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The coalescence of Langmuir waves to produce electromagnetic waves at twice the plasma
frequency is considered. A simplified expression for the rate of production of second harmonic
electromagnetic waves is obtained for a broad class of Langmuir spectra. In addition, two different
analytic approximations are considered. The validity of the commonly used head-on approximation
is explored, in which the two coalescing Langmuir waves are assumed to approach from opposite
directions. This approximation breaks down at low Langmuir wavenumbers, and for narrow
Langmuir wave spectra. A second, more general, approximation is introduced, called the
narrow-spectrum approximation, which requires narrow spectral widths of the Langmuir spectra.
The advantages of this approximation are that it does not break down at low Langmuir
wavenumbers, and that it remains valid for relatively broad Langmuir wave spectra. Finally, the
applicability of these approximations in treating harmonic radiation in type III solar radio bursts is
discussed. ©1996 American Institute of Physics.@S1070-664X~96!02212-1#

I. INTRODUCTION

Second harmonic plasma emission occurs through the
coalescence of two Langmuir waves, denoted here by
L1L8→T, whereL andL8 denote the two Langmuir waves
and T denotes the~second harmonic! transverse wave. In
most previous work on this process1–4 it is assumed that the
wavenumbers,kL andkL8, of the coalescing Langmuir waves
far exceed that of the resulting transverse wave,kT . This is
known as the head-on approximation~HOA!, because the
coalescing Langmuir waves havekL8'2kL . For second
harmonic plasma emission to proceed, in this approximation,
a spectrum of Langmuir waves with roughly opposite wave-
numbers is required. In solar type III bursts, for example, the
primary Langmuir wave spectrum is produced by an unstable
electron beam in the plasma. The secondary Langmuir spec-
trum, with wavevectors roughly antiparallel to those in the
primary spectrum, is then widely accepted to be produced
via another three-wave process: electrostatic backscatter de-
cay. This process involves the decayL→L81S of the pri-
mary Langmuir wavesL into product Langmuir wavesL8
and ion-sound wavesS. The kinematic constraints of conser-
vation of energy and momentum imply that the backscattered
Langmuir waves lie at wavenumberskL8'k02kL , with the
offset k0 ~usually !kL) dependent on the ion sound
speed.3–5 Repeated backscatter decays are also possible,6,7

and a cascade of backscatter decays can produce a conden-
sate of Langmuir waves at low wavenumbers. The number of
such repeated backscatter decays is limited by kinematic
constraints.8

The theory of nonlinear three-wave processes to explain
fundamental and second harmonic emission in solar type III
radio bursts was first proposed by Ginzburg and Zhelezn-
yakov9 and later extended by Melrose.2,10,11Further applica-
tions include type II solar radio bursts12 and second har-
monic emission upsteam of the Earth’s bowshock.13–15 An
alternative mechanism to produce fundamental and harmonic

emission has recently appeared in the literature.16 This
mechanism relies on the coexistence of high levels of Lang-
muir waves with a strong, unstable electron beam, whereas
simulations and theory17,18 imply that the Langmuir waves
coexist with an electron distribution that is plateaued by qua-
silinear relaxation. In addition, the high efficiency of this
mechanism~for an unrelaxed beam! would imply that type
III beams could not propagate to the observed large distances
from the Sun because they would rapidly lose all their free
energy to waves.18 Significantly, stochastic growth theory
which assumes a relaxed marginally stable distribution as its
starting point is able to account for most of the observations
of type III Langmuir, ion sound and electromagnetic
waves.19,5,20

A relatively simple analytic expression for the emission
rate of second harmonic waves, can be derived assuming the
head-on approximation.3,4 Melrose and Stenhouse21 tested
the validity of the HOA for isotropic power law Langmuir
spectra, and found that it overestimates the emission rate at
low wavenumbers, and for narrow spectra. Using the HOA,
an expression for the degree of polarization of the harmonic
radiation can also be derived.22 However, recent observations
of the degree of polarization of harmonic emission in coronal
type III solar radio bursts23 are much higher than implied by
theory, leading one to suspect the validity of the HOA in this
case. We are thus motivated to find the bounds of validity of
the HOA and to find a better approximation. Here, we con-
centrate on the emission rate of harmonic waves; we propose
to discuss the polarization in a later paper.

In this paper, we model the primary and backscattered
Langmuir spectra and evaluate an exact expression for the
rate of production of second harmonic waves. The exact
emission rate is expressed as a one-dimensional integral, and
is evaluated numerically. An analytic expression for the
emission rate is obtained with the HOA and is compared
with the exact emission rate. We then introduce a more gen-
eral narrow-spectrum approximation~NSA!, for which an
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analytic expression for the emission rate is also obtained.
The NSA does not requirekL ,kL8@kT , and thus is a better
approximation at small Langmuir wavenumbers.

This paper is organized as follows. In Sec. II, an outline
of the derivation of the exact emission rate is given. In Sec.
III, the HOA emission rate is derived and compared to the
exact emission rate. In Sec. IV, the NSA emission rate is
derived and compared to the exact emission rate. In Sec. V,
we consider the applicability of the head-on and narrow-
spectrum approximations to type III solar radio bursts.

II. EMISSION RATE OF SECOND HARMONIC WAVES

In this section, we evaluate an integral expression for the
rate of production of second harmonic waves. We consider a
Langmuir wave spectrum with two components: the ‘‘for-
ward’’ spectrum~e.g., beam-generated Langmuir waves!, and
the ‘‘backward’’ spectrum of Langmuir waves~e.g., back-
scattered Langmuir waves!. The emission rate, originally ex-
pressed as a multiple integral over the wavevectors of the
two coalescing Langmuir waves, is reduced to a one-
dimensional integral, which is in a suitable form to be ap-
proximated in a systematic way or it can be evaluated nu-
merically.

The emission rate of transverse waves for the process
L(vL(k1),k1)1L8(vL(k2),k2)→T(vT(kT),kT) is given by
the relation21

]TT~kT!

]t
5

2

\vp
E d3k1

~2p!3
E d3k2

~2p!3
uT12~kT ,k1 ,k2!

3TL~k1!T
L~k2!, ~1!

with

uT12~kT ,k1 ,k2!

5
~2p!4e2\

32e0me
2vp

~k1
22k2

2!2uk̂13k̂2u2

kT
2

3d3~kT2k12k2!d~vT~kT!2vL~k1!2vL~k2!!.

The transverse waves are described in terms of their effective
temperatureTT(kT) and the Langmuir waves~denoted by
subscripts 1 and 2! in terms of their effective temperature
TL(k1,2), andk̂5k/k. The delta function over frequency ex-
presses conservation of energy, and that over wave vectors
expresses conservation of momentum.

A. Functional form of Langmuir spectra

We consider a Langmuir spectrum with both forward
and backward components. The distribution of Langmuir
waves is assumed to be axially symmetric, withu the angle
betweenk and the axis of symmetry. The Langmuir spectrum
has the following form,

TL~k,u!5Tf
L~k,u!1Tb

L~k,u!,

Tf
L~k,u!5jTf expFa~k!1b~k! cosu

K f
2 G ,

Tb
L~k,u!5~12j!Tb expFc~k!1d~k! cosu

Kb
2 G . ~2!

The first term corresponds to the forward spectrum~subscript
f!, and the second term to the backward spectrum~subscript
b!. The functionsa(k), b(k), c(k) andd(k) are arbitrary
functions ofk. Without loss of generality, we assume that
kT lies in thekx2kz plane.K f is the characteristic width of
the forward spectrum,Kb is the characteristic width of the
backward spectrum, and 0<j<1 is the fractional energy in
the forward spectrum. The spectrum~2! has the normaliza-
tion

E d3k

~2p!3
TL~k!5U, ~3!

whereU is the energy density in the Langmuir waves. Typi-
cally, a wave from the forward spectrum coalesces with a
Langmuir wave from the backward spectrum. It is also pos-
sible for two Langmuir waves from the same spectrum to
coalesce, provided thatkL ,kL8&kT .

In this paper we consider two types of Langmuir spectra,
hereafter referred to as Gaussian and arc spectra. TheGauss-
ian spectrumhas a Gaussian profile, and peaks at wavenum-
ber kf along the beam~parallel! direction, andkb in the op-
posite direction. For this case, the functions in the spectrum
~2! are identified as

a~k!52k22kf
2,

b~k!52kf k,
~4!

c~k!52k22kb
2,

d~k!52kb k.

The Gaussian Langmuir spectrum thus has the form

FIG. 1. ~a! Gaussian and~b! arc Langmuir spectrum in wavenumber
(ki2k') space. Each spectrum consists of two axially symmetric compo-
nents; consisting of forward-propagating and backward-propagating waves,
respectively. The spectral parameters arekf5(2)kb55kT0 , K f5Kb

50.2kf , a5b510.kT0 is the wavenumber of the product second harmonic
wave. In all figures, the plasma frequency has the valuevp51.53105 s21

and the thermal electron velocityVe51.53106 ms21, and the fraction of
energy in the forward spectrumj50.5.
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TL~k!5jTf expF2~ki2kf!
22k'

2

K f
2 G

1~12j!Tb expF2~ki2kb!
22k'

2

Kb
2 G , ~5!

where ki5k cosu, k'5k sinu, and Tf58p3/2U/K f
3 ,

Tb58p3/2U/Kb
3 . A typical Gaussian Langmuir spectrum is

shown in Figure 1~a!. An isotropic Gaussian spectrum is a
special case, withkf50 andTb50.

Thearc spectrumdiffers from the Gaussian spectrum in
that it has a broader spread in perpendicular wavenumbers.
The arc spectra more closely represent the functional form of
the Langmuir spectra obtained through numerical solutions
of the Zakharov equations, treating the process of backscatter
decay.7,6

The arc spectrum peaks atkz5kf and kz52kb ~with
kf ,kb.0). In this case, the functions in the spectrum~2! are
identified as

a~k!52k212kf k2kf
2,

b~k!5aK f
2,

~6!

c~k!52k212kb k2kb
2,

d~k!52bKb
2.

The arc spectrum thus has the form

TL~k,u!5jTf expF2~k2kf!
2

K f
2 Gexp@a cosu#,

1~12j!Tb expF2~k2kb!
2

Kb
2 G

3exp@2b cosu#.

~7!

The angular extent of the arc spectra decreases with increas-
ing a and b, with characteristic angular range cos21@(a
21)/a]. The parameterTf satisfies

Tf52p2aU@sinha$3kfK
2exp~2kf

2/K2!/2

1ApK~K212kf
2!~11erf~kf /K !!/4%#21 , ~8!

with a similar form forTb . A typical arc Langmuir spectrum
is shown in Figure 1~b!.

B. Derivation of emission rate

Using the functional form of the Langmuir spectrum~2!,
the product ofTL(k1 ,u1)T

L(k2 ,u2) in ~1! gives four terms,

TL~k1 ,u1!T
L~k2 ,u2!

5Tf
L~k1 ,u1!Tf

L~k2 ,u2!1Tf
L~k1 ,u1!Tb

L~k2 ,u2!

1Tb
L~k1 ,u1!Tf

L~k2 ,u2!1Tb
L~k1 ,u1!Tb

L~k2 ,u2!. ~9!

The four terms in~9! will be denoted by the subscripts ff, fb,
bf and bb respectively~f for forward, b for backward!. The
following outline of the derivation considers only the fb
term. The other three terms follow by analogy. The integral
to be evaluated is of the form

F]TT~kT!

]t G
fb

5
e2j~12j!TfTb
64p2e0me

2vp
2 E d3k1E d3k2

3
~k1

22k2
2!2uk̂13k̂2u2

kT
2

3expFa~k1!1b~k1! cosu1
K f
2

1
c~k2!1d~k2! cosu2

Kb
2 Gd3~kT2k12k2!

3d~vT~kT!2vL~k1!2vL~k2!!. ~10!

The integral overd3k2 is evaluated first. Using the delta
function over wavevectors, the following substitutions are
made in~10!,

k25kT2k1 , k2
25k1

21kT
222k1kT cosc, ~11!

with cosc5k̂1• k̂T , and
FIG. 2. Rotation of the coordinate axes about theky axis so that thekz8 axis
is parallel tokT .
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cosu25
kT cosx2k1 cosu1

Ak121kT
222k1kT cosc

, ~12!

with cosx5k̂T• k̂z . Using these transformations, we find

~k1
22k2

2!2

kT
2 5~2k1 cosc2kT!2, ~13!

uk̂13k̂2u25
kT
2uk̂13k̂Tu2

k2
2 5

kT
2 sin 2c

k1
21kT

222k1kT cosc
. ~14!

The integral overd3k1 which remains is evaluated in a ro-
tated coordinate frame in which thekz axis is parallel tokT
( k̂z is rotated in thekx2kz plane!. This coordinate transfor-
mation is illustrated in Fig. 2. The spherical polar coordi-
nates are (k1 ,c,f) in the rotated frame. The polar angle
u1 in the old frame is re-expressed as

cosu15 cosx cosc2 sin x sin c cosf. ~15!

The integral~10! is then reduced to,

F]TT~kT!

]t G
fb

5
e2j~12j!TfTb
64p2e0me

2vp
2 E

0

`

dk1E
21

1

d coscE
2p

p

df
~2k1 cosc2kT

2!2k1
2kT

2 sin 2c

k2
2

3expFa~k1!1b~k1! cosx cosc

K f
2 1

k2c~k2!1d~k2!~kT cosx2k1 cosx cosc!

k2Kb
2

1S 2b~k1! sin x sin c

K f
2 1

k1d~k2! sin x sin c

k2Kb
2 D cosfGd~vT~kT!2vL~k1!2vL~k2!!, ~16!

wherek2(k1)5Ak121kT
222k1kT cosc.

The integral overf in ~16! is evaluated using the
relation,24

I 0~z!5
1

2pE2p

p

dfe6z cosf, ~17!

where I 0(z) is a zeroth order I-type Bessel function. The
integral overk1 is evaluated using the remaining delta func-
tion over frequencies and the dispersion relations for the
Langmuir and transverse waves,

vL~kL!'vpS 11
3kL

2

2kD
2 D , ~18!

vT~kT!5~vp
21kT

2c2!
1
2, ~19!

wherekD5vp /Ve is the Debye wavenumber, andVe is the
thermal electron speed. Hence,

d~vT~kT!2vL~k1!2vL~kT2k1!!

5dS vT22vp2
3Ve

2~2k1
21kT

222k1kT cosc!

2vp
D

5
vp

3Ve
2 d~~k12k1!~k12k2!!,

with

k15 1
2~kT cosc1AkT2 cos2c1k

*
2 22kT

2!, ~20!

k25 1
2~kT cosc2AkT2 cos2c1k

*
2 22kT

2!, ~21!

k
*
2 5

4vp~vT~kT!22vp!

3Ve
2 54k1

212kT
224k1kTx. ~22!

Now, if we assumeVe&c/4, a valid assumption for most
applications, thenk2,0, and the integral overk1 can be
evaluated using the relation

E
0

`

dk1g~k1!d~~k12k1!~k12k2!!5
g~k1!

k12k2
. ~23!

Hence~16! is reduced to the one-dimensional integral,

F]TT~kT ,x!

]t G
fb

5
e2j~12j!TfTb
96pe0vpme

2Ve
2E

21

1

d cosc
k1
2~2k1

22k
*
2 /2!2 sin 2c

k2
2AkT2 cos2c1k

*
2 22kT

2
3expFa~k1!1b~k1! cosx cosc

K f
2

1
k2c~k2!1d~k2!~kT cosx2k1 cosx cosc!
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2 G I 0Fb~k1! sin x sin c

K f
2 2

k1d~k2! sin x sin c

k2Kb
2 G , ~24!
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with k1(c)5
1
2(kT cosc1AkT2 cos2c1k

*
222kT

2) and k2(k1)
5A(k

*
2 22k1

2)/2. This integral overc cannot be evaluated
exactly analytically. It is the starting point for our numerical
evaluation and analytic approximations in the following sec-
tions.

III. THE HEAD-ON APPROXIMATION

The HOA applies forkT!kL ,kL8. Wavevector conserva-
tion then implies thatkL8'2kL ; i.e., the Langmuir waves
meet nearly head on. This is illustrated in Figure 3, with
kL1kL85kT . By making this assumption, an analytic ex-

pression for the rate of production can be derived from~24!.
The first step is to neglect terms of orderkT

2 , so that
k1(c)'(kT cosc1k* )/2 is substituted into~24!. We then
neglect terms linear inkT , to find

F]TT~kT ,x!

]t G
fb

HOA

5
e2j~12j!TfTb
96pe0vpme

2Ve
2E

21

1

d cosck* kT
2 sin 2c cos2c
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K f
2 1
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Kb
2 G
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K f
2 2

d~k* /2!

Kb
2 D sin x sin cG . ~25!

Only the first term in a large argument expansion of the Bessel function is then retained, to giveI 0(z)'ez/A2pz, which
requires

S b~k* /2!

K f
2 2

d~k* /2!

Kb
2 D sin x sin c@1. ~26!

Inclusion of all four terms from~9! yields,

F ]TT~kT ,x!
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e2k* kT
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15j

2Tf
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2 expF2c~k* /2!
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For (b(k* /2)/K f
22d(k* /2)/Kb

2)@1, as assumed for the large argument Bessel function expansion~26!, the argument of the
exponential in each of the two integrals in~27! strongly peaks atc5x andc5p2x respectively. We then integrate using the
method of steepest descents, to give

F]TT~kT ,x!

]t GHOA5
e2k* kT

2

48pe0vpme
2Ve

2 H 4
15S j2Tf

2 expF2a~k* /2!

K f
2 G1~12j!2Tb

2 expF2c~k* /2!

Kb
2 G D

1
j~12j!TfTb sin

2x cos2x

~b~k* /2!/K f
22d~k* /2!/Kb

2!
expFa~k* /2!1b~k* /2!
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2 1

c~k* /2!2d~k* /2!
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2 G J . ~28!

FIG. 3. Wavevector conservation for the coalescence processL(kL)
1L8(kL8)→T(kT), where kL1kL85kT . The condition for the HOA
kL@kT implies kL'2kL8.
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A. HOA for Gaussian spectra

From ~4! and ~28!, the HOA emission rate for Gaussian Langmuir spectra is

F ]TT~kT ,x!

]t GHOA5
e2kT

2

96pe0vpme
2Ve

2 H 4
15S j2Tf

2 expF2~k
*
2 14kf

2!

2K f
2 G1~12j!2Tb

2 expF2~k
*
2 14kb

2!

2Kb
2 G D

1
j~12j!TfTb sin

2x cos2x

~kf /K f
22kb /Kb

2!
expF2~k*22kf!

2

4K f
2 1

2~k*22kb!
2

4Kb
2 G J . ~29!

The value ofkT at which the emission rate peaks can be
determined from frequency conservation,vT(kT)5vL(k1)
2vL(k2), using the dispersion relations~18! and ~19! and
by assumingk15kf andk25kb . This yields

kTmax5kT0~11D!, ~30!

with kT05A3vp /c, and D5(kf
21kb

2)/kD
2 !1, where

kD5vp / Ve . Two cases are considered here; where the pri-
mary and backscattered Langmuir spectra are symmetrically
placed; i.e.,kb52kf , and where the backscattered spectrum
is offset byk0 , so thatkb5k02kf .

1. Symmetric spectra

Figure 4 shows contours of equal emission rate as a
function of emission anglex andkT for symmetric Langmuir
spectra~see Fig. 1! for ~a! the exact emission rate~24! and
~b! the HOA, wherekf52kb55kT0 , K f5Kb50.2k f . These
parameters are in the regime wherekf@kT . Here, the maxi-
mum HOA emission rate is 1.4 times greater than the exact

value. The HOA emission rate always peaks atx545°, 135°
due to the sin2x cos2x term in ~28!, which agrees well with
the exact emission rate. The dependence of the emission rate
on kT andx is similar for the exact and HOA emission rates.
Hence it is valid to consider only the maximum emission rate
when comparing the exact and HOA emission rates.

Figure 5 shows the maximum emission rate~maximized
overx andkT) vs. kf , for both the exact and HOA emission
rates. The HOA drastically overestimates the exact emission
rate at low Langmuir wavenumbers. Indeed, we find that the
approximation worsens for narrower Langmuir spectra,
where it becomes increasingly difficult to satisfy the kine-
matic constraints. At low wavenumbers,kf'

1
2kT , there is an

additional peak in the exact emission rate, due to two Lang-
muir waves that propagate in roughly the same direction coa-
lescing to produce a transverse wave with wavenumberkT ,
as seen in Fig. 6. The peak emission rate for this process
occurs atx50°,180°. The extended low-level contours near
x50° and 180° in Fig. 4~a! are also due to this effect. The
HOA does not reproduce this feature, as it assumes the two
coalescing Langmuir waves are propagating in opposite di-
rections.

2. Offset spectra
The offset Langmuir spectra, where the backward spec-

trum peaks at lower wavenumbers than the forward spec-
trum, is physically relevant because the process of backscat-
ter decay produces backward propagating Langmuir waves
with ukbu,kf . Figure 7 shows the contour plots of emission
rate for offset backscattered spectra withkf55kT0 , kb
54.5kT0 andK f5Kb50.2kf for ~a! the exact emission rate,
and~b! the HOA. Here, the offset isk05kT0/2. In this case,

FIG. 4. Comparison of the emission rate as a function of emission angle
x and wavenumberkT for symmetric Gaussian Langmuir spectra for~a! the
exact emission rate and~b! the HOA, with kf52kb55kT0 ,
K f5Kb50.2kf . The equally spaced contours~linear in the emission rate!
range from zero to the maximum value.

FIG. 5. Maximum emission rate~arbitrary units! of second harmonic trans-
verse electromagnetic waves as a function ofkf , the peak wavenumber of
the primary Gaussian Langmuir spectrum, withkb52kf and K f5Kb

50.2kf . The exact emission rate is marked with a solid line, the HOA with
a dashed line.
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the maximum emission rate is comparable for the HOA and
exact cases, because wavevector conservation is more easily
satisfied for these asymmetric spectra than for symmetric
spectra. Figure 7~a! displays a higher rate forx,90° than
for x.90°, corresponding to more transverse waves pro-
duced in the forward direction. Wavevector conservation,
kT5kL1kL8, with on averagekL ~forward waves! greater
thankL8 ~backward waves!, implies thatkT is biased in the
forward direction. The HOA@Fig. 7~b!# does not reproduce
this asymmetry, but has equal peaks in emission rate for
x545° andx5135°.

The accuracy of the HOA in predicting the maximum
emission rate for offset Langmuir spectra depends on the
magnitude of the offsetk0 . For k050 ~symmetric spectra!,
the HOA overestimates the exact emission rate~see Fig. 5!.
The HOA is most accurate fork0&kT0 , where the kinematic
constraints are most easily satisfied; i.e., where the most
Langmuir waves from the forward and backward spectra can
coalesce to produce a transverse wave with wavenumber
kT0 andx545°. Figure 8 shows the maximum emission rate
as a function ofkf , with k05kT0 /A2. Comparing Fig. 8

with Fig. 5 (k050) and Fig. 9 (k0@kT0) illustrates this
point. Again, the HOA breaks down at lowkL .

For larger offsets (k0*kT0), the HOA always underesti-
mates the exact emission rate. Figure 9 shows the maximum
emission rate as a function ofkf , for k052kT0 . For wave-
numberskf&2kT0 , the backscattered spectrum also lies at
positive wavenumbers, and the HOA emission rate, which
assumes oppositely propagating Langmuir waves, is zero.
The peaks atkf53kT0/2 and kf55kT0/2 correspond to
kb56kT0/2 and thus are similar to the peak atkf5kT0/2 in
Fig. 5.

B. HOA for arc spectra

The HOA emission rate for arc spectra is similar in form
to ~29!. Figure 10 shows emission rate contours for symmet-
ric arc spectra ~see Fig. 2!, with kf52kb55kT0 ,
K f5Kb50.2kf , a5b510, for ~a! the exact, and~b! the
HOA emission rate. As for the symmetric Gaussian spectrum
in Figure 4, the HOA overestimates the exact emission rate
by a factor of 1.4; however, here the maximum emission rate
occurs at lower anglesx'20°,160°, due to the different
spectral shape and broader spread in perpendicular wave-
numbers in the arc spectrum. The peak at anglesx545°,
135° is still evident, but not as strong. As for the Gaussian
spectra, the HOA predicts the maximum emission rate to

FIG. 6. Langmuir wave coalescence at low wavenumbers. Two Langmuir
waves with wavenumberskL ,kL8'

1
2kT coalesce to produce a transverse

wave, with wavenumberkT .

FIG. 7. Emission rate as a function of emission anglex and wavenumber
kT for offset Gaussian Langmuir spectra for~a! the exact emission rate, and
~b! the HOA, withkf55kT0 , kb54.5kT0 , K f5Kb50.2kf .

FIG. 9. Maximum emission rate~arbitrary units! as a function ofkf , with a
larger offset of the backscattered spectrum. (k052kT , kb5k02kf , and
K f5Kb50.2kf). The exact solution is marked with a solid line, the HOA
with a dashed line.

FIG. 8. Maximum emission rate~arbitrary units! as a function ofkf for
offset backscattered Gaussian spectra (k0&kT , kb5k02kf , and K f5Kb

50.2kf). The exact solution is marked with a solid line, the HOA with a
dashed line.
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occur at anglesx545°,135°, and the peaks are not as broad
as for the exact emission rate. For the offset arc spectra, as
for the symmetric spectra, there is little qualitative difference
between the emission rate for the Gaussian spectra and the
arc spectra.

IV. NARROW SPECTRUM APPROXIMATION

In the previous section, the HOA is shown to break
down for kL&kT . In this section an alternative approxima-
tion is considered, where the assumptionkT!kL , kL8 is not
made, so as to better approximate the emission rate at low
Langmuir wavenumbers. Instead, we make a narrow spec-

trum approximation~NSA!, in which we assumeK f /kf!1
and Kb /kb!1. This allows the replacement of the Bessel
function in ~24! with the first term in its large argument
expansion. This is valid for

S b~k1!

K f
2 2

k1d~k2!

k2Kb
2 D sin x sin c@1, ~31!

which for both Gaussian and arc spectra is automatically
satisfied forK f /kf , Kb /kb!1. As for the HOA, the inte-
grand peaks strongly atc5x. We assumec5x elsewhere
in the integrand, and again integrate by steepest descents, to
find

F]TT~kT ,x!

]t G
fb

NSA

5
e2j~12j!TfTbk1

2~4k1
22k

*
2 !2 sin 2x

384pe0vpme
2Ve

2k2
2A~kT

2 cos2x1k
*
2 22kT

2!~b~k1!/K f
22k1d~k2!/~k2Kb

2!!

3expFa~k1!1b~k1!

K f
2 1

c~k2!

Kb
2 1

d~k2!~kT cosx2k1!

k2Kb
2 G , ~32!

with k1(kT ,x)5
1
2(kT cosx1AkT2 cos2x1k

*
222kT

2) and
k2(k1) 5Ak

*
2 /22k1

2.
The NSA is more accurate in the range 0<x<p/2 than

p/2<x<p. This is because the peak atc5x is sharper in
the range 0<x<p/2 than forp/2<x<p. This leads to the
undesirable situation where, for symmetric Langmuir spectra
~e.g., for Gaussian spectra,kb52kf andKb5K f), the NSA
emission rate is asymmetric aboutx590°, whereas the exact
emission rate is symmetric aboutx590°. The symmetry is
regained by evaluating the emission rate in two regimes. For
the range 0<x<90°, we use~32! as it stands. For the range
90°<x<180°, a change of variables is made so that~32! is
evaluated in the range 0<x<90°. This is achieved by re-
flecting the forward and backward Langmuir spectra about
ki50 and replacingx by p2x in ~32!. That is, we replace
the forward spectrum with the backward spectrum and vice
versa, so that the emission rate in the range 90°,x,180° is

now evaluated in the range 0°,x,90° where the NSA is
more accurate. This method is also applied to offset spectra.

The bf term is obtained by making the replacements
a→c,b→d,c→a, andd→b. The NSA is not valid for the ff
and bb terms because it becomes increasingly difficult for
two wavevectors from the same~either forward or backward!
spectrum to add together to givekT in the limit as the width
of the spectrum goes to zero. Due to the sin2x term in ~32!,
the coalescing Langmuir waves cannot both be propagating
in the parallel direction. Hence, as for the HOA, the NSA
fails to reproduce the low wavenumber peak in emission rate
due to the coalescence of two Langmuir waves propagating
in the same direction.

A. NSA for Gaussian spectra

Using the forms fora,b,c andd in ~4!, and imposing the
symmetry discussed above,~32! becomes

F ]TT

]t
~kT ,x!G

fb

NSA

5
e2j~12j!TfTbk1

2~2k1
22k

*
2 /2!2 sin 2x

192pe0vpme
2Ve

2k1k2
2A~kT

2 cos2x1k
*
2 22kT

2!~kf /K f
22kb /Kb

2!
,

3expF2~k12kf!
2

K f
2 1

2k2
22kb

212kb~kT cosx2k1!

K b
2 G ~33!

for 0<x<p/2, and

F ]TT

]t
~kT ,x!G

fb

NSA

5
e2j~12j!TfTbk1

2~2k1
22k

*
2 /2!2 sin 2x

192pe0vpme
2Ve

2k1k2
2A~kT

2 cos2x1k
*
2 22kT

2!~kf /K f
22kb /Kb

2!

3expF2~k11kb!
2

Kb
2 1

2k2
22kf

222kf~2kT cosx2k1!

K f
2 G , ~34!
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for p/2<x<p. From~4! and~9!, the bf term is obtained by
making the replacements:kf →kb , K f →Kb , kb→kf and
Kb→K f in ~33! and ~34!.

1. Symmetric spectra

Figure 11 shows the NSA emission rate for the same
parameters as Fig. 4 (kf52kb55kT0 , K f5Kb50.2k f). In
this case the maximum emission rate is 0.93 times the exact
maximum emission rate, compared to a factor of 1.4 for the
HOA. The dependence of the emission rate onkT andx is
similar to the exact emission rate. Hence the maximum emis-
sion rate is an adequate point of comparison between the
exact and NSA emission rates. Figure 12 shows the maxi-
mum emission rate as a function ofkf for both the exact and

the NSA emission rates. The agreement is excellent, down to
kf'kT , but the NSA does not reproduce the peak at
kf5kT0 / 2.

2. Offset spectra

Figure 13 shows the NSA emission rate for the same
parameters as Fig. 7 (kf55kT0 , kb54.5kT0 , K f5Kb

50.2kf). In this case the maximum NSA emission rate is
0.95 times the maximum exact emission rate. Unlike the
HOA, the NSA displays the higher emission rate for
x,90° ~see Fig. 7!. Figure 14 shows the maximum emission
rate as a function ofkf for both the exact emission rate and
the NSA for the same parameters as Fig. 9~offset
k052kT), displaying excellent agreement forkf.3kT0 . For
kf.3kT0 , the NSA still closely agrees with the fb and bf
terms of the exact emission rate. The two peaks at
kf53kT0/2 andkf55kT0/2 are due to the ff and bb terms,
which the NSA cannot approximate. Nevertheless, in this
regime, the NSA is preferable to the HOA, which underesti-
mates the emission rate by many orders of magnitude.

In addition, the NSA works reasonably well for wider
Langmuir spectra. For both symmetric and offset spectra, the
NSA agrees with the exact emission rate to within an order
of magnitude, for widthsK f&0.5kf . This is sufficient accu-
racy to calculate the emission rate for experimentally deter-
mined parameters of the Langmuir spectra, where the signifi-

FIG. 10. Emission rate as a function of emission anglex and wavenumber
kT for arc Langmuir spectra in Figure 2 for~a! the exact emission rate, and
~b! the HOA, withkf52kb55kT0 , K f5Kb50.2kf a5b510.

FIG. 11. Emission rate as a function of emission anglex and wavenumber
kT for Gaussian Langmuir spectra in Figure 1, assuming the NSA
kf52kb55kT0 , K f5Kb50.2kf .

FIG. 12. Maximum emission rate~arbitrary units! as a function ofkf , with
no offset ~symmetric spectra!. (kb52kf , andK f5Kb50.2kf). The exact
solution is marked with a solid line, the NSA with a dashed line.

FIG. 13. Emission rate as a function of emission anglex and wavenumber
kT for offset Gaussian Langmuir spectra, assuming the NSAkf55kT0 ,
kb54.5kT0 , K f5Kb50.2kf .

157Phys. Plasmas, Vol. 3, No. 1, January 1996 Willes, Robinson, and Melrose

Downloaded¬21¬Sep¬2005¬to¬129.78.64.100.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright,¬see¬http://pop.aip.org/pop/copyright.jsp



cant uncertainties in the spectral parameters lead to even
larger uncertainties in the emission rate because of the expo-
nential form of the Langmuir spectra.

B. Arc spectra

The expression for the NSA emission rate is similar in
form to that for the Gaussian spectra. For the arc spectra,
there is little change to the conclusions made for the sym-
metric and offset Gaussian Langmuir spectra.

V. SOLAR TYPE III BURSTS

In this section, we discuss the applicability of the HOA
and NSA to coronal and interplanetary type III bursts. The
position and width of the Langmuir spectra for these bursts
are determined from the observed electron beam speed and
width. The wavenumber offset is determined from local
plasma parameters. From this information the validity of the
HOA and the NSA can be determined.

The accuracy of the HOA depends on two criteria. The
first is kL@kT , the basic HOA assumption. The second cri-
terion is that both the forward and backward Langmuir spec-
tra must be sufficiently broad so as to allow wavevector con-
servation when a Langmuir wave from the forward spectrum
coalesces with one from the backward spectrum to produce a
transverse wave with wavenumberkT . Larger widths are
also required to compensate for large offsets. Hence, the
spectral width must satisfy

KL*uk02kTu. ~35!

The kinematic constraints are best satisfied fork0'kT ,
where there is correspondingly less restriction onKL .

The ~forward! Langmuir wavenumberkbeamis related to
the electron beam speedvbeam by kbeam5vp /vbeam. The
spectral width is related to the beam width by

Kbeam

kbeam
'

Dvbeam
vbeam

. ~36!

The backscatter offsetk0 is dependent on the ion sound
speedvs , with

5

k05
2vpvs
3Ve

2 ' 2
3Agme

mi

vp

Ve
, ~37!

where me and mi are the electron and ion masses;
g5113Ti /Tewith Te andTi the electron and ion tempera-
tures. We assumeg51 in the following discussion. Using
the above two criteria, with a given observed beam speed
vbeamand widthDvbeam/vbeam, the HOA is applicable pro-
vided that

vbeam!c/A3, ~38!

Dvbeam
vbeam

*U 2

3Ve
Agme

mi
2

A3
c
Uvbeam. ~39!

A similar relation to~39! derived by Robinson and Cairns20

did not include the absolute value sign, and hence covers too
great a range. Typically, electron beam speeds are observed
to be in the rangevbeam5(0.0420.30)c for both coronal and
interplanetary type III bursts,25–27 so that~38! is reasonably
well satisfied, except for the fastest beams. Typical values of
the thermal electron speed areVe55.03106 m s21 for
coronal bursts andVe51.53106 m s21 for interplanetary
bursts at 1 AU from the Sun. Hence, using~39!, the coronal
bursts requireDvbeam/vbeam*0.8vbeam/c and the interplan-
etary bursts requireDvbeam/vbeam*1.4vbeam/c. Hence, for
interplanetary bursts,Dvbeam/vbeam*0.3 for the typical elec-
tron beam speedvbeam50.2c. However, observed electron
beam widths27 for interplanetary bursts extend well below
this value, withDvbeam/vbeam50.120.4. We conclude that
the HOA is not applicable to the faster or narrower interplan-
etary type III beams. However, there is less constraint on the
beam width for coronal bursts, and the HOAmore accurately
determines the rate in this case, provided the beams are not
too fast. For both coronal and interplanetary type III bursts,
the HOA underestimates the emission rate for the offset
spectra believed present due to backscatter decay, in contrast
to the result for symmetric primary and backscattered Lang-
muir spectra, where the HOA overestimates the emission
rate.

The NSA is valid for when bothvbeam&c/A3 and
Dvbeam/vbeam&0.5 are satisfied and hence is a good approxi-
mation for both coronal and interplanetary type III bursts.
However, the relativistic beam speeds associated with the
faster electron beams, in particular for the recently discov-
ered type IIId bursts,28 have Langmuir wavenumbers
kbeam&kT , where coalescence between two Langmuir waves
propagating in roughly the same direction is dominant. In
this case neither approximation is valid, and the integral~24!
must be evaluated numerically.

VI. CONCLUSION

In this paper, the second harmonic emission rate for the
processL(vL(k1),k1)1L8(vL(k2),k2)→T(vT(kT),kT) is
considered for a Langmuir spectrum consisting of primary
~forward propagating! and backward propagating~e.g., back-
scattered! Langmuir waves. Waves from the forward spec-
trum coalesce with waves from the backward spectrum to
produce second harmonic waves at small wavenumbers. Two
different types of Langmuir spectra are considered: Gaussian
spectra which model the forward and backward spectra with
Gaussian profiles, and arc spectra which also model the
broader spread in perpendicular wavenumbers. The expres-

FIG. 14. Maximum emission rate~arbitrary units! as a function ofkf , with
a large offset in the backscattered spectrum. (k052kT , kb5k02kf , and
K f5Kb50.2kf). The exact solution is marked with a solid line, the NSA
with a dashed line.
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sion for the emission rate of second harmonic waves is re-
duced to a one-dimensional integral, which is evaluated nu-
merically. An analytic expression for the emission rate is
obtained after assuming the head-on approximation, often
used to treat second harmonic emission. This approximation
assumes the wavenumbers of the coalescing Langmuir waves
far exceed that of the second harmonic waves, i.e.,kL@kT ,
and is valid for spectral widthsKL*uk02kTu, wherek0 is
the wavenumber offset in the Langmuir spectra. We intro-
duce a more general narrow-spectrum approximation, which
yields an improved analytic expression for the emission rate,
valid to smallerkL , assuming the Langmuir spectra are rea-
sonably narrow; i.e.,KL /kL&0.5. Below, we summarize the
results for the exact emission rate, and discuss the validity of
the two approximations.

As a function ofkT andx the exact emission rate for the
Gaussian spectra peaks just abovekT05A3vp /c, and for
x'45°,135°. For symmetric spectra (kb52kf), the peaks
at x'45° and x'135° are equal. For nonzero offsets
(k0.0), the emission rate is higher in thex'45° peak. For
arc spectra, the maxima occur at lower angles than for the
Gaussian spectra, and the emission rate has a broader angular
spread, due to the broader spread in perpendicular wavenum-
bers. At very low wavenumberskf&kT , there is an addi-
tional effect due to two Langmuir waves able to coalesce
while propagating in roughly the same direction. Hence, both
coalescing waves come from the forward spectrum, or both
come from the backward spectrum. In this case, the maxi-
mum emission rate occurs atx50°,180°.

In the HOA, the emission rate always peaks at
x'45°,135°, with symmetry aboutx590°. Hence this ap-
proximation does not reproduce the above mentioned physi-
cal asymmetry associated with a wavenumber offset in the
backward spectrum. The accuracy of the HOA in predicting
the maximum emission rate depends on the offsetk0 . For
k050 ~symmetric spectra!, the HOA overestimates the maxi-
mum emission rate, particularly at smallkf . The HOA is
most accurate fork0&kT , where wavevector conservation is
satisfied for the majority of Langmuir waves. Fork0.kT ,
the HOA underestimates the emission rate, particularly at
low wavenumbers. Also, the HOA does not reproduce the
peak in emission at smallkf , corresponding to coalescence
between Langmuir waves propagating in roughly the same
direction, because it assumes the coalescing Langmuir waves
propagate in opposite directions. The accuracy of the HOA
worsens with narrower Langmuir spectra, where it becomes
more difficult to satisfy wavevector conservation while sub-
ject to kf@kT .

The NSA, on the other hand, successfully reproduces the
higher emission rate in thex'45° peak, associated with a
wavenumber offset in the backscattered spectrum. The NSA

provides a good fit to the maximum emission rate, even at
lower wavenumbers where the HOA breaks down. The accu-
racy of the NSA improves with narrower Langmuir spectra,
and it works well for reasonably broad spectra (K f /kf
&0.5). However, the NSA also does not reproduce the peak
in the emission rate at small wavenumbers, as coalescence
between Langmuir waves propagating in the same direction
cannot occur in the limit that the spectral width goes to zero.

The HOA works better for coronal type III bursts than
for interplanetary type III bursts, a result of the dependence
of the accuracy of the HOA on the wavenumber offsetk0 .
The NSAworks well in both cases. The applicability of these
approximations to determining the degree of polarization of
the resulting harmonic radiation is presently under investiga-
tion.
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