [K ;;( y)}? in equation (16)
can be negative.

The factor o in equation (11) plays a crucial role in the
resulting negative absorption. With the small-angle approxi- .
mation we have

o= 0+ a2y (17)

Compared with the planar field line case, there is an angular
shift a/2y?, which is a shift in the peak of the single-particle
emission spectrum away from 6=0. This shift is dependent
on the particle energy as well as on the torsion. This angular
shift plays essentially the same role as the curvature drift in
Luo & Melrose (1992), except that it does not depend on the
sign of the charge. However, this angular shift depends
explicitly on the sign of a, i.e. the direction of field line twist-
ing. As the particle energy changes (as a result of the emis-
sion of a photon) the centre of the energy spectrum shifts in
the parallel or antiparallel direction with respect to the
binormal of the magnetic field lines. Due to the energy-
dependent angular shift in (11), the condition (7b) can be
satisfied and maser emission can occur.

Figs 2 and 3 show plots of the normalized absorption
coefficient I'/(ywy) versus 0 for different Lorentz factors (in
the case of a monoenergetic distribution). All negative
absorption profiles are single-peaked and narrow. The
amplification occurs approximately in the field line direction.
When the frequency is @~ y3wg, the curves represent
optical depth versus viewing angle. For illustrative purposes,
the parameters are chosen as a = 0.1 (cf. Section 4.2), the fre-
quency w=10%s"1, Rp=15%x10°m, and the particle
density Ny=5x10%2' m~3, With these parameters we have
051078, Since the angular range within which the amplifi-
cation occurs is about 1074, from equation (14) we have
|1—n|=10"8, and hence the dispersion effect is not import-
ant. Thus the approximation n = 1 is appropriate.
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Figure 2. Normalized absorption coefficient is plotted as a function
of 6, with 6in rad. The dotted curve corresponds to y =100.
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Figure 3. Normalized absorption coefficient versus 6, with 6 in rad.
The vertical scale on the right-hand side is for the curve y=500.

One can show that maser emission is not possible for the
extraordinary mode (x-mode) waves. Analogous to (16), for
the x-mode we have

Fx=§ (—Ew )def(y)cosza§'4y‘3K2/3(y>
Wpg
3y
X[K2/3(y)+2(l—ﬂcos 9) Kis(y) s (18)

which is essentially the same as that for the planar field line
case except for a factor cos’a. Thus the absorption coef-
ficient is always positive.

3 COMPARISON WITH CURVATURE-DRIFT-
INDUCED MASER EMISSION

The maser emission discussed here is similar to the curvature
drift mechanism (Luo & Melrose 1992) in that, for both
curvature-drift-induced maser emission (CDIME) and tor-
sion-induced maser emission (TIME), (i) the maser action
relies on the spectral asymmetry due to the dependence of
the angular shift on y; (ii) maser emission occurs only in a
limited angular range; and (iii) the Lorentz factor must
exceed a threshold.

For CDIME, the angular shift is introduced through the
curvature drift angle 6,=vy/(wzRy) which is proportional
to the particle energy mc?y (Luo & Melrose 1992). The
curvature drift shifts the peak of the angular distribution of
radiation from 6=0to 6= 6,, so that d5/dy contains a term
—(0n/060)d6,/dy, which can lead to negative I' when the
particle energy is sufficiently high. Similar to CDIME, the
angular shift in TIME is introducted via equation (17) which
is also dependent on the particle energy. Thus the TIME
mechanism can be interpreted essentially in the same way as
for CDIME.

Both CDIME and TIME require that the Lorentz factor
exceed a threshold. For CDIME, this minimum is y ~ 103 to
10* (Luo & Melrose 1992) and is derived from the condition
y204A6,> 1, with A@, being the largest possible angular

range. The minimum Lorentz factor for TIME can be
derived by comparison of the first term with the second term
in equation (16), since negative absorption is possible only
when the first term is larger than the second in magnitude.
The estimated minimum Lorentz factor is much less than
that for CDIME. A detailed discussion is given in Section
4.1.

Despite the similarities between these two mechanisms,
there are important differences.

(a) TIME always occurs nearly along the field line direc-
tion at 6,~(1/6)(3wg/w)**a (Luo 1993). This contrasts
with CDIME, where the amplification occurs at
0,~A6,=(3wg/w)*>|6,| (Luo & Melrose 1992), which
is larger than that for TIME. For TIME, if 6 were too
large it would dominate over the angular shift a/2y?, leading
to net absorption (o= 0).

(b) In CDIME, the drift angle is « y, and a larger y gives
rise to a larger drift angle 6. Hence CDIME occurs at large
y. In contrast, TIME occurs for a relatively small Lorentz
factor since the angular shift is « 1/y2 [cf. equation (17)] and
a smaller y gives rise to a larger angular shift.

(c) Unlike CDIME, TIME is not sensitive to the magnetic
field strength. However, there is an overall constraint on the
magnetic field strength due to the one-dimensional condi-
tion, which requires that the magnetic energy density be
much larger than the particle energy density (cf. equation 6).
This constraint can be easily satisfied for a pulsar magneto-
sphere. ,

(d) The angular shift in equation (17) depends explicitly
on the ratio of the curvature radius to the torsion radius (here
negative a is allowed), but it is insensitive to the sign of the
charge. For CDIME, the angular shift 6, depends explicitly
on the particle charge (6« 1/wg). Thus, unlike CDIME, in
which electrons and positrons give opposing contributions to
I', TIME applies to a quasi-neutral plasma with electrons and
positrons giving contributions with the same sign to I'.

There is a close analogy between curvature emission and
synchrotron emission, with, in practice, one notable dif-
ference being that curvature emission applies to a one-
dimensional distribution and synchrotron emission applies to
a three-dimensional distribution. In the simpliest cases
neither can lead to maser emission. Maser synchrotron emis-
sion is possible when either (i) the effect of the ambient
plasma is taken into account (McCray 1966; Zheleznyakov
1967), or (ii) the pitch-angle distribution is sufficiently aniso-
tropic (Zheleznyakov & Suvorov 1972). The effect of the
ambient medium applies for an isotropic distribution of par-
ticles, and is due to the emissivity being modified in such a
way [essentially a replacement y—y(1+y?wl/w?)~!* in
relevant terms] that 97/dy can be negative (for yo,~ o). In
contrast, maser curvature emission is due to a (y-dependent)
modification of the angular dependence of the emission, so
that (0%7/060)(d6/dy) can be negative, where the angular
deviation, A 6, is different for TIME and CDIME.

4 PULSAR RADIO EMISSION

In the foregoing discussion we show that particles moving
along twisted field lines can amplify waves with electric field
approximately in the binormal direction of the field line
osculating plane. In this section we consider the application
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to pulsar radio emission and in particular we show that this
mechanism may produce the observed radio pulses provided
that certain conditions are satisfied.

4.1 Conditions for maser emission

The threshold condition on y for growth is derived as fol-
lows. In equation (16), the term <« yK 5(y) K, 5( y) is always
positive. From equation (12d) we have ye«1/y> Negative
absorption requires that this term be smaller than the term
that is proportional to [K5( y)*. This in turn implies that the
Lorentz factor must satisfy (Luo 1993)

1/3
yz (ﬂ) : (19)

Wg

where wg = ¢/Rg. For parameters used in Figs 2 and 3, the
minimum Lorentz factor required for maser emission is
y =37, which is much smaller than required for CDIME
[y>(wg/wg)'?> 103, cf. Luo & Melrose 1992].

Due to the lower y required for TIME, it is plausible that
the radiating particles can be identified as those of the pair
plasma. However, one must require that the distribution
function has the characteristics of an effective population
inversion, that is, 9f /0y > 0 at a value of y that satisfies equa-
tion (19). In the polar cap models - e.g. Ruderman & Suther-
land (1975) and Arons (1981) - a primary beam is
accelerated in the gap and the primary beam particles radiate
high-energy = photons  which in turn  produce
electron—positron pairs. Therefore the pulsar magnetosphere
consists of a dense pair plasma and energetic beams (of elec-
trons or positrons or ions). In Arons’ (1981) model, the
lower cut-off of the pair-plasma distribution is = 10. In this
case the radiating particles that are capable of amplifying
waves are those on the positive slope at the lower energy end
of the distribution f(y), provided that the spread of
momenta in the stable region d f(v)/dy <0 is not too large.

Once the condition (19) is satisfied, maser emission can
occur for any a#0, but maser emission is important only
when a exceeds an appropriate minimum value. This follows
by estimating the maximum modulus of the optical depth for
negative absorption:

zazz(ﬂﬂ)z(ﬂ)wa% (20)

wg] \ @

As an example, for R;=1.5%10°m (cf. Tables la-c),
w=10%s"1, Ny=5%x102' m~3 and a=0.1 (cf. Tables la—c),
one would have 7,~4 x 102 In deriving (20), one takes the
minimum Lorentz factor y=(w/wg)*. The optical depth
decreases rapidly as y increases, 7,<1/y* From equation
(20), the condition 7,> 1 requires

a>(12)(wg/w,)(@[wg). (21)

Thus, for the parameters used above, the ratio of the curva-
ture radius to torsion radius should be no less than 1073,
Here the minimum a is derived using the smallest Lorentz
factor given by the right-hand side of the inequality (19).
Thus a relatively larger o is required to obtain an efficient
amplification.

The results presented in Figs 2 and 3 can be readily
generalized to the case where radiating particles have a dis-
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Table 1. (a) The radii of curvature and torsion. The ratio of the
quadrupole to the dipole fields is assumed to be n'¥=4. The field
line ends at the light cylinder ® =0.2, ©® =x/2.

p/po © L R+/po Rp/po
102 0.169 0.170 7.987 x 10* 7.44 x 102
50 0.146 0.134 2.356 x 10* 4.04 x 102
20 0.167 0.068 8.311 x 10° 1.32 x 102
10 0.237 0.029 7.031 x 103 52.9

5 0.350 0.011 2.494 x 10* 26.5

3 0.434 0.00556 4.898 x 103 19.49

2 0.487 0.00349 1.593 x 10° 16.85

1.5 0.518 0.00261 1.084 x 102 15.79

Table 1. (b) The radii of curvature and torsion. The field line ends
at the light cylinder ® = /3 and © =m/2.

p/po © 4 R‘r/ﬂo RB/PO
102 0.158 0.904 2.133 x 10% 8.18 x 102
50 0.150 0.580 5.947 x 103 4.06 x 102
20 0.176 0.266 2.141 x 10° 1.29 x 102
10 0.244 0.115 1.768 x 10° 52.17

5 0.353 0.044 6.069 x 10° 26.41

3 0.434 0.023 1.181 x 10° 19.49

2 0.486 0.014 4.145 x 10? 16.88

1.5 0.516 0.011 2.222 x 102 15.84

Table 1. (c) The radii of curvature and torsion. The field line ends
at the light cylinder ® =x/2 and © = /2.

o/ po © o R:/po Rg/po
102 0.159 0.973 2.124 x 10° 8.17 x 102
50 0.152 0.600 5.802 x 10° 4.02 x 102
20 0.178 0.275 2.071 x 10° 1.28 x 102
10 0.246 0.118 1.720 x 10° 52.00

5 0.355 0.045 5.806 x 10° 26.30

3 0.436 0.023 1.203 x 103 19.44

2 0.488 0.015 3.937 x 102 16.83

1.5 0.519 0.011 2.287 x 102 15.76

1.1 0.547 0.008 1.402 x 102 15.07

tribution with a spread in Lorentz factors. Let I'(y, 6) be the
absorption coefficient for a given Lorentz factor y. As shown
in Figs 2 and 3, I(y, 6,) is negative at 6,104 for y
between 50 and 5 X 102 For y> 500, numerical calculations
show that I'(y, 6,) is negligibly small. Thus one can show that
the net negative absorption at 6, can be obtained after in-
tegrating I'(y, 6,) over the distribution f(y), provided that
particles with energy in the region df(y)/dy >0 contribute
most to the integration (16). As an example, we consider the
distribution f(y)e<y !5 exp(— y,/y) (Arons 1981) with the
peak at y,=100. The distribution is assumed to be in the
region 30 ys10° By numerically integrating (16) over
f(y), one has (T)/(wp{y))= —35 at =6 x 107 3/(y) (where
(... represents averaging over the relevant distribution).

4.2 Non-dipole field

A non-dipole field structure can occur either close to the
star’s surface or near the light cylinder. Consider the first
field line distortion near the light cylinder where the rotation
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causes the field lines to sweep back (Shitov 1983). The spin-
down of a neutron star can be attributed to a net Polynting
flux being carried away from the system. There is necessarily
a toroidal wave term B, comparable to the dipole contribu-
tion to B near the light cylinder associated with the field lines
being swept back. Let us assume that the dipole field line is
locally circular (in an azimuthal plane that contains the
dipole axis) and that the field line deviates into the normal
direction to this plane due to the presence of B,. The result-
ant field line is twisted with a =~ B,/B, where B is the dipole
field. Thus field line torsion due to rotational sweep-back
may result in maser emission provided that the particle
motion is approximately one-dimensional.

The non-dipole field structure near the stellar surface is
attributed to higher multipole components. To see how the
multipole modification gives rise to field line twisting, con-
sider the multipole expansion for the magnetic field of the
star,

B=BY+B@+ (22)

where B'Y and B'Y are the dipole and the quadrupole fields,
respectively. For each multipole field one may define a multi-
pole axis, such that, for Cartesian axes with one axis oriented
along the multipole axis, the tensor that describes the multi-
pole is diagonalized. In general, in equation (22) the dipole,
quadrupole and other axes are different and are different
from the rotation axis. A twisted field is implied when the
dipole and quadrupole axes are different.

To estimate a, we consider the field configuration as a
result of superposition of a dipole and a quadrupole with two
axes at an angle A®,. For the dipole, in spherical polar
coordinates (0, ®, ® ) (with the polar axis along the dipole
axis) the magnetic field can be written

3
BY)=B, (&) cos ©, (23a)
0

1 3
BY== BO(@) sin ©, (23b)
2 \p

where B, and p, represent the dipole field at the star’s
surface (at o= 0,, ®=0) and the radius of the star, respect-
ively. The quadrupole field can be written in its own coordin-
ate system (p, ©', ') as

1 4
B§0)= E n(Q)BO(&) (3 cos’@’ — 1)’ (243)
0
PAL
BY= n(q)Bo(—O) cos ©' sin @', (24b)
0

where the quadrupole field at the star’s surface (at o= p,,
®'=0) is given by n'9B,. Using (B7), the quadrupole field
can be re-expressed in terms of the dipole coordinates, i.e.

BY=B(0,0,®), (25a)
B=B(p,©,®)cos &, (25b)
BY=B(p,0,®)sin¢, (25c)

where the angle ¢ is defined by (cf. Appendix B)

_ sin A@, sin @
cos A@, sin ® —sin A®, cos O cos ®’

tan & (26)

and B%(0,0,®), B¥(0,©,®) are derived from equations
(24a) and (24Db) using (B7). The two axes pass through the
centre of the star (cf. Fig. 4a). The field line twisting must
occur in regions where the planar field lines of a dipole field
are complemented by the azimuthal component Bl of the
field from the quadrupole. From equations (25a)-(25c), the
condition for field line twisting is A®,# 0 and ® # 0, where
we assume A®, <m/2. The non-dipole field line configura-
tion is symmetric about the plane ®=0 (i.e. the plane
defined by the two polar axes P, and P, as shown in Fig. 4a).
The field lines at either sides of the plane are twisted. Unlike
a pure dipole field, in which the field line structures at the
two poles are symmetric, the modified polar field in one
hemisphere is different from that in the other hemisphere.

Evaluation of the radii of torsion and curvature at
each point of a field line involves the solution of the differen-
tial equations for the field line. Let B,=B{+ B,
Beo=BY'+BY and Bg,=Bg. The magnetic field lines are
now described by the following differential equations:

do_pd® _psin® dP
B, Bg B, '

(27)

The radii of curvature and torsion are defined by equations
(B1) and (B2), respectively. One may numerically calculate
Ry and R, using equations (B1)-(B4) and (27). Consider a
field line from the star to the point p; : o= ¢/2nQ, © =mx/2,
@ # 0, where Q is the angular velocity of the star. The spheri-
cal coordinates of any point along this field line can be
obtained by integrating (27) from p, to the point considered.
Given the position in terms of the spherical coordinates, one
can calculate R, and Rjy. Tables 1(a)-(c) list R, and Ry
obtained at different radii o, which together with angles ®
and © are the numerical solution of the differential equation
(27). The differential equations are solved using the fourth-
order Runge-Kutta scheme with adaptive step size. We
assume that the two poles have an angle A®,= 7 /4, and that
the pulsar period is P=1 s. From the table one can see that,
due to the quadrupole, the region where the open field line
flux tube intersects the star’s surface is shifted approximately
31° (for A@,=m/4) towards the quadrupole axis P,. The
field line is severely twisted at a distance of a few stellar radii.
From Table 1(c), one has a = 0.1 near the star. The ratio of
curvature radius to torsion radius is large enough to give rise
to curvature maser emission [i.€. the condition (21) can be
satisfied]. The quadrupole component decreases rapidly as
the radial distance increases. At distances p>10%0, the
dipole component is dominant and torsion can be neglected.
Thus the relevant maser emission (TIME) can only occur at a
small radial distance.

4.3 Pulse structure due to field complexity

In this section, we restrict the discussion to field line distor-
tion near the star’s surface, and discuss possible observa-
tional consequences of such a field complexity. As shown in
the previous sections, effective amplification requires that
the particle density be high. This condition can easily be
satisfied near the stellar surface, and radio emission can
occur provided that the ratio of the radius of curvature to the
radius of torsion is large enough (@ >>1073).

The pulse structure is determined by the geometry of field
line flux tubes in the emission region, as the radiation is prac-
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Figure 4. A field configuration consisting of a dipole and a quadrupole. (a) Their polar axes are represented by P, and P,, respectively. The
polar axes, which are assumed to pass through the star’s centre, are at an angle A®, to each other. The angular velocity is Q, and the inclination
angle is W. (b) A down-to-pole view of the field line geometry. The dotted and solid radial lines represent, respectively, the magnetic field of the
isolated dipole and quadrupole projected on to the sky. The total magnetic field is the combination of the dipole and quadrupole. The field line

twisting can occur in the overlap part where B is perpendicular to BY.

tically along the field line direction. When the field line com-
plexity is attributed to a quadrupolar term, the open field line
cones at two modified poles are not identical. Let us consider
the open field line cone within which the dipole and the
quadrupole have the same polarity. As shown in the previous
section, there is a plane that contains the dipole and quad-
rupole axes (P, and P, as shown in Fig. 4a). In this plane the
field lines are planar. Field lines on both sides of this plane
are twisted, forming two twisted flux tubes (we also call them
twisted cones). The torsion-induced maser emission occurs
in these two twisted flux tubes. At large radial distances, the
dipole dominates and the two twisted flux tubes become a
single dipole cone within which field lines are approximately
planar. When the line of sight passes across the plane of
symmetry, emission regions are encountered on both sides,
but there is no emission in the plane itself. If the radiation
from each side is encountered in two well-separated cones,
then a double-peaked profile is observed. We have yet to
explore the geometry in detail, to plot the allowed ranges of
angular separation of the double-peaked profiles, and to
determine whether these can merge into an unresolved single
peak.

The observed pulse width is in general related to the open-
ing angle of the divergent field lines in the emission region.
One may obtain the opening angle by estimating the radial
dependence of the cross-sectional area of the twisted (open
field line) cones. Near the star the cross-sectional shape of
each twisted cone is approximately a half-ellipse with one
semi-axis Ax in the plane of symmetry (the whole open field
line cone gives a cross-section of ellipical shape; e.g. Barnard
& Arons 1982). The other semi-axis is normal to the plane
and is given approximately by Ay= o sin © sin ®. Thus the

opening angle in the plane perpendicular to the polar plane is
A®,~O®, where © and ® can be expressed as functions of
0. From the numerical solution in Table 1, the angle A, at
the surface o =p, is smaller than in the dipole case. As Je)
increases, the angle increases more rapidly than for the
dipole. For example, in Table 1(c), at p=10p,, one has
A®,=2° Thus one expects a stronger radial dependence of
the pulse width than in the dipole case. Closely analogous to
the work by Barnard & Arons (1982), one may estimate the
opening angle A®, in the PP, plane. This angular width is
determined by Ax, which can be derived from Ay using flux
conservation, as, for example, in Barnard & Arons (1982).
This angle is estimated to be A®,=2(0,/0.)[B,/B(p)]
( ,oO/p )2/(®¢I>) where o, is the radius of the light cylinder.
For n'W=4, P=1 s, the angular width can be as large as a few
degrees

When the emission is from the other pole, where P, and F,
have opposite polarities, one may observe pulses with two
widely separated components (looking like ‘interpulses’). The
separation between two components can be as large as 180°
in longitude. Hence this mechanism can provide an alterna-
tive explanation for high-frequency pulses with two inter-
pulse-like components.

Another distinct feature associated with surface field com-
plexity is that the polarization position angle variation is
relatively small. In a strictly dipole field line geometry, the
position angle can sweep through a large angular range
(2 180°). In the torsion-induced maser emission the polariza-
tion is in the direction perpendicular to the field line osculat-
ing plane (ie. the polarization is approximately in the
binormal direction of the field line). As shown in Fig. 4(b),
the variation of the binormals of the field lines within the
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twisted cones through regions a and b is less than 90°. Thus
one expects the variation of polarization position angle to be
small (cf. Barnard & Arons 1982).

5 SATURATION OF MASER EMISSION

There are three effects that may lead to reduction in the
growth rate: (i) quasi-linear diffusion; (ii) ponderomotive
force effects; and (iii) field line geometric effect. It is shown
below that the most effective mechanism for maser satura-
tion is that due to the quasi-linear diffusion. The field line
geometric effect can be important only when the field lines
are severely twisted.

Induced processes cause quasi-linear diffusion, which
involves diffusion in momentum space that causes the dis-
tribution function to evolve so as to reduce the growth rate.
This may lead to saturation of the maser. Parallel diffusion,
which is the only relevant diffusion in the one-dimensional
case, may be described by a parallel diffusion coefficient
(Melrose 1980)

D¢¢=de(hk¢)2[ﬁ%;@]N(k)AQ, (28)

where AQ is the solid angle subtended by the radiation beam
pattern, 7(w, 6,) is the curvature spectral power at the angle
6, and N(k) is the photon occupation number. We assume
that the negative absorption peak is at 6,. Let Aty=p%/D,,,
be the time-scale for the diffusion. Using the approximation
#k,~ #ik and equation (28), and assuming that the curvature
radiation frequency is w,, one has

1 w; myc’ -
Aty= R, 29
2y (cwo) [won(wo,oo) : (29)

where R,, is the ratio of wave energy density to particle
energy density. One can estimate the upper limit of R,,, by
comparing the diffusion time-scale with the emission time-
scale Az,= Rp/cy. With the same choice of parameters
as in Figs 2 and 3, using wyn(wg, 0,)= wyn(w,,0)=
(5/32m)(g%c/4me R%)y(a/2y?)?, one has the saturated
wave energy level R,,~ 107 Thus the upper limit to the
brightness temperature can be as high as 1032 K.

Since wave amplification occurs within a relatively small
length-scale, one expects to have a large spatial gradient in
the wave field. Due to this gradient, there is a force (called
ponderomotive force) on the particles. As a consequence of
the ponderomotive effect, the particles with relatively small
Lorentz factors are expelled from the emission region. Let
E, be the initial electric field perturbation. Then, for distance
I,= cAt,= Rg/y, the wave energy level after being amplified
by e® is W,. The ponderomotive force is proportional to the
gradient of the wave energy density which is

dW,/dI=2TW,/L, (30)

where [ is a distance along the field line from the star’s
surface. Similar to the discussion by Melrose (1978), the
time-scale for the dispersal of the particles with lower energy
by the ponderomotive force is

RS ATRA R
A’"(zr)"z(c)(?vf) | o

Therefore one has

Aty b4
Ala___ v 2
At, (27R,,)" (32)

The dispersal is unimportant only for Az;/Az,>> 1, which
requires
2
Y
2pr'

1<K (33)

The upper limit on the optical depth increases as vy increases,
since, for increasing 7, the ponderomotive effect becomes
less important. If one takes the smallest Lorentz factor
implied by equation (19), y =(w/wg)"?, and assumes R,, =1,
one has 7<<(w/wg)?/2. This upper limit is much less strin-
gent than that due to quasi-linear diffusion. Therefore, quasi-
linear diffusion is the more effective in determining maser
saturation.

The length-scale available for wave amplification can also
be constrained by the field line geometry itself. A particle
initially moving along the field line can subsequently acquire
an angle with respect to the initial osculating plane, since the
osculating plane of a twisted field line changes along the field
line. This angle is given approximately by

1(Al)?
~= [ == 4
00 Z(RB) |tan a|, (34)

where Al is the distance that a particle propagates along the
field line. Wave amplification requires that the angle defined
in equation (34) be smaller than 6, the angular location of
the negative absorption peak. Hence, given a field geometry,
e.g. Ry, a, etc., one has the e-folding time Az,=Al/c=2|6,/
tan a |2/ wp. For sufficiently large tan a > 46,y?~ 1 (with the
Lorentz factor y=50 and 6,~ 10~4), the time-scale A¢, can
be smaller than the emission time-scale Af,= Ry/yc and the
radiation level is limited by the effective optical depth
T4 = T,At,/At, < 7,, with 7, given by equation (20).

6 CONCLUSIONS

In this paper the field line geometrical effect on curvature
emission and absorption is investigated in detail, and its
implications for pulsar radio emission are discussed. The
main results are summarized as follows.

(1) Maser emission can occur for plasma streaming along
twisted field lines. For torsion-induced maser emission, the
amplified waves are transverse, with polarization approxi-
mately perpendicular to the field line (osculating) plane.
Thus the mechanism can produce only linear polarization.
To explain circular polarization as observed in some pulsars
one needs some mechanism that can convert linear polariza-
tion into circular polarization. One possible way of such a
conversion is to take into account of the birefringent effect of
the magnetized pair plasma (Melrose 1979).

(2) The properties required of the radiating particles are
(i) an inverted energy spectrum (equation 7a), (ii) modest
‘Lorentz factors y= 37-50, and (iii) that the contributions of
electrons and positrons have the same sign (unlike the case of
curvature-drift-induced maser emission, where positrons
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and electrons contribute with opposite sign to the growth
rate).

(3) Maser emission occurs approximately in the field line
direction. The intrinsic angular width is less than 0.1°. The
observed angular width should be related to the opening
angle of the bunch of field lines in the emission region, which
is larger than the intrinsic angular width.

(4) Torsion-induced maser emission gives rise to a
distinct polarization feature where the position angle varia-

- tion is relatively small compared with the pure dipole case

(Barnard & Arons 1982). Since for the majority of pulsars
there is a position angle swing of the linear polarization, this
feature can help to identify those pulsars in which field line
complexity is relevant to radio emission.

(5) This mechanism can produce either a pulse with two
components, like ‘interpulses’, or a double-peaked single
pulse. If the emission originates from a non-dipole, open field
line region where the merged field lines are due to a dipole
and a quadrupole with opposite polarities, one sees a pulse
with two widely separated components as ‘interpulses’, since
the open field lines in this region form two separated cones
ending diametrically at two neighbouring poles of the
quadrupole field on the star. If the emission originates from
an open field line region that is due to a dipole and a quadru-
pole with the same polarities, one sees a single pulse with two
peaks. With decreasing radial distance, the two peaks
become smaller.

(6) Maser emission can be saturated due to quasi-linear
diffusion. The ponderomotive effect may result in reduction
of the growth rate by expelling the lower energy particles
from the emission region; however, it is not as effective as
quasi-linear diffusion. Field line geometry can also limit the
growth rate when the field line torsion is sufficiently large.
The more severely twisted the field lines, the shorter the e-
folding time available for wave amplification. The lowest
ratio of the curvature to torsion radii above which the
geometrical constraint on the growth rate becomes impor-
tant is estimated to be Ry/R, > 460y>= 1.
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APPENDIX A

In this appendix, the spectral power for a particle moving
along a locally helical field line is derived from the synchro-
tron spectral power. The synchrotron spectral power is given
by (Zheleznyakov & Suvorov 1972; Melrose 1980)

q2w2
247t egcnawy(1+ T7)

’7((”, ek) =

cos 6, —np cos 6. _
X —kﬁ—_BTg lI<]/3(y)

sin 0k

2

+npsin 6,6 Ky y)| (A1)

with
___nBsin @ sin 6,
. np cos 6, cos 6, (A2)
- 1
y_)’(l—nﬂcos 0, cos 6,)’ (A3)

= 1/2

7
g_{z(l —)2)] ’ (A4)
=z e (43)

wg| \y

where 6, is the pitch angle and where the wave vector k is
expressed in terms of polar angles 6, and ¢, with respect to
the magnetic field B. To obtain the curvature spectral power,
we define o as the angle between the field line and the plane
on which field line projection is locally circular of radius R.
We also define the angle between wave vector and field line
by 6. Then the spectral power (equation 11) can be derived
by substituting

n
Gp—'i—a,

T
0,~>—a-6
K75 a
into equation (A1).
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APPENDIX B

In this appendix, the explicit expressions for the radii of
curvature and torsion of three-dimensional field lines are
given. The radii of curvature and torsion can be conveniently
defined in terms of the Cartesian coordinates (x, y, z), with
the z-axis along the dipole axis, as follows:

_ (2% +y*+25)"
R =P+ (=32 + =y I (B1)

1
R =[5 =257 +{2k =22 +05=3F), (52
X y Z
G=x y 7| (B3)

where x=dx(v)/dv, ¥=d?x(v)/dv? and x=d3x(v)/dv? with
parametrization x =x(v»). On transforming to spherical co-

ordinates (0,0, ® ),

x=psin O cos P,

y=psin O sin @, (B4)
x=,0c0s 0,

one can write all relevant derivatives of x(v), y(v) and z(v) in
terms of spherical coordinates. In the numerical calculation
of Ry and R, we choose the parametrization v=0.

The angle ¢ in equations (25b) and (25c¢) can be derived
from the following relation:

sinA®, sin®'
sinf sin®’

(B5)

where all angles are defined in Fig. 4. Using (B5) and the
relations

cos A®,=cos ® cos © +sin O’ sin © cos &, (B6)
cos ®' =cos A@, cos © +sin AG, sin O cos P, (B7)

one can obtain equation (26).
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