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The coalescence of Langmuir waves to produce electromagnetic waves at twice the plasma
frequency is considered. A simplified expression for the rate of production of second harmonic
electromagnetic waves is obtained for a broad class of Langmuir spectra. In addition, two different
analytic approximations are considered. The validity of the commonly used head-on approximation
is explored, in which the two coalescing Langmuir waves are assumed to approach from opposite
directions. This approximation breaks down at low Langmuir wavenumbers, and for narrow
Langmuir wave spectra. A second, more general, approximation is introduced, called the
narrow-spectrum approximation, which requires narrow spectral widths of the Langmuir spectra.
The advantages of this approximation are that it does not break down at low Langmuir
wavenumbers, and that it remains valid for relatively broad Langmuir wave spectra. Finally, the
applicability of these approximations in treating harmonic radiation in type Ill solar radio bursts is
discussed. ©1996 American Institute of Physid$1070-664X96)02212-1

I. INTRODUCTION emission has recently appeared in the literatfr@his
mechanism relies on the coexistence of high levels of Lang-
Second harmonic plasma emission occurs through thgnuir waves with a strong, unstable electron beam, whereas
coalescence of two Langmuir waves, denoted here bygimulations and theoty'® imply that the Langmuir waves
L+L'—T, whereL andL’ denote the two Langmuir waves coexist with an electron distribution that is plateaued by qua-
and T denotes thelsecond harmonjctransverse wave. In silinear relaxation. In addition, the high efficiency of this
most previous work on this procéséit is assumed that the mechanism(for an unrelaxed beamwould imply that type
wavenumbersk, andk, ., of the coalescing Langmuir waves |1l beams could not propagate to the observed large distances
far exceed that of the resulting transverse wawe, This is  from the Sun because they would rapidly lose all their free
known as the head-on approximatioHOA), because the energy to wave&® Significantly, stochastic growth theory
coalescing Langmuir waves havg,~—k . For second which assumes a relaxed marginally stable distribution as its
harmonic plasma emission to proceed, in this approximatiorstarting point is able to account for most of the observations
a spectrum of Langmuir waves with roughly opposite wave-of type Il Langmuir, ion sound and electromagnetic
numbers is required. In solar type Il bursts, for example, thayaves!?>20
primary Langmuir wave spectrum is produced by an unstable A relatively simple analytic expression for the emission
electron beam in the plasma. The secondary Langmuir spegate of second harmonic waves, can be derived assuming the
trum, with wavevectors roughly antiparallel to those in thehead-on approximatioh? Melrose and StenhouZetested
primary spectrum, is then widely accepted to be producethe validity of the HOA for isotropic power law Langmuir
via another three-wave process: electrostatic backscatter depectra, and found that it overestimates the emission rate at
cay. This process involves the decay-L’+S of the pri-  low wavenumbers, and for narrow spectra. Using the HOA,
mary Langmuir waved into product Langmuir waveg' an expression for the degree of polarization of the harmonic
and ion-sound waveS. The kinematic constraints of conser- radiation can also be derivéiHowever, recent observations
vation of energy and momentum imply that the backscatteredf the degree of polarization of harmonic emission in coronal
Langmuir waves lie at wavenumbeks: ~k,—k_ , with the  type Il solar radio bursts are much higher than implied by
offset ko, (usually <k ) dependent on the ion sound theory, leading one to suspect the validity of the HOA in this
speed Repeated backscatter decays are also possible, case. We are thus motivated to find the bounds of validity of
and a cascade of backscatter decays can produce a condéme HOA and to find a better approximation. Here, we con-
sate of Langmuir waves at low wavenumbers. The number ofentrate on the emission rate of harmonic waves; we propose
such repeated backscatter decays is limited by kinematito discuss the polarization in a later paper.
constraint$. In this paper, we model the primary and backscattered
The theory of nonlinear three-wave processes to explaihangmuir spectra and evaluate an exact expression for the
fundamental and second harmonic emission in solar type lltate of production of second harmonic waves. The exact
radio bursts was first proposed by Ginzburg and Zheleznemission rate is expressed as a one-dimensional integral, and
yakoV’ and later extended by Melroé% Further applica- is evaluated numerically. An analytic expression for the
tions include type Il solar radio bursfsand second har- emission rate is obtained with the HOA and is compared
monic emission upsteam of the Earth’s bowshttR®> An  with the exact emission rate. We then introduce a more gen-
alternative mechanism to produce fundamental and harmonieral narrow-spectrum approximatiofNSA), for which an
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analytic expression for the emission rate is also obtainedThe first term corresponds to the forward spect{sobscript
The NSA does not requirle, ,k, >ky, and thus is a better f), and the second term to the backward specttsmbscript
approximation at small Langmuir wavenumbers. b). The functionsa(k), b(k), c(k) andd(k) are arbitrary
This paper is organized as follows. In Sec. II, an outlinefunctions ofk. Without loss of generality, we assume that
of the derivation of the exact emission rate is given. In Secky lies in thek,—k, plane.K; is the characteristic width of
lll, the HOA emission rate is derived and compared to thethe forward spectrumk, is the characteristic width of the
exact emission rate. In Sec. IV, the NSA emission rate idackward spectrum, and<0¢<1 is the fractional energy in
derived and compared to the exact emission rate. In Sec. Whe forward spectrum. The spectru2) has the normaliza-
we consider the applicability of the head-on and narrow-tion
spectrum approximations to type Il solar radio bursts. E
f WTL(kFU, (©)
Il. EMISSION RATE OF SECOND HARMONIC WAVES
whereU is the energy density in the Langmuir waves. Typi-

In this section, we evaluate an integral expression for th%ally, a wave from the forward spectrum coalesces with a

rate of production of second harmonic waves. We consider Bangmuir wave from the backward spectrum. It is also pos-
Lang,fn uir wave spectrum with two componer_wts. the *for- sible for two Langmuir waves from the same spectrum to
ward” spectrum(e.g., beam-generated Langmuir wayesd coalesce, provided that ,k <k

’ yNL/~=RT.

the "backward spectrum of Langm_wr Wave(s._g:, back- In this paper we consider two types of Langmuir spectra,
scattered Langmuir waviesThe emission rate, originally ex- hereafter referred to as Gaussian and arc spectraGahes-

pressed as a multiple int.egral over -the wavevectors of th?an spectrumhas a Gaussian profile, and peaks at wavenum-
two coalescing Langmuir waves, is reduced to a oneberkf along the beantparalle) direction, andk, in the op-

d|m¢n5|onal_|ntegral, Wh'C.h IS In a §U|table form to be ap'posite direction. For this case, the functions in the spectrum
proximated in a systematic way or it can be evaluated nuzz) are identified as

merically.
The emission rate of transverse waves for the process a(k)=—k*—k?,

L(wi(k1),Ky) +L" (@ (kz). ko) = T(w7(Kr).Ky) is given by _

the relatioR* bk) =2k k, @

T (ky) 2 [ d%, [ d%, c(k)=—k>—kj,

= f (2m)3 Uria(Kr,K1,K2)

at  ho,) (2m)° d(k) =2k, k.
X TH (k) TH(Ky), (1)  The Gaussian Langmuir spectrum thus has the form
with
Ut Kt,Kq,K2) k
-~ A~ L
(2m)*e*h (ki—k3)?|kyxKo|® (a)
= 2 2

32€mewp kr backward forward

X 8%(ky— Ky —ky) 8 wr(ky) — o (k) — o (Kp). s"""f\"“m s"";\"’“m
The transverse waves are described in terms of their effective @ @ >
temperatureT '(k;) and the Langmuir wavegdenoted by ky k, k“

subscripts 1 and)2in terms of their effective temperature

T'-(klyz), andk=k/k. The delta function over frequency ex-

presses conservation of energy, and that over wave vectors

expresses conservation of momentum. k,

A. Functional form of Langmuir spectra (b)
We consider a Langmuir spectrum with both forward
and backward components. The distribution of Langmuir
waves is assumed to be axially symmetric, witlthe angle
betweerk and the axis of symmetry. The Langmuir spectrum
has the following form, , k;

TH(k,0)=Tr(k,8) + T5(k, 6),

FIG. 1. (a) Gaussian andb) arc Langmuir spectrum in wavenumber
(kj—k.) space. Each spectrum consists of two axially symmetric compo-
nents; consisting of forward-propagating and backward-propagating waves,
respectively. The spectral parameters atg=(—)k,=5k7o, Ki=K,
=0.%;, a=B=10.kqq is the wavenumber of the product second harmonic
wave. In all figures, the plasma frequency has the valye 1.5 10° st

() and the thermal electron velocity,=1.5x 10° ms %, and the fraction of
energy in the forward spectrug~=0.5.

a(k)+b(k) cos 6
K?

Th(k,0)=£T; exp[

c(k)+d(k) cos @
K

Th(k,0)=(1—&)T, exp{
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) —(kj—k)?—k? . —(k—k)?
THK)=€Trexp —— 7 To(k,0)= €Ty exp —— 7| exf a cos ],
f f
—(kj—kp)?—KZ 2
+(1-HT,exg—————|, 5 —(k—kp)
(=0T F{ K ® +(1-8Ty eXF{—Kz )
b
where kj=k cos6, k, =ksing, and T;=87%U/K3, X exy — B cos 6].

Tp=87" U/Kg. A typical Gaussian Langmuir spectrum is
shown in Figure (a). An isotropic Gaussian spectrum is a The angular extent of the arc spectra decreases with increas-
special case, witlh;=0 andT,=0. ing a and B, with characteristic angular range co%(«
The arc spectrumdiffers from the Gaussian spectrum in —1)/a]. The parametell; satisfies
that it has a broader spread in perpendicular wavenumbers.
The arc spectra more closely represent the functional form of —9,2 ) 2 C12/K2
the Langmuir spectra obtained through numerical solutions Ti=2m aU[sinha {3k exp— ki/K5)/2
of the Zakharov equations, treating the process of backscatter + 7K (K2+ 2k?)(1+erf(k¢/K)) /4171, (8)
decay’®
The arc spectrum peaks &f=k; and k,=—k, (with  ith a similar form forT,. A typical arc Langmuir spectrum
ki, kp>0). In this case, the functions in the spectr@hare s shown in Figure ().
identified as

2 2
a(k)=—k"+2k; k—Kkg, B. Derivation of emission rate

Using the functional form of the Langmuir spectry#),

_ 2
b(k) = aKg, the product ofT-(ky,6,) T-(k,,65) in (1) gives four terms,
(6)
c(k)=—k?+ 2ky, k—Kk2, Th(Ky,60) T Ky, 6,)
) =Tr(ky, 00 TH(Ky, 02) + Tr(Ky,01) Th(Kz, 62)
d(k)=— BK2.

+Th(ke, 00) Tr(Kz, 02) + Ty(ka, 01) T(kz, 62).  (9)
The arc spectrum thus has the form
The four terms in(9) will be denoted by the subscripts ff, fb,
bf and bb respectivelyf for forward, b for backwargd The
following outline of the derivation considers only the fb
term. The other three terms follow by analogy. The integral
to be evaluated is of the form

2 _
_e 5(1 g)Tfbe dsli’ d3k2

= 22 2
647 oMy

aTT(Ky)
ot

b
(K2—k3)?[ky Xky|2
X 2
kT
[{ a(ky)+b(k,) cos 6,
ex .
Kf

c(ky)+d(ky) cos b,
+ 2
Kj

X 0(wr(ky) —w (k1) — o (k). (10

8*(kr—kyi—kg)

The integral overd®k, is evaluated first. Using the delta
function over wavevectors, the following substitutions are

made in(10),
— 2_1,2 2
kz_kT_kll k2—k1+ kT_ZklkT COS(//, (11)
FIG. 2. Rotation of the coordinate axes aboutithexis so that thé,, axis . oo
is parallel tok . with cos¢=k,-k;, and
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ky cos y—k; cos 6, The integra_l overd®k, which remains i§ eyaluated in a ro-
> , (12 tated coordinate frame in which the axis is parallel toky
VKE+KE— 2Kk cosy (k, is rotated in thek,—k, plane. This coordinate transfor-
with COS)(=|2T~|22- Using these transformations, we find ~Mation is illustrated in Fig. 2. The spherical polar coordi-
nates are K;,#,¢) in the rotated frame. The polar angle

oS 6,=

(k2_k2)2 . . ]
1 = 2 — (2K, cos y—ky)?, (13) 6, in the old frame is re-expressed as
T
Rl ? k2|ky x k|2 k2 sin 2y w COS 6= COSy COS— Sin y Sin i COS ¢. (15)
xk,|*= = .
1 k5 ki+kf— 2k Ky cos The integral(10) is then reduced to,
|
aTT(k e2E(1— 6 T{Ty (= 1 7 (2kq cosy—k2)2k3k2 sin 2
(k) _ f(z 6)2f2bf dklj dCOSl/IJ dé 1 4 ; 1KT 4
at ® 647 egmewy Jo -1 - k3
F{a(kl)ﬂLb(kl) cosy cosyy  kyc(ky)+d(ky) (ks cosy—Kk, cosy cos i)
X ex 5 + 2
K? koK
—b(ky) siny sin¢ k;d(k,) sin x sin ¢
"'( K2 + K2 cos ¢ | §(wr(ky) —w (K1) —w (Kyp)), (16)
f 2Kp
|
wherek,(k;) = VK3 + k32— 2k ky cosy. with
The integral over¢ in (16) is evaluated using the
relation?*
1 (n ercoss k= X(ky cos ¢+ k2 cos?y+k2 —2k3), (20)
|0(Z)—Efﬂrd¢e , (17
yvhere lo(2) is a zeroth order_l-type Bessgl_function. The k_=X(ks cosy— \/k$ cosZy+ ki—Zk%), (21)
integral overk, is evaluated using the remaining delta func-
tion over frequencies and the dispersion relations for the
Langmuir and transverse waves, 4o (or(ke)—20.)
wpl W — LW
3K? k2=—2P T3VT2 Pl — AK2+ 2K2— Akikex.  (22)
w,_(k,_)*wp 1+_2 y (18) €
1
wr(ky)=(wp+kic?)?, (19 Now, if we assumeV,=c/4, a valid assumption for most

wherekp = w,/V, is the Debye wavenumber, aM is the applications,_therk_<0, _and the integral ovek, can be
thermal electron speed. Hence, evaluated using the relation

o w1(kr)— o (K1) — o (kr—ky))

3V2(2k2+k2— 2k ky COS )
2wy

g(ky)
k,—k_°

25( 01— 20,— f:dklg(kl)a((kl_k+)(kl_k7)): (23

w
=gy2 d(ki—ko) (ki —k-)), _ o
3Ve Hence(16) is reduced to the one-dimensional integral,

{aTT(kT,m _EH1-HTT, fl K7(2K—k5/2)% sin 2y p[a<k1>+b<k1> COS Y COS
at | 96mequpmiV2) 1 K2\kZ cos2y+ K2 — 2k2 K?
koc(k,)+d(ky) (ks cosy—ky cosy cosy)| |b(ky) siny sinyg  kyd(ky) sin y sin
- kK2 lo K? a k,K2 ’ 249
2Kp f 2Rp
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with ky(4) = ¥(kr cosyt+ k% cos?y+kE —2kZ) and k,(ky)

= \/(k*z —2k21)/2. This integral over) cannot be evaluated K, k.
exactly analytically. It is the starting point for our numerical

evaluation and analytic approximations in the following sec- k,
tions.

FIG. 3. Wavevector conservation for the coalescence protdss)

+L'(k./)—T(ky), where k, +k_,=k;. The condition for the HOA
I1l. THE HEAD-ON APPROXIMATION k >k impliesk_~—k,.

The HOA applies fokr<<k, ,k, . Wavevector conserva- pression for the rate of production can be derived fi@d).
tion then implies thak, .~ —k, ; i.e., the Langmuir waves The first step is to neglect terms of ordkﬁ, so that
meet nearly head on. This is illustrated in Figure 3, withk;(#)~ (ks cos¢+k,)/2 is substituted into(24). We then
k. +k_ =kg. By making this assumption, an analytic ex- neglect terms linear ik, to find

HOA  e2¢(1- ) T(T,,

1
=—>" > 2| dcosuyk, k? sin2y cos?
967Teowpm§V§fl YK Ky sin 4 cosTy

aTT( kT 7X)
ot

b

a(k,/2)+b(k,/2) cosy cosyy c(k,/2)—d(k,/2) cosy cos
X ex K2 + K2
f b

Xlg sin y sin ¢|. (25

b(k,/2) d(k,/2)
Kf K

Only the first term in a large argument expansion of the Bessel function is then retained, tig(gee® 2wz, which
requires

b(k,/2) d(k./2)\ . .
— — 5 sin x sin ¢>1. (26)
Kf Kb

Inclusion of all four terms from(9) yields,

IT (Kt x)
ot

HOA

e?k, k2 2a(k, /2 1-9T,T
_ * ON\T %ngfZEX ( * ) 4 f( 6) flb

V27 sin x(b(k, /2)/KZ—d(k, /2)/K?)

Qﬁweowpmgvg K?

alk,12) c(k,J2) [b(k./2) d(k,/2)
K2 k2 T\ Tkz T TRz cosvy)

1
X J’ d cos i sin ¥y cos?y exr{
-1

§(1-§)TT, 1 . a(k,/2) c(k,/2)
d 3/2 2
V27 sin y(b(k,/2)/KZ—d(k, /2)/K2) f,l cosr sin Ty cosTy exr{ K¢ K
b(k,/2) d(k,/2 2c(k, 12
—( (Kfz — (Kﬁ ) cos( ¢+ x) +%(1—§)2T§ exp{(K—i) ] (27

For (b(k, /2)/Kf2—d(k*/2)/K§)>1, as assumed for the large argument Bessel function expa@prthe argument of the

exponential in each of the two integrals(i7) strongly peaks a#y= y and= 7— y respectively. We then integrate using the
method of steepest descents, to give

aT (kg ,x)]HOA e’k, k2 - 2a(k, /2) peo 2c(k, /2)
[T T BBmeqomdvZ| B 8T O T[T T e
E(1—€)T{T, sin 2y cos?y a(k,/2)+b(k,/2) c(k,/2)—d(k,/2)
2 2y X 7 + 5 . (28
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A. HOA for Gaussian spectra
From (4) and (28), the HOA emission rate for Gaussian Langmuir spectra is

T (ky,x) |HOA e’k?2 \ , — (K2 +4Kk?) — (K2 +4k2)
= 7ol ETF exg ————— —_—
at 96meqw,maVs | 0\ ° 2K?¢ 2K§

+(1-¢)%T2 exp[

E(1— &) T(Ty sin 2y cosZy . F{—(k*—zmz —<k*—2kb>2“ 29

+
(ke/KZ—ky/K2) 4K? 4K}

The value ofk; at which the emission rate peaks can bevalue. The HOA emission rate always peakga¥5°, 135°
determined from frequency conservatiany(kt) = w (kq) due to the sirfy cos?y term in(28), which agrees well with
—w(ky), using the dispersion relatiorid8) and (19) and the exact emission rate. The dependence of the emission rate
by assumind<; =k; andk,=ky. This yields onky andy is similar for the exact and HOA emission rates.
Kroo=Kro(14A) (30 Hence it is valid to consider only the maximum emission rate
Tmax™ 710 : when comparing the exact and HOA emission rates.
with kro=+v3w,/c, and A=(k?+k3)/kd<1, where Figure 5 shows the maximum emission réateaximized
kp=wy/ V. Two cases are considered here; where the priover y andky) vs. ki, for both the exact and HOA emission
mary and backscattered Langmuir spectra are symmetricallsates. The HOA drastically overestimates the exact emission
placed; i.e.k,= —k;, and where the backscattered spectrunrate at low Langmuir wavenumbers. Indeed, we find that the

is offset byky, so thatk,=kqo—Kk;. approximation worsens for narrower Langmuir spectra,
) where it becomes increasingly difficult to satisfy the kine-
1. Symmetric spectra matic constraints. At low wavenumbeis~ Xk, there is an

Figure 4 shows contours of equal emission rate as additional peak in the exact emission rate, due to two Lang-
function of emission anglg andky for symmetric Langmuir  muir waves that propagate in roughly the same direction coa-
spectra(see Fig. 1 for (a) the exact emission rat@4) and lescing to produce a transverse wave with wavenuriber
(b) the HOA, wherek;= —k, =5k, Ki=K,=0.2%;. These as seen in Fig. 6. The peak emission rate for this process
parameters are in the regime whége-k. Here, the maxi- occurs aty=0°,180°. The extended low-level contours near
mum HOA emission rate is 1.4 times greater than the exact=0° and 180° in Fig. @) are also due to this effect. The

HOA does not reproduce this feature, as it assumes the two
coalescing Langmuir waves are propagating in opposite di-

rections.
180 —— —]
:(a) . 2. Offset spectra
- ] The offset Langmuir spectra, where the backward spec-
X r ] trum peaks at lower wavenumbers than the forward spec-
90 ] trum, is physically relevant because the process of backscat-
C ] ter decay produces backward propagating Langmuir waves
C ] with |k,| <k;. Figure 7 shows the contour plots of emission
C ] rate for offset backscattered spectra wikh=5krg, Ky
L . ] =4.%+9 andK;=K,=0.2; for (a) the exact emission rate,
0 and(b) the HOA. Here, the offset iky=ko/2. In this case,
180:(b)' I :4 10_|||'|||||||'|||||||_
- log, © e ——exact 3
X - ] =
oo E ] (OT"/8t)mer E
- b (arb units) 4 =
X ] 2 E
: : OIII'IIIIIIIIIIIIIII:
0 — T 0 2 4 6 8 10
ko ky kpo(1+4)

ky/ ke

FIG. 4. Comparison of the emission rate as a function of emission angléIG. 5. Maximum emission rat@rbitrary unit$ of second harmonic trans-
x and wavenumbeky for symmetric Gaussian Langmuir spectra farthe verse electromagnetic waves as a functiorkgfthe peak wavenumber of

exact emission rate and(b) the HOA, with ki=—Kky=5ky, the primary Gaussian Langmuir spectrum, with=—k; and K=Ky
Ki=Kp=0.%;. The equally spaced contoutnear in the emission rate ~ =0.2;. The exact emission rate is marked with a solid line, the HOA with
range from zero to the maximum value. a dashed line.
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8 LI I LI I LI I LI I re
logyo ok ——exact -
(OT"/0)max [ ) ™ oo N
(arb units) 4 (]’ ]
FIG. 6. Langmuir wave coalescence at low wavenumbers. Two Langmuir ',E, T I T e
waves with WavenumberkL,l<L,~%kT coalesce to produce a transverse 2
wave, with wavenumbek . 0 2 4 6 8 10

ke/ ke
the maximum emission rate is comparable for the HOA and _ o _ _ ,
exact cases, because wavevector conservation is more eadjl{?: 8 Maximum emission ratéarbitrary unit3 as a function ofk for

L L . .offset backscattered Gaussian speckg<(k;, kp,=Kko—k;, and K;=K,
satisfied for these asymmetric spectra than for symmetric 0.%;). The exact solution is marked with a solid line, the HOA with a

spectra. Figure (8 displays a higher rate fop<<90° than  dashed line.

for y>90°, corresponding to more transverse waves pro-

duced in the forward direction. Wavevector conservation,

kr=k,+k. ., with on averagek, (forward waves greater With Fig. 5 (ko=0) and Fig. 9 Ko>kqo) illustrates this

thank, . (backward waves implies thatk; is biased in the Point. Again, the HOA breaks down at loky .

forward direction. The HOAFig. 7(b)] does not reproduce For larger offsetsKo=kro), the HOA always underesti-
this asymmetry, but has equal peaks in emission rate fomates the exact emission rate. Figure 9 shows the maximum
x=45° andy=135°. emission rate as a function &f, for ko=2kg. For wave-

The accuracy of the HOA in predicting the maximum nUmberSkaZkTo, the backscattered SpeCtrUm also lies at
emission rate for offset Langmuir Spectra depends on th@OSitive Wavenumbers, and the HOA emission rate, which
magnitude of the offsek,. For ko=0 (symmetric spectda  assumes oppositely propagating Langmuir waves, is zero.
the HOA overestimates the exact emission (ae Fig. 5 1he peaks atk=3kg/2 and k¢=5kro/2 correspond to
The HOA is most accurate fay<kry, where the kinematic Ko=*kro/2 and thus are similar to the peakiqt=ko/2 in
constraints are most easily satisfied; i.e., where the modtig- 5.

Langmuir waves from the forward and backward spectra can
coalesce to produce a transverse wave with wavenumbd&. HOA for arc spectra
k1o and y=45°. Figure 8 shows the maximum emission rate

The HOA emission rate for arc spectra is similar in form
as a function ofk;, with k0=kT0/\/§. Comparing Fig. 8 P

to (29). Figure 10 shows emission rate contours for symmet-
ric arc spectra (see Fig. 2 with ki=—k,=5kq,
Ki=Kp,=0.%;, a=B=10, for (@) the exact, andb) the

180 — T T L m— HOA emission rate. As for the symmetric Gaussian spectrum
:(a) ] in Figure 4, the HOA overestimates the exact emission rate
C ] by a factor of 1.4; however, here the maximum emission rate
X r ] occurs at lower angley=20°,160°, due to the different
00 [ _‘ spectral shape and broader spread in perpendicular wave-
[ ] numbers in the arc spectrum. The peak at angle€5°,
[ ] 135° is still evident, but not as strong. As for the Gaussian
C ] spectra, the HOA predicts the maximum emission rate to
0 L ! ) 7
180 ' . - 65TII|III|IIIIIII|IIIE
- (b) ] = 3
C ] logso 4 3 3
X r ] (aTT/at)mx § §
90 [ 3 @buntt) 3 F | T E
: ] 2F | 3
B 1 1:|||"|||||||||||||||:
E i 0 2 4 6 8 10
0 1 1
kro ky  Keo(1+A) ky/kr

FIG. 9. Maximum emission rat@rbitrary unit$ as a function ok;, with a
FIG. 7. Emission rate as a function of emission angland wavenumber larger offset of the backscattered spectrury={2k;, ky=kq—k;, and
kr for offset Gaussian Langmuir spectra faj the exact emission rate, and K;=K,=0.%;). The exact solution is marked with a solid line, the HOA
(b) the HOA, withk;=5krg, kp=4.57y, Ki=Kp=0.2;. with a dashed line.
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occur at anglesy=45°,135°, and the peaks are not as broadrum approximation(NSA), in which we assumé;/k;<1

as for the exact emission rate. For the offset arc spectra, agd K, /k,<1. This allows the replacement of the Bessel
for the symmetric spectra, there is little qualitative differencefunction in (24) with the first term in its large argument
between the emission rate for the Gaussian spectra and te&pansion. This is valid for

arc spectra.
b(ky) kid(ky)

b(Ky) Ky0(K)) i s
Kfz szﬁ sin y sin ¢>1, (32

IV. NARROW SPECTRUM APPROXIMATION

In the previous section, the HOA is shown to breakwhich for both Gaussian and arc spectra is automatically
down for k, <ks. In this section an alternative approxima- satisfied forK;/k;, K,/ky<<1l. As for the HOA, the inte-
tion is considered, where the assumptigrek, , k; /isnot grand peaks strongly at=y. We assume/= y elsewhere
made, so as to better approximate the emission rate at lo the integrand, and again integrate by steepest descents, to
Langmuir wavenumbers. Instead, we make a narrow spedind

A e2E(1— &) T(Tok(4k2—K2)? sin 2y
n 384meqwpmEVekiy(KE cos®x+ ki —2K5) (b(ky)/KF—kid(ka)/(koKE))

% ox a(ky)+b(ky) N c(ky)  d(ky)(ky cosxy—k;)
Kf K koKp '

aTT( kT !X)
ot

(32

with  ky(ky,x)= 3k cosy+k? cos®y+k2—2k¥) and now evaluated in the range &<90° where the NSA is

ka(ky) = Vk2/12—K2. more accurate. This method is also applied to offset spectra.
The NSA is more accurate in the range @< /2 than The bf term is obtained by making the replacements

wl2< y<. This is because the peak @t y is sharper in a@—C,b—d,c—a, andd—b. The NSAis not valid for the ff

the range 8 y=</2 than form/2< y<. This leads to the and bb terms because it becomes increasingly difficult for
undesirable situation where, for symmetric Langmuir spectrdwo wavevectors from the santeither forward or backwajd
(e.g., for Gaussian spectrig,= —k; andK,=K;), the NSA  spectrum to add together to gike in the limit as the width
emission rate is asymmetric abogt 90°, whereas the exact Of the spectrum goes to zero. Due to the Zgirierm in(32),
emission rate is symmetric aboyt=90°. The symmetry is the coalescing Langmuir waves cannot both be propagating
regained by evaluating the emission rate in two regimes. Fof the parallel direction. Hence, as for the HOA, the NSA
the range 6< y<90°, we us€32) as it stands. For the range fails to reproduce the low wavenumber peak in emission rate
90°< y<180°, a change of variables is made so {38 is due to the coalescence of two Langmuir waves propagating
evaluated in the range<9y<90°. This is achieved by re- in the same direction.

flecting the forward and backward Langmuir spectra abou
kj=0 and replacingy by m— x in (32). That is, we replace
the forward spectrum with the backward spectrum and vice Using the forms fom,b,c andd in (4), and imposing the
versa, so that the emission rate in the range<99%180° is  symmetry discussed abov@&2) becomes

k. NSA for Gaussian spectra

TT

NSA e26(1— ) TiTk3(2k3—k2/2)? sin 2y
7('& X)

o 192meqwm2V2k kG (I cosZy+ k2 —2k2) (ki /K2 —ky/K2)'

—(ki—kp)2  —k3— K2+ 2kp(kr cos x—kj)
Xe[{ (12f)Jr 27 Kp b2T x—kq 33
K K
for 0<y=w/2, and
a_TT o NSA: e26(1— &) TiTk3(2k3—k2/2)? sin 2y
gt T 192meqwpmEV2kiKEV(KE cosZy+ K2 — 2k2) (ke /K2~ ky/K2)
—(ky+kp)?  —k3—Kk?—2ke(—ky cos y—k;)
Xex;{ (:(2 b)+ 27 K¢ szT X~ K , (34)
b f
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180 6:IIIIIIIIIIIIIIIIIII
[ (a) ] =
- ] logso N

x F ] (8T"/ 8 )max E

90 :_ __: (arb units) 3 -:T
- ] 2 &
: : 1:II|IIIIIIIIIIIIIII
- 0 2 4 6 8 10

0 1 1
ke/kr

180 . - . - : : , .
C(b) ] FIG. 12. Maximum emission rat@rbitrary unit$ as a function ok;, with
- E no offset (symmetric spectja (k,=—k;, and K;=K,=0.2;). The exact
C ] solution is marked with a solid line, the NSA with a dashed line.

X ]

90 - E the NSA emission rates. The agreement is excellent, down to
u . ki~ky, but the NSA does not reproduce the peak at
C ] ki=kgo! 2.

0F— ! 2. Offset spectra

Kro kro(14+4)

Figure 13 shows the NSA emission rate for the same
parameters as Fig. 7k{=5krg, kp=4.519, Ki=Kj
FIG. 10. Emission‘ rate as a_funption of emission ar)glend_ wavenumber =0.2kf). In this case the maximum NSA emission rate is
l((g)f%reaaco'ﬁnv%?hul'(:jp_el‘(:zfs'i;'%:iiz(f)otgz ixj‘szc'fs'on rate. and g 95 times the maximum exact emission rate. Unlike the
HOA, the NSA displays the higher emission rate for
x<90° (see Fig. J. Figure 14 shows the maximum emission
for m/2<y<. From(4) and(9), the bf term is obtained by rate as a function ok for both the exact emission rate and
making the replacements; —k,, K; —Kp, ky—k; and the NSA for the same parameters as Fig. (Sffset
Ky— K in (33) and (34). ko=2ky), displaying excellent agreement floy>3kr,. For
ki>3ktg, the NSA still closely agrees with the fb and bf
) terms of the exact emission rate. The two peaks at
1. Symmetric spectra k¢=3ko/2 andk;=5kso/2 are due to the ff and bb terms,
Figure 11 shows the NSA emission rate for the samevhich the NSA cannot approximate. Nevertheless, in this
parameters as Fig. &{=—ky=5krg, Ki=Kp,=0.2y). In  regime, the NSA is preferable to the HOA, which underesti-
this case the maximum emission rate is 0.93 times the exachates the emission rate by many orders of magnitude.
maximum emission rate, compared to a factor of 1.4 for the In addition, the NSA works reasonably well for wider
HOA. The dependence of the emission ratekgrand y is  Langmuir spectra. For both symmetric and offset spectra, the
similar to the exact emission rate. Hence the maximum emisNSA agrees with the exact emission rate to within an order
sion rate is an adequate point of comparison between thef magnitude, for width&;=<0.5;. This is sufficient accu-
exact and NSA emission rates. Figure 12 shows the maxiacy to calculate the emission rate for experimentally deter-
mum emission rate as a function kyffor both the exact and mined parameters of the Langmuir spectra, where the signifi-

180 [ T T ] 180 | 1 1 T T i

x f ] x | ]

90 [ - 90 - .

o B N ! 1 0 B 1 1 ]
Ko ko(1+4) ko ky kpo(1+4)

FIG. 11. Emission rate as a function of emission anglend wavenumber  FIG. 13. Emission rate as a function of emission anglend wavenumber
kr for Gaussian Langmuir spectra in Figure 1, assuming the NSAk; for offset Gaussian Langmuir spectra, assuming the NgAS5kyg,
kf: _kb= 5k-|—0, Kf=Kb=O.2kf. kb=4'5(T0! Kf=Kb=O.2kf.
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6 Frrr T T where m, and m; are the electron and ion masses;
E_ _E v=1+3T,;/Te with T, andT; the electron and ion tempera-
logso = 3 tures. We assume=1 in the following discussion. Using
4 - the above two criteria, with a given observed beam spee
81" /6t S = he ab iteri ith i b db d
(8T"/8%)mes E_ 3 U peam and Width Av yean/Vpeam the HOA is applicable pro-
(arb units) © | E vided that
2 F —
I S S P T T oear<C/ 3, (38
0O 2 4 6 8 10 Avpeam_| 2 [yme 3
Kk /k b = 3V m  c Ubeam: (39
eam e 1
t/ Bt

A similar relation to(39) derived by Robinson and Caiffls
FIG. 14. Maximum emission rat@rbitrary unit$ as a function ok;, with did not include the absolute value sign, and hence covers too
a large offset in the backscattered spectruky<(2kr, ky=ko—ki, and  great a range. Typically, electron beam speeds are observed
\l;:; l;bga%r?;zlli-;gé exact solution is marked with a solid line, the NSA to be in the range yean= (0.04—0.30)c for both coronal and

interplanetary type Ill bursts, %’ so that(38) is reasonably

well satisfied, except for the fastest beams. Typical values of
cant uncertainties in the spectral parameters lead to evehe thermal electron speed ahé.=5.0x10° m s ! for
larger uncertainties in the emission rate because of the expgsoronal bursts an®/,=1.5x10° m s ! for interplanetary
nential form of the Langmuir spectra. bursts at 1 AU from the Sun. Hence, usi(®9), the coronal
bursts requireA v pean/ vV pean= 0.8 pean/ € @nd the interplan-
etary bursts requiré\v yeanm/ v pean= 1-4pean/C. Hence, for

The expression for the NSA emission rate is similar ininterplanetary burst\v pean/vpean= 0.3 for the typical elec-

form to that for the Gaussian spectra. For the arc spectraron beam speed,.,,~=0.2c. However, observed electron
there is little change to the conclusions made for the symbpeam width&’ for interplanetary bursts extend well below

B. Arc spectra

metric and offset Gaussian Langmuir spectra. this value, withAvyean/vpean=0.1—0.4. We conclude that
the HOA is not applicable to the faster or narrower interplan-
V. SOLAR TYPE Ill BURSTS etary type Il beams. However, there is less constraint on the

beam width for coronal bursts, and the HOA more accurately

In this section, we discuss the applicability of the HOA . L .
and NSA to coronal and interplanetary type Il bursts. Thedetermlnes the rate in this case, provided the beams are not

position and width of the Langmuir spectra for these burs;té00 fast. For both coronal and interplanetary type Il bursts,

are determined from the observed electron beam speed aH?JE HOA u_nderesnmates the emission rate for the offset
width. The wavenumber offset is determined from IOCaIspectra believed present due to backscatter decay, in contrast

plasma parameters. From this information the validity of theto the result for symmetric primary and backscattered Lang-

HOA and the NSA can be determined muir spectra, where the HOA overestimates the emission
: —_ rate.
The accuracy of the HOA depends on two criteria. The i i

first is k, >k, the basic HOA assumption. The second cri—A The NS’i is valid fgrf_ vx(/jhend tr’IOthUbe?mS C/\/§d and :
terion is that both the forward and backward Langmuir spec- Ub_eam/v bearr~ 0.5 are satisfie ' and hence IS a good approxi-
tra must be sufficiently broad so as to allow wavevector conmation for both co_ro_na_ll and interplanetary tyPe i bL_”StS'
servation when a Langmuir wave from the forward spectrunﬁowever' the relat|V|st|<_: beam speeds associated W_'th the
coalesces with one from the backward spectrum to producefz‘}Ster electron beams, én particular for the recently discov-
transverse wave with wavenumbkf. Larger widths are ered type Illd bursts} have Langmuir wavenumbers

also required to compensate for large offsets. Hence, thbear= K, where coalescence between two Langmuir waves
spectral width must satisfy propagating in roughly the same direction is dominant. In

this case neither approximation is valid, and the inte@dl

KL= [ko—kr]. (35  must be evaluated numerically.
The kinematic constraints are best satisfied kgreky,
where there is correspondingly less restrictionkgn V1. CONCLUSION

The (forward) Langmuir wavenumbekpeanyis related to In this paper, the second harmonic emission rate for the
the electron beam speeathean by Kpean= @p/Vpeam The  processL (o (K;), ki) + L' (o (Ko),ky)— T(w(ky), k) is
spectral width is related to the beam width by considered for a Langmuir spectrum consisting of primary

(forward propagatingand backward propagatirig.g., back-

K Av
—beam_ —~beam (36)  scatterell Langmuir waves. Waves from the forward spec-

Koeam  Ubeam trum coalesce with waves from the backward spectrum to
The backscatter offselty is dependent on the ion sound produce second harmonic waves at small wavenumbers. Two
speedv, with® different types of Langmuir spectra are considered: Gaussian

spectra which model the forward and backward spectra with
20pUs_ 5 [ ¥Me @y Gaussi il d hich al del th
0= % iy (37) aussian profiles, and arc spectra which also model the
3Ve m; Ve broader spread in perpendicular wavenumbers. The expres-
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sion for the emission rate of second harmonic waves is reprovides a good fit to the maximum emission rate, even at
duced to a one-dimensional integral, which is evaluated nulower wavenumbers where the HOA breaks down. The accu-
merically. An analytic expression for the emission rate isracy of the NSA improves with narrower Langmuir spectra,
obtained after assuming the head-on approximation, ofteand it works well for reasonably broad spectri(;(k;
used to treat second harmonic emission. This approximatiors 0.5). However, the NSA also does not reproduce the peak
assumes the wavenumbers of the coalescing Langmuir wavés the emission rate at small wavenumbers, as coalescence
far exceed that of the second harmonic waves, ke kr, between Langmuir waves propagating in the same direction
and is valid for spectral width&, =|ky,— k|, wherek, is  cannot occur in the limit that the spectral width goes to zero.
the wavenumber offset in the Langmuir spectra. We intro-  The HOA works better for coronal type Il bursts than
duce a more general narrow-spectrum approximation, whicfor interplanetary type 1l bursts, a result of the dependence
yields an improved analytic expression for the emission rateof the accuracy of the HOA on the wavenumber offkgt
valid to smallerk, , assuming the Langmuir spectra are rea-The NSA works well in both cases. The applicability of these
sonably narrow; i.e K, /k, <0.5. Below, we summarize the approximations to determining the degree of polarization of
results for the exact emission rate, and discuss the validity ahe resulting harmonic radiation is presently under investiga-
the two approximations. tion.
As a function ofk; andy the exact emission rate for the
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