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Abstract. The structure and energetics of a rotation-modulated pulsar
wind are examined. It is shown that the displacement current in the
wind asymptotically dominates the conduction current, creating an outer
radiation zone whose inner boundary lies well inside the wind termination
shock. A self-consistent nonlinear-plasma-wave model of the radiation
zone predicts that the ratio of Poynting flux to kinetic-energy flux at
the termination shock is small (~ 1072 for the Crab), in agreement with
independent observational estimates.

1. Introduction

The relativistic wind of a rotation-powered pulsar is usually modelled as a
steady-state, ideal-magnetohydrodynamic (MHD) outflow (Michel 1969; Kennel
& Coroniti 1984; Begelman & Li 1994, and references therein). This description
is incomplete for two reasons. First, the wind is not steady in general: rotation
of the star drives strong oscillating currents in the wind zone if the star’s spin
and magnetic axes are misaligned (Usov 1975, 1994; Coroniti 1990; Melatos &
Melrose 1996). Second, the ratio o of Poynting flux to kinetic-energy flux is
roughly constant throughout a steady-state, ideal-MHD wind, implying o5 2 1
at the termination shock if the flow is injected with o 2 1 as many magneto-
spheric models predict. This is inconsistent with the value o5 ~ 1073 derived
for the Crab pulsar from studies of pressure confinement of the wind by the
Crab nebula (Kennel & Coroniti 1984) and non-thermal particle acceleration
at the termination shock (Hoshino et al. 1992). Although attempts have been
made to explain this inconsistency by invoking conversion of Poynting flux to
kinetic-energy flux within the wind, either via magnetic reconnection (Coroniti
1990) or a ‘magnetic nozzle’ effect (Begelman & Li 1994), a complete resolution
of the paradox does not yet exist (Melatos & Melrose 1996).

In this paper, we argue that breakdown of the steady-state approximation
(and, under certain circumstances, the ideal-MHD approximation) creates a
radiation zone in the outer pulsar wind. A nonlinear-plasma-wave model of the
radiation zone correctly predicts os < 1 for the Crab.
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2. Beyond the Steady State

In steady-state wind theories, the Maxwell displacement current is zero by fiat.
This does not reflect the situation in a real rotation-modulated wind, where the
displacement current exceeds the conduction current beyond a critical distance
rcr from the pulsar (Usov 1975, 1994; Melatos & Melrose 1996). We estimate
rcr as follows. The displacement current at a distante r from the pulsar has
magnitude Jp(r) = owE(r), where w is the stellar rotation frequency and E(r)
is the characteristic electric field strength at r. Assuming a split-monopole
geometry for the wind (a good approximation in the equatorial plane far from
the light cylinder r, = c/w), we can write E(r) ~ ¢Byr./r, where B, is the
magnetic field strength at r, (Michel 1969; Coroniti 1990). On the other hand,
the conduction current at a distance r has magnitude J(r) < n(r)ec, where n(r)
is the aggregate number density of electrons and positrons measured in the lab
frame. (We consider a pair plasma for simplicity.) For a split-monopole wind,
we can write n(r) = N /4rric, where N is the injection rate of electron-positron
pairs. The ratio of the currents is then

Io(r) o _2< N )‘1( w )‘1 B, r
J(r)y ~ 19> 10 10385-1 lrads—t 108G ry, (1)

It is clear from (1) that there exists a critical distance rcg such that Jp(r)
exceeds J(r) for r > rcg. Typical Crab pulsar parameters (M = 1 x 1038571,
B, = 1 x 10°G) yield rcq ~ 1 x 10% ry, much smaller than the distance to the
termination shock (rs =2 x 109r,).

If the wind contains equal proper densities of electrons and positrons, the
conduction current satisfies the more restrictive condition

J(r)/n(r)ec < [I‘(r)zsin2 x(r) + cos? X(r)]_l/Q, (2)

where I'(r) is the bulk Lorentz factor of the flow and x(r) is the angle between the
bulk velocity U and conduction current J in the lab frame (Melatos & Melrose
1996). Equation (2) corresponds to the bulk-frame condition J < 7iec; physically,
# and the component of J parallel to U decrease by a factor I' when boosting
from the bulk frame to the lab frame, while the perpendicular component of J
remains invariant. In a relativistic split-monopole wind, one has I'(r) = ' (a
constant) and x(r) > ™! for r > ri. The ratio Jp(r)/J(r) is therefore reduced
by a factor I' from the value (1). Taking I' = 4 x 10° for the Crab (Gallant &
Arons 1994), we find Jp(r) > J(r) everywhere outside the light cylinder.

The ideal-MHD approximation can also break down asymptotically in a
rotation-modulated wind, because the plasma is not a perfect conductor at low
densities (the amount of free charge available is insufficient to short out the
bulk-frame electric field). In these circumstances, one must replace the ‘flux-
freezing’ condition E = —U x B with a generalised, relativistic Ohm’s law
(Melatos & Melrose 1996). However, ideal MHD does not break down in the
region rcp < 1 < rg for typical pulsar parameters, so the effect is only important
when it sets in at r < rgg.
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3. Asymptotic Radiation Zone

What is the structure of the asymptotic wind zone r > rcg? One possibility is
that the wind in this region is a large-scale, nonlinear plasma wave which self-
consistently accelerates electrons and positrons to relativistic speeds and whose
electromagnetic fields approximately satisfy the source-free Maxwell equations
— i.e. a radiation zone. Since the phase velocity of the nonlinear wave is very
close to ¢, its wavelength r /27 is many times smaller than the characteristic
distance over which its properties vary due to the sphericity of the outflow
(except near the light cylinder). We thus regard the wave as locally planar and
describe its evolution with r using the WKB approximation.

A variety of planar nonlinear wave modes exist in a cold pair plasma (Ken-
nel & Pellat 1976, and references therein). Following Melatos & Melrose (1996),
we consider a transverse, circularly polarised wave with zero ambient magnetic
field and with equal proper densities of electrons and positrons streaming rela-
tivistically in the direction of wave propagation (as well as oscillating as part of
the wave itself). This mode obeys the dispersion relation

2
“o

1~
Tw2(1 +v2)1/2°

p* = (3)

where  is the refractive index, w is the wave frequency, I' is the streaming
Lorentz factor, wg = (nez/meeo)l/ 2 is an effective plasma frequency, and v =
eE/mecw is a dimensionless wave amplitude. The mode also has the properties
Jo/J = (1—£%)71 and |[E+ U x B|/|E| = 1 — BU/c. Consequently, for r 3> rcg
(B~ 1) and U = ¢, we obtain Jp > J and E+ U x B =~ 0 (cf. §2).

The WKB approximation requires that the phase-averaged particle flux and
phase-averaged total energy flux (Poynting plus kinetic) in the wave be constant
at all r. Letting L be the spin-down luminosity, we therefore write (Melatos &

Melrose 1996) . B )
e (O )
7 dregm.cd \ ¢ ™ ’

LU B ﬂw21/2 N E [1 F2w4(1 _ /32)21/2" -1/2
Nmeed — wE ' e | wg | )
Observations of the Crab reveal that at least ~ 20 per cent of the pulsar’s spin-
down luminosity is deposited in the nebula, where it emerges reprocessed as

synchrotron radiation, so the dissipationless wind considered here is a reasonable
description.

(5
\v)

4. Poynting Flux versus Kinetic-Energy Flux

Treating w, I'y A and L as fixed, equations (3), (4) and (5) can be solved for 8, wp
and v as functions of r, allowing the ratio o(r) of Poynting flux to kinetic-energy
flux to be calculated. For A and T in their expected ranges, this calculation
yields o5 = o(rs) <« 1 for the Crab pulsar (see figure 1 of Melatos & Melrose
1996), in broad agreement with independent estimates (Kennel & Coroniti 1984;
Hoshino et al. 1992) and in contrast to steady-state analyses. Furthermore,
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recent studies of non-thermal particle acceleration at the termination shock of
the Crab pulsar wind appear to require A/ =~ 1 x 10®s7! and I' =~ 4 x 108 in
order to reproduce the post-shock nebular synchrotron spectrum (Hoshino et
al. 1992) and the spacing and brightness of the optical wisps (Gallant & Arons
1994). With these ‘state-of-the-art’ values, the nonlinear-plasma-wave model
predicts o5 &~ 3 x 1073, ezactly the value deduced independently by Kennel &
Coroniti (1984) from the observed interaction of the wind with the surrounding
remnant.

The above results are based on the transverse, circularly polarised wave
mode with dispersion relation (3). Although this mode affords an excellent
description of the wind energetics at rs, it does not propagate in the region
r $1x 10°r, and therefore yields no information about the value of ¢ at r,
(Melatos & Melrose 1996). (At r = 1 x 10° r,, we have 3 = 0, and the Poynt-
ing flux vanishes.) To rectify this, we have examined more general modes to
determine whether they can propagate throughout the wind and yield o5 < 1
while conserving particle flux and total energy flux. The results of this work will
be reported in full elsewhere (Melatos 1996, in preparation). Here, we simply
state that mixed longitudinal-transverse modes are found to be unacceptable for
the same reason as the mode considered in this paper, but a transverse, circu-
larly polarised wave with a non-zero ambient magnetic field in the direction of
propagation does satisfy the above requirements. Interestingly, the latter mode
leads to 0, = o(r) < 1 for a pure pair plasma, contrary to many magneto-
spheric theories, but permits o, ~ 1 under certain conditions if a dilute (though
energetically significant) ion fraction is added (cf. Hoshino et al. 1992).
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