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ABSTRACT
Magnetic Ðelds in synchrotron sources are almost certainly inhomogeneous, mixing high-Ðeld and

low-Ðeld regions. This inhomogeneity a†ects the evolution of a relativistic electron distribution function
due to the rate of energy loss of the electrons changing as they move between the two regions. We
present two models for the evolution of the distribution function, and discuss the results of these models
in terms of the critical energies, or synchrotron frequencies, where the particle and photon spectra
steepen. We Ðnd these critical frequencies are higher than would be the case if the electrons were con-
Ðned to a homogeneous high-Ðeld region. We apply our results to the interpretation of extragalactic
radio sources whose dynamical ages are known to be signiÐcantly greater than the ages inferred from
their high-frequency spectral breaks.
Subject headings : ISM: magnetic Ðelds È radiation mechanisms : nonthermal

1. INTRODUCTION

Magnetic Ðelds in di†use synchrotron sources are unlikely to be homogeneous and uniform throughout the source. In
particular, high-quality images of extragalactic radio sources show that Ðlamentary substructure is the rule rather than the
exception. This appears in the jets when resolved (e.g., M87, Hardee, & Cornwell Cyg A, Dreher, &Owen, 1989 ; Perley,
Cowan as well as in the lobes and tails (Cyg A; Fornax A, et al. M87, Owen, & Eilek 3C1984), Fomalont 1989 ; Hines, 1989 ;
443, & Owen or the wide-angle tailed sources, Owen, & Eilek In addition, studies ofComins 1991 ; OÏDonoghue, 1990).
magnetized, turbulent plasmas in the Sun (e.g., and in numerical simulations (e.g., Frisch, & LeoratZwaan 1987) Pouquet,

Ðnd that the Ðelds in these plasmas are intermittent : they occupy high-Ðeld Ðlaments or Ñux ropes, separated by regions1976)
of much lower Ðeld-strength.

In addition, it is becoming increasingly clear that radio galaxies su†er from an ““ aging problem: ÏÏ their dynamical ages are
much larger, typically by a factor D10, than the age inferred from the frequency at which their radio spectrum steepens. This
is a well-known problem for type I sources, where the relevant dynamical age is the Ñow time down the tail, D100 Myr
typically, but the simple synchrotron age is Myr et al. Eilek, & Owen It[10 (Owen 1985 ; OÏDonoghue, 1993 ; Eilek 1997).
may also be a problem for type II sources. The spectral gradients in the lobes have been interpreted in terms of hot spot
advance speed & Leahy et al. However, given the short synchrotron ages in these sources, the(Alexander 1987 ; Carilli 1991).
lack of apparently old (steep-spectrum) sources remains a nagging problem (e.g., We note that theBaldwin 1982 ; Eilek 1993).
split of type I and type II sources in parent galaxy luminosity as well as radio power argues against old type II(Owen 1993)
sources evolving into type IÏs. Furthermore, dynamical arguments which rely on lobe expansion and hot spot advance speeds
seem to suggest that dynamical ages are several times longer than synchrotron ages Finally, there is evidence that(Eilek 1996).
the radio spectrum in the well-studied Cyg A is not that predicted by simple aging theory Rudnick, & Andersen(Katz-Stone,

A third example is the fact that in some jets the minimum possible travel time to the end of the jet is much longer than1993).
the synchrotron lifetime for the required high-energy particles. This is especially true of jets such as M87, which radiate in the
optical as well as in the radio (e.g., Ro� ser, & Schlo� telburg but it also holds for giant sourcesFelten 1968 ; Meisenheimer, 1996),
such as 3C 326 & Strom(Willis 1978).

In this paper we study the impact of inhomogeneous Ðelds on the aging problem. The idea is simple : if a relativistic electron
spends much of its life in a low-Ðeld region, and then moves into a high-Ðeld region in which it can radiate efficiently, on
average it loses energy more slowly than if it were continuously in the high-Ðeld region. Thus the source ““ looks younger than
it is ÏÏ (e.g., et al. noted a variant in which the low losses are attributed to theHughes 1979 ; OÏDonoghue 1993). Spangler (1979)
electrons having small pitch angles, rather than being in a weak Ðeld, with scattering to larger pitch angle having the
analogous e†ect to propagation into a high-Ðeld region (see Our contribution is to quantify this e†ect byMelrose 1970).
determining the evolution of the particle distribution function, and the consequent synchrotron spectrum, from an inhomoge-
neous source.

Current aging analyses rely on established synchrotron theory, which assumes that the particles are well mixed in a uniform
magnetic Ðeld (e.g., We recapitulate the important features of what we call the standardKardashev 1962 ; Pacholczyk 1970).
theory, to deÐne notation and to establish comparison points for our analysis. A single relativistic particle of momentum p in
a magnetic Ðeld B loses energy at a rate

dp
dt

\ [b0B2p2 , (1.1)
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with cgs. Suppose that a distribution of electrons extending to arbitrarily large p is injected intob0\ 4e4/9m
e
4 c6\ 4.9 ] 107

the magnetic Ðeld at t \ 0. Then implies that, at time t, there are no particles above withequation (1.1) p \ p
cS

(t),

P
cS

(t) \ 1
b0B2t . (1.2)

Thus there must be a break in the distribution function (DF) at at time t. A praticle at momentum p radiates most ofp ¹ p
cS

(t)
its energy at a characteristic synchrotron frequency

lsy(p, B)\ 3eB
4nm

e
3 c3 p2 . (1.3)

The frequency spectrum from a single particle cuts of exponentially at higher l. Thus the standard model, with an initial
injection of electrons, implies a spectral cuto† above

l
cS

(t)\ 1
A2t2 , (1.4)

with We illustrate this standard spectrum and its aging inA2 \ 64ne7B2/243m
e
5 c9. Figure 1.

For a continuous injection of a power-law spectrum f (p) P p~b starting at t \ 0, the standard model implies, at time t, a
break at about to f (p)P p~(b`1), that is, an increase in the particle spectral index by unity. A power-law DF f (p)P p~bp

cS
(t)

produces a power-law synchrotron spectrum with emissivity where a \ (b [ 3)/2. Hence an increase in b by unityjsy(l) P l~a,
at corresponds to an increase in a by 0.5 at Similarly, an initial electron power law, su†ering from synchrotronp

cS
(t) l

cS
(t).

losses without ongoing injection, steepens exponentially at (assuming pitch-angle scattering is e†ective ; e.g.,l
cS

Melrose 1970).

FIG. 1.ÈSynchrotron spectrum produced by a power-law distribution of electron energies radiating in a uniform magnetic Ðeld. The spectrum steepens at
an approximate analytic form is where a is the spectral index & Arendt In the standard model, the critical frequency decaysl

c
; j(l) P l~ae~l@lc, (Eilek 1996).

with time, as If we take the solid line as being the spectrum at t \ 1, then the dotted line is at t \ 101@2 and the dashed line at t \ 10. Our solutionsl
c
(t) P 1/t2.

in the paper also Ðnd similar (but not identical) spectral shapes ; however, the critical frequencies have a di†erent dependence on time, as summarized in
Table 1.
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TABLE 1

CRITICAL FREQUENCIES FOR SPECTRAL TURNOVER

Model Critical Frequency

Standard . . . . . . . . . . . . . l
cS

(t) \ CB~3t~2
Di†usion . . . . . . . . . . . . . l

c1(t) \ CB
H
~3 t~2(q/t)3@4

l
c2 (t) \ CB

H
~3 t~2(q/t)6@5

Leaky box . . . . . . . . . . . . l
c0 \ Cq~2B

H
B
L
~4

NOTE.ÈThe constant C\ 243m
e
5 c9/64ne7.

Observation of spectral bends allows one to use the standard model to infer an age for the source. It is the comparison of such
estimated ages with other estimates (such as dynamical) of the age of a source that leads to the ““ aging problem.ÏÏ

This standard analysis does not incorporate the e†ects of a nonuniform magnetic Ðeld. In this paper we consider a plasma
which contains high-Ðeld regions separated by regions of low or zero Ðeld. We refer to the high-Ðeld regions as Ðlaments,
although a ropelike geometry is not essential to our models. The Ðnite thickness, L , of the interfaces between the high- and
low-Ðeld regions is important in one aspect of our discussion. We assume the particles are initially or continually injected into
the low-Ðeld region, and slowly propagate into the high-Ðeld region. The propagation across Ðeld lines is probably di†usive in
nature. Our solutions assume a di†usion coefficient D, and a ““ di†usion time ÏÏ over scale L , q\ L 2/4D. We return to the
physical nature of the di†usion in ° 4.

In this paper we present two di†erent, but related, mathematical models which address the evolution of the DF and the
synchrotron spectrum in a Ðlamented magnetic Ðeld. For simplicity we assume that the source may be separated into two
regions that are distinguished by the strength of the magnetic Ðeld : a high-Ðeld region and a low-Ðeld region. The high-Ðeld
region is identiÐed with the Ðlaments, which may or may not be resolvable. The important assumption is that a given
relativistic particle spends only a fraction of its time in the high-Ðeld region but its synchrotron losses are important only
while it is in the high-Ðeld region.

In we present a detailed di†usion model. This model follows the detailed evolution of the electron distribution in° 2
physical space and in momentum space, while the electrons di†use into the high-Ðeld region and simultaneously su†er
synchrotron losses. This model allows us to Ðnd the spatial structure of the DF in the di†usion region, and of the consequent
synchrotron spectrum. Because the di†usion region may well be unresolved in many observations, we also integrate spatially
to Ðnd the composite synchrotron spectrum from the whole system. This model treats the low-Ðeld region as a very large
reservoir of particles, and therefore does not allow any crossing of particles back from the high-Ðeld region to the low-Ðeld
region. We therefore Ðnd the early development of this model, while the particles are actively di†using, more interesting than
its long-term asymptote, in which the particles are fully mixed with the high-Ðeld region.

In we present a ““ leaky box ÏÏ model, similar to models of Galactic cosmic rays. The leaky box model is relevant to any° 3
situation, such as that envisaged here, where the particles di†use back and forth between two di†erent regions. The details of
the di†usion are unimportant for many purposes, and the important parameters are the typical times spent by a particle in
each region. This allows a major simpliÐcation, in that one can ignore spatial dependences and describe the e†ect on a typical
particle through two parameters : the escape times from the Ðrst region into the second, and those from the second region into
the Ðrst. This model then allows one to treat the long-term e†ects on a particle distribution of evolution in both regions. The
application of this model to the steepening of the synchrotron spectra, as discussed in does not appear to have been° 3,
considered previously.

Both our calculations Ðnd synchrotron spectra that steepen at high frequencies. However, both calculations Ðnd spectral
breaks that are di†erent, and generally higher at a given age, than the break predicted by the standard model We(eq. [1.4]).
compare the break frequencies for the standard model and our two models, in In we discuss the general trends ofTable 1. ° 4
our two models and their quantitative application to the aging problem in radio sources.

2. A DIFFUSION MODEL

Our Ðrst approach is a formal di†usive solution, which incorporates the e†ects of simultaneous synchrotron losses. We
picture two regions : a low-Ðeld region, which acts as a reservoir of particles, and a high-Ðeld region, into which the particles
di†use. The magnetic Ðeld increases along the z-axis from ^0 in the low-Ðeld region to a maximum value in the high-ÐeldB

Hregion. We describe the variation in the form with f] 0 for z] 0, and f] 1 as z] L , where L is theB2(z) \ f(z)B
H
2 ,

characteristic width of the interface. The basic equation is

Lf
Lt

\ b0B
H
2 f(z)
p2

L
Lp

(p4f ) ] D
L2f
Lz2 , (2.1)

where D is the spatial di†usion coefficient, which we assume independent of particle energy.

2.1. Spatially Resolved Filaments
We solve by a Fourier sine transform in space, and by the method of characteristics in momentum and time.equation (2.1)

One can Ðnd analytic solutions of for the case when the reservoir contains a power-law distribution,equation (2.1) fres(p)\
with b an integer. Here we present solutions for b \ 4, which show the important trends with the least algebraic/0 p~b,

complexity. Details are given in Appendix A.
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The solution for the DF again has low- and high-energy behavior. For low energies we Ðnd

f (z, p, t) \ /0
p4 erfc

CA z2
4Dt
B1@2D

, b0B
H
2 f(z)pt \ 1 , (2.2)

and for high energies we Ðnd

f (z, p, t) \ /0
p4 erfc

CAb0B
H
2 pz2

4D
B1@2D

, b0B
H
2 f(z)pt [ 1 . (2.3)

The complementary error function has the limiting forms

erfc (x) ^g
1 [ 2

Jn
x ,

1

Jn
e~x2

x

x > 1 ,

x ? 1 .

(2.4)

At low energies synchrotron losses are unimportant and reÑects an energy-in-dependent spatial di†usion.equation (2.2)
The energy at which synchrotron losses become important, and the DF changes to the form in depends on timeequation (2.3),
and is given by

p
c1(z, t)\ 1

b0B
H
2 f(z)t

. (2.5)

Below the DF at a given (z, t) has the ““ reservoir ÏÏ form, p~4. Above the DF has a nonÈpower-law form which extendsp
c1, p

c1,to a momentum

p
c2(z) \

4D
z2b0B

H
2 . (2.6)

Above the DF cuts o† exponentially.p
c2,This DF maps to a synchrotron spectrum which depends on position in the Ðlament. Since the distribution is not a simple

power law, we cannot use the standard form for the spectrum. Rather, we follow the more general treatment of & ArendtEilek
writing the emissivity(1996), as3

jsy(l, z)\ 2ng0[a1lB(z)]1@2pl2 f (pl) , (2.7)

with [noting that this is deÐned for a DF n(p), the number per unit momentum; while & Arendtg0 \J3e3/4nm
e
c3 Eilek

use a DF n(E), the number per unit energy] and cgs (from and where the1996 a1 \ 4nm
e
3 c5/3e\ 1.6] 10~19 eq. [1.3]),

particle energy that gives the dominant contribution to the frequency spectrum at a given l is

pl \
C a1l
c2B(z)

D1@2
. (2.8)

Note that is a function of position, z.pl may be writtenEquation (2.7)

jsy(l, y) \ j0 B
H
3@2[f(z)]3@4l~1@2 erfc (az) , (2.9)

with and a \ (4 Dt)~1@2 for and a \ (Al1@2/4D)1@2 for (with A deÐned asj0\ 2n/0 g0 c2a1~1@2, b0B
H
2 fpl t \ 1, b0B

H
2 fpl t [ 1

given after The spectrum in has two critical frequencies at which the spectrum breaks. The lowereq. [1.4]). equation 2.9
critical frequency comes from the condition and isb0B

H
2 fpl t \ 1

l
c1 \ l

cS
(t)

[f(z)]3@2 . (2.10)

The higher critical frequency comes from the condition and isb0B
H
2 z2pl \ 4D,

l
c2 \ l

cS
(t)[f(z)]1@2

A4Dt
z2
B2

, (2.11)

3 This expression arises from the full integral for taken over all particle energies, for the case of a single magnetic Ðeld. It is valid as long as thejsy(l),integral is not dominated by its limits, and and for frequencies withEmin Emax , Emin \El\Emax.
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where follows from Note that the t-dependences in cancel, and that is not a function ofl
cS

(t) equation (1.4). equation (2.11) l
c2time. The spatially resolved spectrum has three ranges. For low frequencies we havel \ l

c1,

jsy(l, z, t) ^ j0B
H
3@2[f(z)]3@4l~1@2

A
1 [ 2

Jn
z

J4Dt

B
, (2.12)

where we assume z> (4Dt)1@2 in expanding the complementary error function. For intermediate frequencies wel
c1 \l\ l

c2 ,
have

jsy(l, z, t) ^ j0B
H
3@2[f(z)]3@4l~1@2

C
1 [

A l
l
c2

B1@4D
. (2.13)

For high frequencies, the spectrum cuts o† exponentially :l [ l
c2,

jsy(l, z, t) ^
j0

Jn
B

H
3@2[f(z)]3@4l~1@2

A l
l
c2

B~1@4
exp

C
[
A l
l
c2

B1@4D
. (2.14)

2.2. Unresolved Filaments
The foregoing results are directly relevant to spatially resolved Ðlaments, where the spectral break is a function of position.

It is useful to integrate over the Ðlament volume in the case of unresolved Ðlaments, giving a result that can be compared to
the leaky box model in ° 3.

We integrate over space to deÐne

N(p, t) \ 4np2
P
0

=
f (z, p, t)dz\ /0

p2
P
0

=
erfc (az)dz , (2.15)

where a is as deÐned below Referring to equations and we see that the form of f (z, p, t) depends onequation (2.9). (2.2) (2.3),
position : applies close to the boundary, and farther into the Ðlament.equation (2.2) equation (2.3)

When is evaluated, we Ðnd three energy ranges. Details of the integration are in The limitequation (2.15) Appendix A.
L > (4Dt)1@2 corresponds to the interesting case of a system that is not yet well mixed. The two critical energies that separate
the ranges are

p
c1 \ p

cS
(t)
Aq
t
B1@2

, p
c2 \ p

cS
(t)

q
t

, (2.16)

where we recall the deÐnition of the di†usion time, q, from At low energies the integrated solution isequation (1.7). p \ p
c1,

N(p, t) ^
/0
p2
A4Dt

n
B1@2

, (2.17)

which corresponds to the reservoir power law 4np2f (p) P p~2. At high energies, the integrated DF steepens :p [ p
c2,

N(p, t) ^
/0
p5@2

A 4D
b0B

H
2
B1@2

. (2.18)

Thus, the low-energy solution reÑects the initial power law N(p) P p~2, and grows proportionally to t1@2. The high-energy
solution is a slightly steeper, steady state power law, N(p)P p~5@2. The DF in the intermediate energy range is not a power
law but rather a smooth transition between the two; its explicit form is given in Appendix A.

We note that both critical energies, and are higher than the cuto† that would apply in the fully mixed model,p
c1 p

c2, p
cS

(t),
for times t \ q. Thus, the DF appears ““ younger ÏÏ than it should, until the particles have fully di†used through the region.

We can also Ðnd the net synchrotron emissivity, by integrating through the source :equation (2.9)

Jsy(l, t) \
P
0

=
jsy(z, l, t)dz\ J0 l~1@2

P
0

=f(z)3@4 erfc (az)dz , (2.19)

with a as deÐned below and with There are two critical frequencies at which the spectrum changesequation (2.9) J0\ j0B
H
3@2.

shape. These are

l
c1 \ l

cS
(t)
Aq
t
B3@4

, l
c2 \ l

cS
(t)
Aq
t
B6@5

, (2.20)

and they are stored in We note that these are not simply related to and through the relationTable 1. p
c1 p

c2, lsy(p)\
(from as one might expect. This is due to the inhomogeneity of the magnetic Ðeld, which a†ects the energyp2Bc2/a1 eq. [1.3]),

cuto† and the spectral mapping somewhat di†erently. In particular, we have

l
c1 \ lsy(pc1)

Aq
t
B~1@4

; l
c2 \ lsy(pc2)

Aq
t
B~4@5

. (2.21)



No. 1, 1997 SYNCHROTRON AGING IN MAGNETIC FIELDS 287

These spectral breaks are higher than a homogeneous standard case would predict. Thus again, for times less than q, the
integrated source appears younger than it should.

In this model we identify three frequency ranges. For low frequencies, l\l
c1,

Jsy(l, t) ^ J0
Dt
L

l~1@2 , (2.22)

and for high frequencies, l[l
c2,

Jsy(l, t)^
J0
A

D
L

l~1 . (2.23)

At intermediate frequencies, the synchrotron spectrum is not strictly a power law but rather a smooth curvel
c1 \ l \l

c2,joining these two regions. For young sources, t \ q, this intermediate frequency range can be quite large ; the spectrum would
appear to be smoothly curved (in log-log space), rather than a simple combination of two power laws over a broad frequency
range.

In this section we have modeled the particle distribution and synchrotron spectrum of particles di†using up a magnetic
ramp into a high-Ðeld region. We Ðnd that the spectrum has power-law asymptotes at low and high frequencies, but also has a
mid-frequency form that is not simply a power law. In both the resolved case, equations and and the unresolved(2.10) (2.11),
case, equations and the spectral breaks are higher than the standard case would predict, for times less than the(2.20) (2.21),
di†usion time q. Thus, we Ðnd again that such a source would appear younger than it truly is.

3. A LEAKY BOX MODEL

Our second approach is a leaky box model, in which relativistic electrons leak from one region into another and back
again. This is adapted from the leaky box model for the escape of Galactic cosmic rays from the Galactic disk into the halo
(e.g., & Syrovatskii p. 283 ; et al. p. 50). We envisage our two regions asKardashev 1962 ; Ginzburg 1964, Berezinskii 1990,
having a low Ðeld, and a high Ðeld, The leaking allows particles to cross from one region to the other at Ðxed,B

L
, B

H
.

energy-independent rates. This simulates an energy-independent di†usion rate for particles. (It is possible to adapt the model
to allow for energy-dependent di†usion, but we do not do so here.) In region 1, particles are lost at a rate and theser11,particles appear in region 2, described by a source term involving a rate Similarly, particles in region 2 are lost at a rater12.and these particles appear in region 1, described by a source term involving a rate In principle, we allow injection inr22, r21.both regions [source terms but for most purposes we specialize to injection only in the weak-B regionQ1(p), Q2(p)] ;

so that particles appear in the high-B region only by leaking from the weak-B region.[Q2(p) \ 0],
This model is described by the pair of equations

Lf1(p)
Lt

\ 1
p2

L
Lp

[b0B2p4f1(p)][ r11 f1(p)] r12 f2(p) ] Q1(p) , (3.1)

and

Lf2(p)
Lt

\ 1
p2

L
Lp

[b0B2p4f2(p)][ r22 f2(p) ] r21 f1(p) ] Q2(p) , (3.2)

where all the rates are constant and energy-independent. Conservation of the total number of particles impliesr
ij

r12 V1\ r22 V2 , r21V2\ r11V1 , (3.3)

where and are the volumes of regions 1 and 2, respectively. implies In below weV1 V2 Equation (3.3) r11r22 \ r12 r21. ° 4,
discuss physical origins of these rÏs ; in this section they are assumed to be given constants.

3.1. T ime-dependent Evolution
First, we seek a time-dependent solution in which there is injection only in region 1 We have been unable to[Q2(p) \ 0].

Ðnd a full analytic solution. However, an iterative approach allows one to develop an approximate solution in a systematic
manner. The procedure is as follows : (1) Solve for as a function of t ignoring the leakage from region 2, that is,equation (3.1) f1omitting the term (2) Solve for with the leakage from region 1, that is, the term as the sourcer12 f2. equation (3.2) f2 r21 f1,term. (3) Take leakage from region 2 into region 1 into account by adding the source term in as ar12 f2 equation (3.1)
perturbation, return to step 1, and repeat the procedure.

Step 1 gives

f1(p, t) \ 1
b0B

L
2 p4

P
p

p1
dp@p@2Q1(p@) exp

C r22
b0B

H
2
A1
p@

[ 1
p
BD

, (3.4)

with After inserting in with and t \ 0) \ 0, step 2 givesp1\ p/(1[ b0B
L
2 pt). equation (3.4) equation 3.2 Q2(p) \ 0 f2(p,

f2(p, t) \ 1
b0B

L
2 p4

P
p

p1
dp@p@2f1(p@, t@) exp

C r22
b0B

H
2
A1
p@

[ 1
p
BD

, (3.5)
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with

t@(p, p@, t) \ t [ 1
b0B

H
2
A1
p

[ 1
p@
B

.

The next step in the iteration is straightforward, but is of no particular interest here.
The integrals in equations and can be evaluated explicitly for an initial power-law injection, For(3.4) (3.5) Q1(p) \Q10 p~b.

givesb D 3, equation (3.4)

f1(p, t) \ Q0
b0B

L
2(b [ 3)

p~(b`1)
G[1[ (1[ b0B

L
2 pt)b~3]

1
for b0B

L
2 pt \ 1 ,

for b0B
L
2 pt [ 1 .

(3.6)

At low implies that increases linearly with t, with the same spectral index as thep > 1/b0B
L
2 t, equation (3.6) f1(p, t)\ Q10 tp~b

injection spectrum. At higher the spectral index increases to b ] 1.p [ 1/b0B
L
2 t

Using as the source term in gives, forequation (3.6) equation (3.5) B
H

[ B
L
,

1
B
L
2
C(1 [ b0B

L
2 pt)2~b [ 1

b [ 2
[ (1 [ b0B

L
2 pt)4~b [ 1

b [ 3
D

] 1
B

H
2
C(1 [ b0 B

L
2 pt)2~b [ (1 [ b0B

H
2 pt)2~b

b [ 2

[ (1 [ b0B
L
2 pt)4~b [ (1 [ b0B

H
2 pt)4~b

b [ 3
D

for p \
1

b0B
H
2 t

,

f2(p, t) \ r21Q10 p~(b`2)
b02B

H
2

1
B
L
2
C(1 [ b0B

L
2 pt)2~b [ 1

b [ 2
[ (1 [ b0B

L
2 pt)4~b [ 1

b [ 3
D

(3.7)

]
1
B

L
2
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Thus, in region 2 there are two breaks, at and The distribution function steepens by unity atp1\ 1/b0B
H
2 t p2\ 1/b0B

L
2 t. p1and steepens further by unity at p2.At small the DF in increases in proportion to t2 and has a power law with index b. This may bep \ p1, equation (3.7)

understood as follows. At small p synchrotron losses are unimportant, so that the particle DF in region 1 builds up linearly
with t. The DF in region 2 builds up due to leakage from region 1, so that it builds up proportional to t times the DF in region
1, giving the t2 dependence. For the DF increases in proportion to t and has a power law with indexp1[ p [ p2, (eq. [3.7])
b ] 1. This may be understood by considering the case in which the synchrotron lifetime in region 2 is much shorterB

H
2 ?B

L
2

than that in region 1. Then the injection spectrum into region 2 due to leakage from region 1 is the low-p spectrum in region 1,
which is proportional to t and has spectral index b. The synchrotron losses in region 2 cause this distribution to steepen at

to spectral index b ] 1. For the distribution in is a time-independent power law with indexp Z p1 p [ p2, equation (3.7)
b ] 2. This may be understood by noting that for large p synchrotron losses dominate. In region 1 the distribution results
from injection balancing the losses, leading to a power law with spectral index b ] 1. The distribution in region 1 acts as an
injection spectrum into region 2, so that balancing injection and losses there steepen the spectral index further to b ] 2.

The breaks in the resulting synchrotron spectrum are related to the breaks in the particle spectrum in the usual way, using
Thus the steepening in region 1, described by implies a synchrotron spectrum whose spectralequation (1.3). equation (3.6),

index increases by 0.5. Such a break is familiar as a standard signature of synchrotron aging. The synchrotron spectrum from
region 2 has two breaks, both by 0.5, at the characteristic frequencies corresponding to particle momenta and in ap1 p2magnetic Ðeld B

H
:

l
c1(t) \

c2
a1b02B

H
3 t2\ l

cS
(t) , l

c2(t)\
c2B

H
a1b02B

L
4 t2 \ l

cS
(t)

B
H

B
L

. (3.8)

3.2. Asymptotic, Steady State Solution
The time-dependent solution consisting of equations and applies only for early times. Once the distribution in(3.6) (3.7)

region 2 builds up sufficiently, leakage back in region 1 modiÐes the distribution there. On a much longer timescale a balance
between the two regions is approached. The resulting asymptotic solution may be found relatively easily.
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The approach adopted here is to use a Laplace transform, which allows the possibility of a formal, analytic, time-dependent
solution. The formal solution is derived in but we were unable to invert the Laplace transform explicitly. With sAppendix A,
the conjugate variable to t, the asymptotic solution, t ] O, follows from the limit s ] 0 for the Laplace-transformed
distribution functions. The asymptotic solution may be obtained for injection in either or both regions, but we consider only
injection in the weaker Ðeld region 1.

The asymptotic solution in region 1 is

f1=\ 1
b0 p4

P
p
dp@p@2

GQ1(p)
B

L
2 ] C(o)

Cr11Q1(p)
B
L
4
DH

, (3.9)

and in region 2 is

f2= \ [ 1
b0 p4

P
p
dp@p@2C(o)

Cr21Q1(p)
B
L
4
D

, (3.10)

with

o \ p0
A1
p@

[ 1
p
B

, p0 \ 1
2b0

Ar11
B
L
2 ] r22

B
H
2
B

(3.11)

and

C(o) \ 2eo sinh o
r11BL

~2] r22 B
H
~2 . (3.12)

The integrals in the solutions in equations and may be evaluated explicitly for our power law For region 1(3.9) (3.10) Q1(p).
the leading term in gives p~(b`1) for that is, the usual injection-plus-losses power law. In region 2 theequation (3.9) p ? p0 ;
spectrum steepens at being proportional to p~b below and to p~(b`2) above To understand this, note that thep0, p0 p0.spectral index in region 1 increases by unity at and this acts as a source spectrum for region 3. The spectrum proportionalp0,to p~(b`1) at injected into region 2 is modiÐed by the synchrotron losses in region 2, causing the spectrum to bend byp [ p0unity at and leading to a net bend by 2. These two bends occur at the same in this asymptotic case because the bendsp \ p0 p0are determined by the mean synchrotron losses ; speciÐcally, an average of the momenta and at whichr11/b0B

L
2 r22/b0B

H
2

bends occur over the relative mean times, and spent in the weak and strong regions, respectively.1/r11 1/r22,We identify as the inverse of the typical time q to cross from one region to the other, and we taker11 ^ r22^ 1/q B
H

? B
L
.

Then we have

p0^
1

b0B
L
2 q

^ p
cS

(t)
B
H
2

B
L
2

t
q

, (3.13)

which implies for Thus we expect the asymptotic solution to be approached for Wep0 ? p
cS

(t) t ? q(B
L
/B

H
)2. t Z q(B

L
/B

H
)2.

note that it is the low-Ðeld value, kG, that determines and not the high-Ðeld value, that would be used in theB
L
^ 3 p0, B

H
,

““ standard ÏÏ aging calculation.
The break in the DF implies a break in the frequency spectrum at

l
c0 \ c2B

H
a1b02B

L
4 q2\ l

cS
(t)

B
H

B
L

t2
q2 . (3.14)

This is stored in We note two observational consequences. First, for the interpretation of data in terms ofTable 1. l
c0? l

cS
(t),

normal synchrotron aging can be very misleading, leading to an underestimate of the age by a factor Second,D(B
L
/B

H
)3@2.

any variation of with time must reÑect secular changes in q (the di†usion rate) or in the local magnetic Ðelds andl
c0 B

L
B
H
.

In this section we have modeled the particle distribution and synchrotron spectrum from a two-Ðeld system, in the limit
where the particles move freely from one region to the other, at a rate The combined synchrotron spectrumr11 ^ r22 ^ 1/q.
from the two regions depends on the ratios of the volumes and of the magnetic Ðelds. The most interesting case isV2/V1 B

H
/B

Lwith not too large, so that region 2 dominates in producing the net frequency spectrum. In this case, ourB
H

? B
L
, V1/V2time-dependent solutions should appear when the source is relatively young, In principle both and(° 3.1) t \q(B

L
/B

H
)2. l

c1are observable when region 2 dominates the total emission, but they are such widely separated frequencies that only one isl
c2likely to be seen in the observing range. In this case the source looks ““ normal,ÏÏ but if is the cuto† seen, it can lead to al

c2serious underestimate of the age of the source. For an older source, we expect the asymptotic solution to apply,t [q(B
L
/B

H
)2,

implying spectral bends given by equations and We then have and so that the source looks(3.13) (3.14). p0? p
cS

l
c0 ? l

cS
,

much younger than it truly is.

4. DISCUSSION : THE SOURCES CAN BE FOOLING US

In this paper we have presented two models for the evolution of an electron distribution due to synchrotron losses in an
inhomogeneous Ðeld. Each model is somewhat idealized, but each allows us to Ðnd analytic solutions. The common feature of
these models is that a given electron spends only a fraction of its time in the region where the Ðeld is strong, and it is this
region that dominates in determining the synchrotron losses. Hence, each model results in an electron distribution that
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produces a high-frequency turnover that is characteristic of the time spent in the high-Ðeld region, and not of the time since
the electron was accelerated or injected into the system. summarizes the solutions for the two models. These solutionsTable 1
allow one to quantify the apparent slowing down of the aging of the electron distribution.

4.1. Di†usion : Type I Sources?
In we modeled the particle distribution and synchrotron spectrum of electrons di†using up a magnetic ramp into° 2

high-Ðeld region. This model addresses the details of di†usion in the interface between the high- and low-Ðeld regions.
Di†usion through the magnetic ramp is tracked explicitly, with new particles being supplied by a semi-inÐnite reservoir at the
edge. Physically, this reservoir may be a region with only initial particle acceleration, large enough not to be seriously
depleted while particles di†use into the high-Ðeld regions. Alternatively, the reservoir may be a region of ongoing in situ
acceleration. We Ðnd time-dependent solutions for the DF, for times t \ q where q\ L 2/4D characterizes the time to di†use
into the high-Ðeld region. The energy and spectral breaks in these solutions are, of course, higher than would be the case if the
particles were initially well mixed with the high-Ðeld region, simply because synchrotron energy losses are smaller in the
low-Ðeld regions. In consequence, the synchrotron spectrum in this solution has a characteristic, broadly curved turnover
region (from to Standard, two-frequency observations, interpreted in terms of the standard model, will erron-Dl

c1 Dl
c2).eously identify a single turnover frequency, and thus suggest a particle population which is ““ younger ÏÏ than its real age.l

c
,

Multifrequency observations, however, should have the capability to distinguish between this solution and the more standard
one.

Our di†usion model applies on times t > q, that is, for sources in which crossing back from region 2 to region 1 has not yet
become important. It does not require ongoing acceleration in region 1 (although that is also possible). One application of this
model may be to tailed, type I radio sources. As we pointed out in these sources su†er from severe aging problems : the° 1,
dynamical time for Ñow down the tail is much longer than the homogeneous synchrotron age inferred from their radio
spectra. The tail spectra do decay with distance down the tail, which would be consistent with the sense of spectral evolution
found in (or In order for this model to apply, the di†usion time q must be longer than the Ñow time down the tail,° 2 Table 1).
which is typically D100 Myr (e.g., et al. We return to this point below.OÏDonoghue 1993 ; Eilek 1997).

4.2. T he L eaky Box : Type II Sources?
In we modeled the particle distribution for a two-Ðeld system with particles di†using back and forth between regions of° 3

high and low Ðeld. This model is large-scale, compared to the scale of the interface, and is parameterized by rates at which
particles move from region 1 to region 2 and back again. Interesting solutions are those which maintain a high spectral break
in region 2 ; these require ongoing injection in region 1 to o†set the system-wide losses. When this is the case, then for times

where q characterizes the time to go between regions, the particle distribution tends to an asymptotic form, with at Z qB
L
2/B

H
2 ,

break at energy which does not change with time. This is because di†usion into region 2, supplied by ongoing injection inp0region 1, is fast enough to balance the rate at which particles at lose energy by synchrotron radiation. Thus, at long times,p0the source seems to have ““ stopped aging ÏÏ in the sense that the spectral break remains constant : in a conventional analysis, it
will appear younger than it is. This is demonstrated graphically in where we plot the evolution of the breakFigure 2,
frequency corresponding to the leaky box theory, and also the evolution of the corresponding homogeneous case (l

c
P t~2).

A possible application of this model is to type II radio sources. As we noted in despite the apparently sensible spectral° 1,
aging rate inferred from spectral steepening in the lobes, the lack of steep-spectrum sources and possible discrepancies
between dynamical and spectral ages also suggest an aging problem here. Application of our leaky box model requires an
ongoing injection of fresh particles. The hot spots clearly provide this, and the particles stream easily through the low-Ðeld
interÐlament regions in the lobes. If we assume this is to be the case, our model predicts a standard exponential cuto† at l

c0 ;
referring to or shows that depends on the local magnetic Ðeld and di†usion rate, not on the age ofequation (3.14) Table 1 l

c0

FIG. 2.ÈCharacteristic evolution of the frequency, at which the synchrotron spectrum changes slope (““ breaks ÏÏ) in the leaky box model (solid line).l
c
,

Time, t, is measured in units of the characteristic time while the break frequency is measured in units of the asymptotic break frequency. TheqB
L
2 /B

H
2 , (l

c
)

dashed line shows the evolution of the break frequency expected in the standard model.
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the radiating plasma. Inserting numbers gives

l
c0 ^

2.4] 106
qMyr2

AB
H

B
L
4
B
kG

GHz . (4.1)

Thus, picking for illustration kG and kG, we Ðnd that qD 85 Myr is needed to give a 1 GHz turnover.B
L
D 10 B

H
D 30

Lower Ðeld values need higher qÏs, that is slower di†usion to Ðx in the range required by observations.l
c0

4.3. Di†usion Rates
Both of our calculations rely on slow di†usion : a time constant D100 Myr is called for if observed turnover frequencies and

dynamical estimates of source ages are to be explained. Is this reasonable?
The di†usion is probably due to plasma turbulence. In the presence of MHD turbulence, the cross-Ðeld di†usion coefficient

due to Ðeld-line wandering is

D^
cj

t
64n2

dB2
B2 . (4.2)

where dB2/8n is the energy density of the Alfve� n waves, and is its largest scale & Parker We write thej
t

(Jokipii 1966).
turbulent spectrum in terms of its smallest wavenumber so that its energy density per wavenumber at is(k

t
\ 2n/j

t
), k

tWe can estimate a mean free path, from the usual identiÐcation, soW (k
t
) ^ j

t
dB2/16n2. D\ 13jmfp c,

jmfp
j
t

^
3

64n2
dB2
B2 , (4.3)

and the e†ective mean free path is seen to be a small fraction of as required for a di†usive treatment, even in the presence ofj
t
,

strong turbulence (where one might have dB2 as comparable to B2). It seems most likely that that the turbulent scale isj
t
\ L :

less than the interface scale. The time particles take to di†use a distance L is on the order of

q\ L 2
4D

D 0.5
B2
dB2 L kpc

L
j
t
Myr . (4.4)

From observations of Ðlamentary structure in radio lobes, we estimate the interface scale kpc. With thisL [ 1 equation (4.4)
shows that a di†usion time qD 100 Myr requires the turbulence satisfy

dB2
B2

j
t

L
D 5 ] 10~3 . (4.5)

Thus, turbulent di†usion can slow the mixing of electrons with Ðeld, if it is small scale or low amplitude. Without any direct
measure of turbulent structures in these sources, we cannot corroborate this result we simply note that it must be(eq. [4.5]) ;
satisÐed if turbulent di†usion is to be relevant to the aging problem in these sources.

4.4. T he Jet in M87
One source of particular interest with respect to particle aging is the jet of M87. Not only does the jet exhibit radio

emission, but also optical/UV and even X-ray synchrotron emission is evident. Moreover, the optical/UV morphology bears a
striking similarity to that seen in the radio. Conventional interpretation of the M87 jet has difficulty in explaining the
morphological similarity across such a large range of frequencies because the high break frequency GHz) is(l

c
^ 108

conventionally taken to mean that the particle distribution is very young, and in turn this implies local particle acceleration.
However, one expects that any local acceleration ought to produce a particle spectrum which reÑects the local conditions,
whereas the observed synchrotron spectrum is very similar throughout the jet, despite the highly structured and Ðlamentary
nature of the emission region. While this dichotomy does not exclude the possibility of in situ particle acceleration, it is
certainly a problem for that viewpoint.

et al. suggestedÈpartly on the basis of the transverse limb-brightened morphology observed in the radioÈOwen (1989)
that the M87 jet interior is largely free of magnetic Ðeld and serves as a low loss conduit for particles accelerated in the nucleus
(see also Melrose, & Ball In this outlook it is easier to understand the global nature of the jetÏs synchrotronWalker, 1994).
emission spectrum, as one starts with an essentially global electron spectrum; the electrons lose little of their energy as they
propagate out in the postulated low-Ðeld interior of the jet. The theory we have developed is relevant to this case. There is,
however, an extra complexity in that the geometry of the emission region takes the form of a hollow cone. In this geometry,
particles that di†use into the high-Ðeld (emission) region, from the jet interior, can subsequently di†use further and be lost
from the source completely. This is a possibility which is not accounted for in either of the treatments we have presented ;
qualitatively we can see that the e†ect acts to make the source appear younger still, as the particles that are lost from the
source have, on average, spent more time in the high-Ðeld region than those nearer the inner boundary of the emission region.
Using the physical parameters derived by et al. kG, as input to the asymptotic theory ofOwen (1989) (B

H
D 300 L kpc[ 10~2)

we estimate the break frequency as (dB2/B2)2 GHz, so the observed break at 106 GHz is easily accounted for° 3.2, l
c
Z 1011

by relatively weak turbulence. Loss of electrons from the source, as they di†use out of the jet, ought to raise this break
frequency somewhat, for the reasons just given. However, the presence of the outer boundary means that we cannot make Ðrm
quantitative predictions concerning the M87 jet using this version of the theory, and we defer a proper discussion to a later
paper.
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APPENDIX A

THE DIFFUSION MODEL

A1. THE SOLUTION METHOD

It is convenient to write n(p, z, t) \ 4np2f (p, z, t), and then becomesequation (2.1)

Ln
Lt

\ b0B
H
2 f(z)

L
Lp

(p2n) ] D
L2n
Lz2 . (A1)

Our initial condition is n(p, z, t \ 0) \ 0 for z[ 0, and we take n(p, z\ 0, t) We deÐne\ /0 p~(b~2) .

q \ b0B
H
2 p , y \ z

JD
, (A2)

and write asequation (A1)

dn
ds

\ Ln
Lt

[ q2f(y)
Ln
Lq

\ 2qf(y)n ] L2n
Ly2 . (A3)

The equations for the characteristics are

dt
ds

\ 1 ,
dq
ds

\ [ f(y)q2 . (A4)

For qft \ 1 (young particles) the appropriate solution of isequation (A4)

t \ s ,
1
fq

\ s ] 1
q

. (A5)

We deÐne the sine transform by

N(j, s)\
S2

n
P
0

=
sin (jy)n(y, s)dy , (A6)

and transform to Ðndequation (A3)

dN
ds

] j2N(j, t)[ F(s, q)N \ jN0(q) , (A7)

with and where F(s, q) is the expression 2fq written as a function of s and q. The formal solutionN0(q) \ (2/n)1@2n(y \ 0, q, t),
to isequation (A7)

N(s)eb(s)\
P
0

s
eb(s{)jN0 [q(s@)]ds@ , (A8)

where the function b(s) is

b(s) \
P A

j2[ 2q
1 ] sq

B
ds , qft \ 1 . (A9)

Solving for N(j, s) gives

N(j, s) \ j/0 e~j2s(1 ] sq)2
P
0

s
ej2s{(1 ] s@q)~2

A q
1 ] s@q

B~(b~2)
ds@ , (A10)

which integrates for b \ 4 to

N(j, s)\ (1 ] sq)2/0
jq2 (1 [ e~j2s) . (A11)

Finally, carrying out the inverse sine transform, we get

n(y, q, t) \ /0
p2 erfc

A y

2Jt

B
(A12)
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where erfc (x) is the complementary error function.
For qft [ 1 (old particles) the appropriate solution of isequation (A4)

t \ s8 ] q8 ,
1
fq

\ s8 . (A13)

In place of equations and we Ðnd, respectively,(A9), (A10), (A11), (A12)

b(s)\
P A

j2[ 2
s8
B
ds , qft [ 1 , (A14)

N(j, s8 ) \ j/0 ej2¡s8 2
P
0

¡
s8 @bej2¡{ ds8 @ , (A15)

N(j, s8 ) \/0 s8 2
j

(1 [ e~j2¡) , (A16)

n(p, z, t) \/0
p2 erfc

AyJq
2
B

. (A17)

A2. INTEGRATION OVER THE FILAMENT

On integrating either or over z, we writeequation (A12) equation (A17)

N(p, t) \
P
0

=
n(z, p, t)dz\ /0

p2
P
0

=
erfc (az)dz . (A18)

The position is deÐned by the solution ofz1(p, t)

b0B
H
2 f(z1)pt \ 1 . (A19)

For we have a \ (4Dt)~1@2, and for we have inz\ z1 z[ z1 a \ (b0B
H
2 p/4D)1@2, equation (A18).

The simplest case is that of early times, or low energies. For there is no solution to so that theb0 BH2 pt \ 1, equation (A19),
““ early ÏÏ expression for a applies everywhere. The solution in then givesequation (A18)

N(p, t) \ /0
p2
A4Dt

n
B1@2

. (A20)

This has the same power-law form as the reservoir, and its magnitude increases in proportion to t1@2.
For higher energies, or later times, the integral in may be broken atequation (A18) z1 :

N(p, t) \ /0
p2
CP

0

z1
erfc

A z

J4Dt

B
dz]

P

z1

=
erfc

A
z
S q

4D
B
dz
D

. (A21)

The formal solution to isequation (A21)

N(p, t) \ /0
p2 z1

G
erfc

A z1
J4Dt

B
[ erfc

A
z1
S q

4D
B

]
S4Dt

z12 n
C
1 [ exp

A[z12
4Dt
BD

]
S 4D

z12 nq
exp

A[z12 q
4D

BH
, (A22)

where we write to shorten the notation. Expanding the complementary error function and the exponential in theq \ b0B
H
2 p

limit of large and small argument, for L ? (4Dt)1@2 we Ðnd two signiÐcant energy cuto†s, which deÐne three ranges, for the
functional form of N(p, t). The two critical energies are

p
c1\ 1

b0B
H
2 t

L

J4Dt
, p

c2\ 1
b0B

H
2 t

L 2
4Dt

. (A23)

At low energies, the integrated solution isp \ p
c1,

N(p, t) ^
/0
p2
A4Dt

n
B1@2

, (A24)

which recovers the reservoir power law again. At intermediate energies, the solution isp
c1\ p \ p

c2,

N(p, t) ^
/0
p2

L
b0B

H
2 pt

A
1 [ 1

Jn
L

b0 B
H
2 ptJ4Dt

B
, (A25)

and at high energies, the integrated DF steepens :p [ p
c2,

N(p, t) ^
/0
p2
A 4D
nb0B

H
2 p
B1@2

. (A26)
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Thus, the high-energy solution is a slightly steeper power law than the reservoir. There is an increase from the low-energy
form (b \ 4) to the high-energy form (b \ 4.5) with the intermediate-energy solution providing a smooth join between them.

We can also integrate the synchrotron emissivity :

Jsy(l, t) \
P
0

=
jsy(z, l, t)dz\ J0

l1@2
P
0

=
[f(z)]3@4 erfc (az)dz , (A27)

where a is interpreted as in The break position, is now given byequation (A14). z1(l, t),

A2lf3@2(z1)t2\ 1 , (A28)

which gives We must pick a speciÐc ramp function in order to evaluate We takez1(l, t) ^ L (Al1@2t)~4@3. equation (A27).
f(z) \ (1 [ e~z@L)4@3, which speciÐes the spatial scale L , while allowing to be evaluated analytically. For lowequation (A27)
frequencies, l\ 1/A2t2, we Ðnd

Jsy(l, t) \ J0 L
l1@2

C
[1 ] exp

A 1
4a

y
2 L 2
B 2

Jn
!
A3
2

,
1

4a
y
2 L 2
BD

, (A29)

where !(3/2, x) is the incomplete gamma function. In the interesting limit, L ? (4Dt)1@2, this simpliÐes to

Jsy(l, t)^ J0 l~1@2 Dt
L

. (A30)

For higher frequencies, we again break the integral :

Jsy(l, t)\ J0
l1@2

CP
0

z1
f(z) erfc

A z

J4Dt

B
dz]

P

z1

=
f(z) erfc

A
z
S q

4D
BD

dz . (A31)

The formal solution of this is

Jsy(l, t) \ J0
l1@2

G
[L ] 1

a
y
Jn

[1 [ exp ([a
y
2 z12)]] (L e~z1@L ] z1) erfc (a
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2 L 2
BC

erfc
A 1
2a

y
L
B

[ erfc
A
a
y
z1] 1
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L
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[1 [ exp ([a02 z12)]

] L exp
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4a02 L 2
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,
1

4a02 L 2
B

[ erfc
A 1
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B
] erfc

A
a0 z1] 1

2a0 L
BDH

. (A32)

As with the integrated DF, we Ðnd two critical frequencies, at which the spectrum changes shape :

l
c1 \ 1

(At)2
A L

J4Dt

B3@2
, l

c2 \ 1
(At)2

A L

J4Dt

B12@5
. (A33)

There are three frequency ranges. For low frequencies, l\ r
c1,

Jsy(l, t) ^ J0
Dt
L

l~1@2 . (A34)

For intermediate frequencies, r
c1 \l\ r

c2,

Jsy(l, t) ^ J0
Dt
L
A
1 ] 1

Al1@2t
B
l~1@2 . (A35)

Finally, for high frequencies, l[ r
c2,

Jsy(l, t) ^
J0D
AL

l~1 . (A36)

APPENDIX B

THE LEAKY BOX MODEL

It is convenient to write equations and in matrix form:(3.1) (3.2)

[ f ]\
A f1

f2

B
, [Q]\

AQ1
Q2

B
, [r]\

A r11
[r21

[r12
r22

B
, [B2]\

AB12
0

0
B22
B

. (B1)
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Then equations and become(3.1) (3.2)

L[ f (p)]
Lt

\ b0
p2

[B2] L
Lp

Mp4[ f (p)]N[ [r][ f (p)]] [Q(p)] . (B2)

Denoting Laplace-transformed quantities by a tilde, givesequation (B2)

s[ f 8 (p, s)][ [ f (p)]0\ b0
p2 [B2] L

Lp
Mp4[ f 8 (p, s)]N[ [ f ][ f 8 (p, s)]] [Q3 (p, s)] . (B3)

The integrating factor is a matrix :

[M(p, s)]\ exp
G 1
b0 p

[B2]~1(s[1]] [r])
H

, (B4)

and the solution of isequation (B3)

[ f 8 (p, s)]\ 1
b0 p4

P
p
dp@p@2[H(p, p@, s)][B2]~1M[ f (p@)]0] [Q3 (p@, s)]N , (B5)

where s now appears only in the transfer matrix

[H(p, p@, s)]\ [M(p, s)]~1[M(p@, s)] . (B6)

Explicit evaluation of the transfer matrix gives

H(p, p@, s) \ exp
G
[B2]~1([r]] s[1])

1
b0

A1
p@

[ 1
p
BH

. (B7)

We are unable to invert the Laplace transform to solve to Ðnd explicitly.equation (B5) f1(p, t), f2(p, t)
The asymptotic solution follows from the limits s ] 0. Assuming that the number of particles is conserved, that is

in the limit s \ 0, givesr11r22\ r12 r21, equation (B7)

H(p, p@, 0) \ [1]] 2eo sinh o
B
L
~2 r11] B

H
~2 r22

[B2]~1[r] , (B8)

with

o \ p0
A1
p@

[ 1
p
B

, p0\ 1
2b0

(B
L
~2r11 ] B

H
~2 r22) . (B9)

The asymptotic solution follows from equation (B5) :

[ f (p, O)]\ 1
b0p4

P
p
dp@p@2[H(p, p@, 0)][B2]~1M[ f (p@)]0] [Q3 (p@, s)]N . (B10)

Assuming and independent of t, gives equations andf1(p, 0) \ f2(p, 0)\ 0, Q2(p, t) \ 0, Q1(p) equation (B10) (3.8) (3.9).
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