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The effect of a beam of radio waves of very high brightness passing through a
cold, magnetized, electron—positron plasma is discussed. The properties of the
natural wave modes in such a plasma are summarized, and approximate forms
for the nonlinear response tensor are written down. Photon-beam-induced insta-
bilities of low-frequency waves in the pair plasma are analysed in the random-
phase approximation. When three-wave interactions involve two high-frequency
waves in the same mode and a low-frequency wave in a different mode, wave—
wave interactions are similar to wave—particle interactions in that photons act like
particles that emit and absorb low-frequency waves. The absorption coefficients
for various low-frequency waves due to a photon beam are evaluated. In a pure
electron—positron plasma, photon-beam-induced instabilities can be effective only
when either the high-frequency or the low-frequency waves are strongly modified
by the magnetic field. The growth of the low-frequency waves is most effective
when the high-frequency photon beam has a frequency close to the cyclotron fre-
quency.

1. Introduction

Induced three-wave interactions are important in astrophysical applications where
radio emission of high brightness temperature is involved. Our particular inter-
est is in pulsar winds (Luo and Melrose 1994) and eclipsing binary pulsar sys-
tems (Gedalin and Eichler 1993; Luo and Melrose 1995a,b), and there is related
interest in an application to active galactic nuclei (Gangadhara and Krishan 1993;
Levinson and Blandford 1994). At distances much larger than the size of the emis-
sion region, the intense radio beam is highly anisotropic, being confined to a small
solid angle. The important effects associated with an anisotropie, high-brightness-
temperature radio emission include the following: (i) the radio beam can cause the
growth of low-frequency waves, e.g. Langmuir waves (Melrose 1994; Luo and Mel-
rose 1994), z-mode waves (Luo and Melrose 1995a) or Bernstein waves (Luo and
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Melrose 1995b), and (ii) the resulting low-frequency waves scatter the radio beam,
resulting in eclipses (see e.g. Gedalin and Eichler 1993; Luo and Melrose 1995a, b),
distortion of the spectrum (Levinson and Blandford 1994) or complete disruption
of the beam. In the existing detailed treatments of the three-wave processes that
lead to these effects, the ambient medium through which the photon beam propa-
gates is assumed to be an electron—ion plasma. However, at least in the case where
the photon beam propagates through a pulsar wind, the ambient medium is a
highly relativistic, strongly magnetized electron—positron plasma. Our motivation
for the investigation reported here is to explore the differences between photon-
beam-induced instabilities in an electron—ion plasma and those in a magnetized
electron—positron plasma. In this paper we restrict our attention to a simple case
in which the ambient plasma is assumed to be a cold, magnetized electron—positron
plasma. Although the cold-plasma assumption is unrealistic for a pulsar wind, this
simpler case needs to be explored before considering a plasma with realistic parti-
cle distributions. The case of a cold, magnetized electron—positron plasma is some
of interest in connection with laboratory experiments (see e.g. Surko et al. 1989;
Greaves el al. 1994), and the properties of waves in such plasmas have received
some attention in the recent literature (see e.g. Stewart and Laing 1992; Iwamoto
1993; Zank and Greaves 1995).

There is an extensive literature on the theory of wave-wave interactions in an
electron—ion plasma (see e.g. Tsytovich 1977, and references therein), but the case
of three-wave interactions in an electron—positron plasma has received relatively
little attention, except for a few cases related to the application to pulsar radio
emission (see e.g. Mikhailovskii 1980; Gedalin and Machabeli 1984; Istomin 1988).
For an unmagnetized plasma, there is a major difference between an electron—ion
plasma and an electron—positron plasma in the context of three-wave interactions:
three-wave interactions are actually forbidden in a pure electron—positron plasma.
The reason is that for a charge-neutral, unmagnetized electron—positron plasma,
the electron and positron contributions to the quadratic nonlinear response are
equal and opposite, and all physical processes, including three-wave interaction,
that involve the quadratic nonlinearity are absent. In an actual electron—positron
plasma three-wave coupling may occur owing either to a charge asymmetry, in the
sense that the distributions of electrons and positrons are different in some way,
or to the effect of the magnetic field. Here we investigate the latter effect, and
consider three-wave interactions in a cold, magnetized electron—positron plasma,
applying the results to low-frequency wave instabilities induced by an anisotropic
photon beam traversing the plasma. Thus, in the three-wave processes that we
consider, two of the waves (the unscattered and scattered radio photons) are of
high frequency and are in the same wave mode, and the third wave is a low-
frequency wave that may be driven unstable by the high-frequency waves. We treat
the wave growth as negative absorption, assuming the random-phase approxima-
tion.

In Sec. 2 we write the linear and quadratic nonlinear response tensors for a
cold, magnetized electron—positron plasma, and summarize relevant properties of
the wave modes in such plasmas. In Sec. 3 we present a general formalism for
photon-beam-induced instabilities and conditions for low-frequency wave growth.
The absorption coefficients for various low-frequency waves are evaluated in Secs
4-6. The conclusions are summarized in Sec. 7.



-

Low-frequency waves in a magnelized e~ e* plasma 347

2. The response of a cold, magnetized electron—positron plasma

In order to treat three-wave interactions in an electron—positron plasma, we need
explicit expressions for (a) the properties of waves and (b) the nonlinear response
tensor.

2.1. Weak-turbulence expansion
We define the response tensors by expanding the induced current in terms of the
vector potential A;(w, k) of waves in the temporal gauge. This gives
Ji(w, k) = Qyj (w, k) Aj(w, k)
+ [k e wn k) Ao kD e ) o (2)

where «;; is the linear response tensor, ayjs is the quadratic nonlinear response
tensor and d\ = dw, &k dws &Pk O(w — wy — w2) 8 (k —ky — kQ)/(QW)4. It is often
more convenient to describe the linear response in terms of the (dimensionless)
effective dielectric permittivity tensor
Kij = bij + —— ;. (2.2)

w2€()

For a cold plasma, these tensors have the following forms (Melrose 1986):

)
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Kij =6y — Z pz 7;; (W), (2.3)
w
+
- neeny ke 4 + r + kir 4 £
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where 1y = 1 for positrons and n_ = —1 for electrons are the signs of the charges,

and where ny, wpt = (nye’ / 50me)]/ 2 are the corresponding number densities and

plasma frequencies respectively. The other quantity introduced in (2.3) is
2 2

+ o w Q - . Q, - o

7'” (CL)) - m (6»” — ;; B»LB] + 1M+ wEilel)7 (20)

where B = B/B is a unit vector along the magnetic field B, and Q. = eB/m, is the

electron (or positron) cyclotron frequency. In (2.5), €5 is the permutation symbol

(= 1 for an even permutation of 751, —1 for an odd permutation, and 0 otherwise).

2.2. The linear response

In a coordinate system in which B is along the z axis and the wave vector k is in the
(x,y) plane, the linear response tensor has a form similar to that for a cold electron
plasma (see e.g. Stix 1962; Melrose 1986). We write (2.3) with (2.5) in the form

X o

Kzz - Kyy =1- m, (2()(]/)
XY

Koy = —K,o = i€ (2.6b)

1-Y?%’
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Figure 1. Definition of unit vectors 1, a and k in terms of the Cartesian coordinates (T, Y. 2).
For low-frequency waves, the three vectors are relabelled as 72, 42, k2. The magnetic field B
is in the z direction.

Kzz =1- X7 Ka:z = Kza: = Kyz = sz = 07 (260)

with X = w2 /w®, w2 = w2, w2 and Y = Q. /w, and where £ = (ny —n_)/(n+ +n_)

is a measure of the charge imbalance. In the following discussion we assume £ = 0, in
which case the response tensor Kj; is diagonal. This implies that a cold, magnetized
electron—positron plasma is non-gyrotropic (Stewart and Laing 1992).

2.3. Specific wave modes

We summarize the wave modes in a cold, magnetized electron—positron plasma
and then comment on the relation between our results and those of earlier authors
(Stewart and Laing 1992; Iwamoto 1993; Zank and Greaves 1995).

Wave properties. We describe the waves in terms of three wave properties: the dis-
persion relation, the polarization vector and the ratio of electric to total energy.
The dispersion relation for a wave mode o is expressed in terms of the refractive
index n, (w, #) as a function of frequency and angle of propagation, except for lon-
gitudinal waves, which in a cold plasma formally correspond to resonances, that is,
infinities in the refractive index. For a gyrotropic medium, such as a magnetized
electron gas, the wave polarization can be written in the form (see e.g. Melrose 1986,
p. 168)
L,k +T,% +ia
where T, and L, are the transverse and longitudinal polarization coefficients re-
spectively, and o labels the wave mode. The three base vectors as shown in Fig. 1 are
given by k= k/k = (sin @ cos ¢, sin 0 sin ¢, cos 0), T = (cos 0 cos ¢, cos O sin ¢, — sin )
and a = (—sin ¢, cos ¢, 0). The distinguishing feature of a gyrotropic medium is that
one of the components of the electric vector, here the component along a, is out of
phase with the other two. An electron—positron gas with £& = 0 is not gyrotropic,
and the polarization vectors (apart from an arbitrary phase) are real. They corre-
spond to the special cases L, = 0 =T, giving e, = 4, and L, = oo = T}, implying
that e, is in the (lA(7 1) plane (the (z, z) plane for ¢ = 0).

The ratio of the electric energy to the total energy in the o-mode waves is (Melrose

e, = (2.7)
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1986, p. 169)

w
Ow?Ky(w,k)|/0w|,’
with K, = eqi(k) Kij(w, k) e7 (k). and where the subscript o corresponds to the
dispersion relation of mode o being used.

R, =

(2.8)

The analogy with a uniaxial crystal. The response tensor (2.6a—c) for £ = 0 is of
the same form as for a uniaxial crystal, with K = Ky, = Ky and K| = K. The
dispersion relations for the ordinary and extraordinary modes for a uniaxial crystal
are well known (see e.g. Melrose and McPhedran 1991, p. 147). However, the labelling
of the modes is opposite to that conventionally adopted in the magnetoionic theory.
In writing down the following solutions, we adopt the magnetoionic convention (the
ordinary mode is defined to be the mode that has dispersion relation n2 = 1 — X
for @ = 1m)

Extraordinary-mode waves. The extraordinary () mode has dispersion relation
n2 = K, which gives
X

C1-YY
These waves can propagate for w > w,, (where w? = w? + Q2 is the upper-hybrid
frequency) or w < Q.. and are evanescent in a stop band between a resonance at
Q. and a cutoff at w,, . Their polarization vector e, = & is strictly transverse. From
(2.8), the ratio of electric to total energy in the z mode is derived as

1 xy? 17!
R, =~ [1 + (I—YZ)Z} . (2.10)

n:=1 (2.9)

For X <1landY <1, we have R, ~ 5.

DO |—

Ordinary-mode waves. The ordinary (0) mode has dispersion relation

s (1-X-Y)(1-X)

= , —. 2.11
T T T X S Y2 XY 2 cos2 0 211
The polarization vector of the o mode is
(K| cos0,0,—K sinf)
€0 = - RS ;
(Kﬁ cos? 0 + K3 sin® 0)1/2
((] — X —Y?+XY?)cos60,0,—(1 — X — Y?)sin 9)
= (2.12)

[(1—X - Y2+ XY2)2cos20+ (1 — X — Y2)2sin® 0]1/2

The ratio of electric to total energy in the o mode can be derived from (2.8) in the
same way as for (2.10). The expression for R, is lengthy and we only write down
its approximation (up to X/Y? < 1) for Y » 1 as

1 (1 — X)?cos® 6

R,~ —|1— — XY . 2.13
2 (1 — X)2 cos? 0 +sin” 0 (2.13)

The corresponding dispersion relation is approximated by n2 ~ (1—X)/(1—X cos ).
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Longitudinal waves. The longitudinal part of the linear response tensor is unaffected
by the gyrotropy (the K, = —K,, term for a cold electron gas). Hence the prop-
erties of Langmuir waves in a cold, magnetized pair plasma are identical to those
in a cold, magnetized electron gas. For propagation along the magnetic field, Lang-
muir waves have frequency w = w, (plus the usual thermal correction 3k*V?2 /2w,
in practice). At arbitrary angle 8 there are two solutions with frequencies given by
(see e.g. Melrose 1986, p. 171)
wi(f) = $(wi+Q2) £ §[(w] + Q) — 40202 cos” 0]'/2, (2.14)

with the upper frequency solution corresponding to Langmuir waves for Q. < w,,.
For perpendicular propagation (6 = %71’) one has w+(%7r) = w, and w,(%w) = 0.
For parallel propagation, w4 (0) reduce to the maximum and minimum of w, and
Q. respectively. The two frequencies (2.14) correspond to resonances in the cold
plasma modes, and both resonances occur in the o mode.

For longitudinal waves o = [, we have e; = k = k/k and K; (w,k) = (1 - X — Y2+
XY? cos?0)/(1 — Y?). Using (2.8), we obtain

1 Xy 1
R[:§ ]“"mSll’le . (2]5))
For the special cases of parallel propagation (0§ — 0), the weak-field limit Y — 0
and the strong-field limit Y — oo, we have R; — 1;

Comparison with earlier results. Our results agree with the cold-plasma results of
Stewart and Laing (1992), who concentrated on the case Q. < w,. There are some
differences between our results and those of Zank and Greaves (1995), who in-
cluded thermal effects through pressure terms, relating to how different branches
of the modes link across resonances. Such differences are known to occur between
the cold-plasma and thermal-fluid treatments of waves in electron—ion plasmas
(see e.g. Stringer 1963), and we comment on them no further here. The results of
Iwamoto (1993), who considered only parallel and perpendicular propagation in a
cold plasma, differ in subtle ways from our results. In fact, both the parallel and
perpendicular cases are singular in a cold pair plasma. The case of parallel propa-
gation is special, because the polarization of the modes depends on how the limit
of parallel propagation is taken. Iwamoto (1993) argued that if one solves for the
wave properties assuming parallel propagation then the polarization is either cir-
cular or longitudinal. Technically, this is correct if one takes the limit as § — 0
before taking & — 0. These two limits do not commute, and we are considering
a plasma with £ = 0 here. Similarly, the case of perpendicular propagation is sin-
gular. For 6 + %71’, the resonances at the frequencies (2.14), which correspond to
1-X—-Y?2+XY?%cos?0 =0, are obviously in the o mode, cf. (2.11). However, for
0= %77 the denominator cancels with the first factor in the numerator in (2.11),
and there is no resonance in the o mode. On the other hand, there is a resonance
in the lower branch of the x mode (2.9) at w = Q. for all angles of propagation.
Iwamoto (1993), who noted that one of the resonant frequencies (2.14) reduces to
Q. for § = %W, argued that this resonance in the z mode be identified with the
lower-hybrid resonance. The cyclotron resonance in the x mode at w = €, is not
longitudinal, and so should not be identified as the counterpart of the lower-hybrid
resonance.

Finally, we comment on the cyclotron resonance in the case Q. > w,. As in an
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electron plasma, there is a resonance in the o mode at w4 (), which approaches Q.
as 0 approaches zero. In a pair plasma there is also a resonance in the x mode,
exactly at Q.. Above each of these resonances, in the cold-plasma limit, there is a
narrow stop band in the relevant mode. Thermal effects can wash out such paired
resonances and stop bands. The resonance and stop band are entirely washed out
for Vo /c 2 wf,/Qg (see e.g. Stix 1962), where V, is the thermal speed of electrons
and where we assume Q. > w,. In discussing the high-frequency waves below, we
assume that this condition is satisfied.

2.4. The quadratic nonlinear response

In the expression (2.4) for the quadratic nonlinear response tensor, for a charge-
neutral electron—positron plasma (£ = 0), the sum over the two signs of the charge
leads to cancellation of a large number of terms. The resulting expression for £ = 0
is given by (A 1) in Appendix A. The general form (A 1) is too cumbersome for most
purposes, and approximations need to be made.

We assume that the frequency ws of the low-frequency waves is much smaller
than the frequencies w ~ w; of the high-frequency waves, we set w; = w — we, and
we retain only the leading term in an expansion in ws. In addition, we consider only
limiting cases of the magnetic field: either the magnetic field is weak, Q.,ws < w, or
it is strong Q., w > wa. We also assume that the high-frequency waves are transverse
and their polarization vectors are real (apart from an arbitrary phase).

For the weak-field case, the quadratic response tensor can be expanded in the
form (see Appendix A)

2
. €0eW;, Mows Qe
Qijs = —1

St o 8525 sin O, (2.16)

with ne = kac/we and 42 = (— sin @2, cos ¢2,0) (see Fig. 1), and where (0s, ¢2) are
the polar angles of ks relative to B. In deriving (2.16), we omit all terms that would
contribute to order wg/wQ and higher in eje;ja;;s€2,.

For the strong-field case, the quadratic response tensor can be written as

. 506002 nw,
! 2mee w? — Q2
w2 + Qg

Qijs = —

{(aJBi — @;Bj)B, sin
cosf + el cos 92> EilegBS +¢2 Pijs|, (2.17)
n : w

where (0.¢) are the polar angles of k with respect to B. The first and second terms in
(2.17) are antisymmetric under the interchange of 7 and j, and hence contribute only
to order wy/w in €fe; 0 s€25 under the assumptions made here. The full expression
for the factor P;;, in the final term in (2.17) is given by (A 6). Here we write down
its approximation only for w < Q., which is

Pije = 2 a9, B; B, sin 0, (2.18)
n

where a is defined as in (2.7).
Finally, consider the case in which the high-frequency photon beam is near the
cyclotron resonance. For [w?—Q2| < 2wws, the terms involving 1/(w?—Q2) dominate.
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From (A7) and (A 8) we have

2
CEpews;  nw), w PN
P c = _Ez’lelBs cos 0

Qijs = 1 2mee w? — Q2 wy
wa A A ny + A
+U (dijas - aiBjBS) sin 6 — ; k2r(dir<€sjl + dsjsirl)Bl 5 (219)

with dij = 5ij — (wz/Qé)BlBJ

3. Photon-beam-induced instabilities

In the following discussion the high-frequency waves are described by their fre-
quency w, wave vector k and occupation number N(k), and the low-frequency
waves are described by ws, ks and Ny, (k).

3.1. Quasilinear equations

We consider the small-angle scattering approximation, k =~ k; > ks, in which the
two high-frequency waves are in the same mode and are interpreted as the unscat-
tered and scattered waves. In the small-angle scattering approximation, kinetic
equations for the three waves reduce to equations that resemble the quasilinear
equations for wave—particle interactions, given by (for details see Appendix B)

dN 0 ON ”
dt_ak‘i<Dij8k‘j+GiN ) (3.1)
e AT (3.2)
with
d:}k aN
I'=- k, ko) ki,
/(2@3 w(k, kz) k2 Do (3.3)
d*k ;
S = /W w(ka kZ) Nza (34)
dgkg }
Dij = Ww(k’kﬂk%kszL(kz% (3.5)
d:%k_

where w(k, ks) is the probability of emission of a low-frequency wave by a high-
frequency photon, which can be expressed in terms of the quadratic response tensor
Q5] as

w(k, kz) _ —LhRR] R2|6;-k€1j6210éijl|2

2mh(we — ks - vy), (3.7)
ki=k—k;
with w = w(k), w1 = w(k). |k} = k|, Ri = R and v, = Ow(k)/0k for the high-
frequency waves.

The terms involving I' in (3.2) and D;; in (3.1) describe the effects of stimulated
emission and absorption of the low-frequency waves by the high-frequency waves,
and are direct counterparts of the analogous terms that describe stimulated emis-
sion and absorption of waves by particles in the usual quasilinear equations. The

3
EpWW W2
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z‘B

Figure 2. Photon-beam axis ko. and high- and low-frequency wave vectors k and k. As in
Fig. 1, the magnetic field B is in the 2z direction.

term S in (3.2) and the term proportional to G; in (3.1) describe the effects of emis-
sion of a low-frequency wave due to induced photon decay, which may be regarded
as the counterpart of spontaneous emission in a wave—particle interaction (cf. (6.42)
and (6.43) in Melrose 1986). Both terms are proportional to N2, and this reflects
the nonlinear nature of the three-wave process, which is qualitatively different from
the wave—particle counterpart.

3.2. Conditions for growth
First consider the condition for exponential growth. Equation (3.2) can be formally
integrated to yield

t t’ t
Np, :/ dt'SeXp(/ th”) exp</ th”). (3.8)

Let |T'|nax and AL be the maximum growth rate and the scattering length scale
respectively. Then the condition for exponential growth is

T |maxAL/c 2 1. (3.9)

Assuming that within AL = At c along the line of sight the plasma parameters are
uniform and I is negative, one has

Np = 7% exp(—T'At). (3.10)

For |T'|maxAL/c < 1, induced photon decay needs to be taken into account, and
then, in place of (3.10), one has Ny = SAt.

Next consider the detailed condition for growth of the low-frequency waves, that
is, for negative absorption, I' < 0. To evaluate the absorption coefficient (3.3), we
assume that the photon beam is axisymmetric. Let (0, ) and (0, ¢») be the polar
angles of k and ks respectively with respect to the axis of the photon beam, as shown
in Fig. 2. The corresponding unbarred angles are with respect to the direction of
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the magnetic field. Then the absorption coefficient (3.3) becomes

_ - N
I'=— [d¢ [ dfsind W % 6| kavg(cos X — cos Xo)]
0 cosf cosxy — cosfs O
k- — + ks - —
X( 2SNy T ksin 0 00

>N(k,é), (3.11)

with cosy = cosf cos @ + sin 8 sin 0, cos(q_b — (52), and where

/ 2
4hRR| Rs|efer e cviji|

u = 3
EpWWwW2

(3.12)

ki=k—k>

The angle xy = arccos(ws/ksvg) is the (‘erenkov angle, which defines an interface
between the regions vsy = wa ke < vy = ¢ and vy > vy = c. Let I'y and I’y
be the terms involving k and angular derivatives respectively. Thus, for a highly
collimated photon beam, the absorption coefficient (3.11) can be written into the
form I' =T’y + I, with (Appendix C)

0dik*dk @ cot xo ON
Iy =- - —= = S~ 3.13
’ / @) e (62— (02— xo)*]'/2 Ok 45
dé kdk u 9_2 — X0 ON
I',=- - — = = —=. 3.13b
| G & T a0 A
We consider a photon beam with occupation number of the form
_ _ 6?2
N = N(k)b(8), b0)= - 3.14
(k) b(0), b(0) GXP( 29(2)>a (3.14)

where we assume 0, < 1. Since b(f) makes a negligible contribution to the integra-
tions in (3.13a, b) for large 6, the photon beam can be regarded as being effectively
confined to an angle §, < 1. The angular integrations in (3.13a,b) can be carried

out if @ is approximately independent of the angles (6, ¢). One obtains

1/2 _
_n kdk aN(k) din N(k) - ] Lo
I'y=- <2> /(277)2 - Tk 0o cot xo b(f> — x0), (3.15a)
1/2 _ 5
™ kdk aN(k) 05 — xo , - -
r,=(~ , — X0 48, — ). 3.150
<2> /(277)2 c 6o (B2 = o) (3.150)

From (3.15a,b), the conditions for I'y < 0 and I';, < 0 are dIn N/dInk > 0 and
0y < xo respectively. The growth due to the anisotropic angular distribution of the
beam dominates if |Ty| > |T'x|, that is,

~|dIn N gz — X0
——— | cotyxy < — . 3.16
o dh’lk o X“ 0 ( )
The maximum growth I'y, occurs at 05 — 0 = —0y. Substituting 05 — xo = =0, into

(3.15a, b) and using b(f> — xo) = e~'/2, we obtain

1/2 _
s kdk aN dIn N
I'y=—{(— > — —— 0y cot 3.17
k (2@) /(27T)2 e dlng o cotxo, (3.17a)
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1/2 _
T kdk alN
r,=—(— — —. 3.1
g <2e> / er? o (3170)

The condition (3.16) then becomes

dIn N
dlnk

0

cot xp < 1. (3.18)

In the following discussion we consider only the case where the conditions (3.18)
and § < x are satisfied; that is, we consider only low-frequency wave growth due
to the anisotropic angular distribution of the photon beam.

4. Growth rate for the xr mode

In discussing the possible growth of low-frequency waves due to a photon beam
passing through a cold, magnetized, electron—positron plasma, we need to consider
three possibilities for the low-frequency waves: they may be in the £ mode or the o
mode or longitudinal. We discuss growth of the z mode first.

The ratio of the electric energy to the total energy in the low-frequency z-mode
waves, Ry, is given by (2.10) with all quantities corresponding to that for the low-
frequency waves. For a weak magnetic field w > Q.. retaining only the first term
in (2.16) and using ez = a9, one finds

2,2, /4 2 (92,2
Ragleferjeaai]? = S0 Y Mr {2y sin? 0,
2zl =l v 2.2 (2 2)2 20)2 "
8mgc® (w; — Q)% + w8
2.2 2 2 2 2 \202
epewywy n3 (1 —n3, )°Q 5
0 2 Ny : .
= d = 22] ¢ gin” 6, (4.1)

8m2c? Wi+ (1+n3,)2Q2
which is valid for any ¢s. The final expression in (4.1) is derived by using the
refractive index (2.9) (denoted by ns, = kec/ws) for the low-frequency x-mode
waves. We assume that the scattered and unscattered waves have |e* - e;| =~ 1.
Using (4.1) and (3.12), one obtains the probability

_ 4hRR1R2$|Oé‘2

z 30200,
EywW w2
_ o a ey fwp\Tong, (1 —ng, )" 29 1
=TeC - 5| — 5 3 30z Sin” 02, (4.2)
2mec* \ w ) wy + (1 —nj, )" Q2

where 7, = 62/47T50mec2 is the classical radius of the electron and « = €} e;jes 0.
In deriving (4.2), we assume R~ R = %

The probability (4.2) is non-zero only for na; > 1 because the three-wave beat
condition cannot be satisfied for ns, < 1. The reason for this is the same as that
for Cerenkov emission by a particle being possible only for refractive index greater
than unity: the phase speed of the emitted wave must be less than the speed of the
particle, which is replaced by the group speed of the photons in the present case.
It follows that growth occurs only for the low-frequency x mode with frequency
below the stop band, i.e. wy < Q.. Because of the factor (1 —n3,)? in the numerator
n (4.2), fast growth requires that n3, differ significantly from unity.

The dependence on angle, @ oc sin® 6, implies that any growth favours low-
frequency waves propagating perpendicularly to the magnetic field. One may ex-
press (4.2) in terms of 6, and ¢, as in (3.13a,b), using the spherical-triangular
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Figure 3. Plot of f as a function of (92 — X“)/éu and é2 for low-frequency z-mode waves in
a weak magnetic field. We choose 6y = %ﬂ', B = 1072, wé/wg =4 and Q. /ws = 2.

relation

sin? 6y = sin? B, sin® @» + (cos B, sin 6y — sin 05 cos 0 cos 4_52)2, (4.3)

where we assume that the axis of the photon beam is in the (z, z) plane and at an
angle 0 to the field line. To evaluate the absorption coefficient (3.15b), we assume a
power-law distribution N (k) o< k=@, Let ®(y, ¢2) represent the right-hand side
of (4.3). When the angular spread of the photon beam is sufficiently small, i.e. the
condition (3.18) is satisfied, the absorption coefficient is then I' = I'y; that is,

l/2rew}2; Tp we n3, (1 —n3,)2Q% n® f(0s, d2)

=~ .. (T /
(w2, 02, ¢2) = <2> c mec? w W‘ (1- nng)ZQZ 8t(a+1) "’ (4.4a)
7 o G2
[0, ¢2) = be é‘)X“ D(0z, ¢2) exp {—(9229—50)]7 (4.4b)
0

where xo = arccos(l/ns,) and we assume ng, > 1. The brightness temperature of
the photons is defined by T = hwN (k).

Plots of f(fa, $2) are given in Fig. 3. The growth region is for f < 0. This region
is confined to a small meridianal angle Af, ~ 20, and a relatively large azimuthal
angle Agy > . For small 6, one has ®(fy, $2) ~ sin” 0s, and f(03, @) is approxi-
mately independent of ¢,.
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For a strong magnetic field w < Q,, from (2.17) we have

2.2 4 2
: EpeTw N9 W2 ’ ;
0 20 W2 .
| = ==L e? sin” 0 (4.5)
2.2 Q z )
m2e e

withe, =e-B. For Y = Q./ws > 1, we have Ry, = '§, and it follows that R¥|a|? is
smaller than (4.1) by a factor (ws/Q.)? < 1. Thus the corresponding growth rate is
much smaller than (4.4a).

When the frequency w of high-frequency photons is close to the cyclotron fre-

quency, |w? — Q2| < 2wws, from (2.19) we obtain

2.2 4 2
s EQEW nwl
ol = 37—z ) P (4.6)
4m2c? \ w? — Q2
with
Nog » . . R _
P= 7% k?r(dirgsjl +dsj5irl)Bl +dijas Sin 9:| €;e;jaas. (-11)

The first term in (2.19) does not contribute: this is because the projection of
the polarization vector for the low-frequency = mode along B gives zero. In the
cyclotron-resonance regime, from (2.10) the ratio of the electric to total energy in
high-frequency waves is

(w2 _ Q:Z)Q
R~ TQ; (4.8)
p=“e
Multiplying (4.6) by (4.8), we obtain
2,2 2 2
,  Epefwiw® .
Rlaf* = ngczngr [P, (4.9)

To calculate the probability (3.12), we further assume Ry ~ % (which can be satisfied
if wl/wi <1landY =QZ/w} > 1) and R, ~ }. The angular dependence |P|* can be
evaluated by considering a photon beam with polarization along a. Then we obtain

2
|PJ2 = |sin 6 cos(¢s — ) + % sinfy | . (4.10)

When high- and low-frequency waves all propagate along B, one has P = 0 and
hence R|al* = 0. To calculate the absorption coefficient, the angular dependence
should be expressed in terms of 6, and ¢ using the relations (4.3) and

cos Xo — cos 6y cos O

cos(es — ) ~

4.11
sin 0 sin 05 ’ ( )

where cos s = cos By cos By — sin 0 sin 05 cos ¢2. The absorption coefficient is then
written in a form similar to (4.4a):

1/2 2 4 A T
7ay= (T) Tewn Tp w0t f(0:,¢2) .
(w2, 02, ¢2) = (2) C e mr Srlat D) (4.12)

with f(02, ¢2) given by (4.4b) and ®(62, ¢2) = |P|*> (which is then re-expressed in
terms of #» and (ﬁz)

Since Q. /ws > 1, the condition ns, > 1 can be satisfied automatically (cf. (2.9)).
From (3.18), we have 0, < (n3, — 1)'/?/(a + 1) = (w,/Q.)/(a + 3). Thus, compared
with the weak magnetic case, the growth rate is greater than (4.4a) (by about a
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Figure 4. As Fig. 3, but with w = Q.. We choose xo = 1072, 6, = 107" and Nog /N =~ 1.

factor w?/w3 > 1), but the growth can occur only when the angular spread of the
photon beam is sufficiently small, 6y < (w,/Qe)/(c + 3). Since na, is close to unity
(since Q./we > 1) and xo < 1, it follows from (4.3), (4.10) and (4.11) that the
growth is not axisymmetric with respect to B, but is approximately axisymmetric
with respect to ko (the photon beam axis). Figure 4 shows a plot of f(fs, ¢2) with

xo = 1072,

5. Growth rate for the o mode

For the o mode, in the weak-field approximation, since the polarization vector of
the low-frequency o mode is in the (?2,122) plane, we have e, - a4, = 0, and hence
the right-hand side of (2.16) does not contribute to the probability. To calculate
a, terms of order w3 /w? in (A 3) and (A 4) need to be included, which implies that
laf? oc wy/wt. As wp/w < 1, the growth of the low-frequency o mode in a weak
magnetic field is much slower than the x-mode counterpart.

For a strong field (in the non-cyclotron-resonant case), |a|? can be evaluated in
a way similar to that for (4.5) by using (2.17). For linear polarization e, the first
and second terms in (2.17) are of order wy/w. Hence, except for a factor of angular
dependence, |a|? is the same as (4.5), i.e. it is proportional to w3/Q2. Thus the
corresponding growth is ineffective.

For a photon beam with frequency near cyclotron resonance, |w? — Q2| < 2wws,
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6

5

Figure 5. Solid-angular ranges for n3, > 0 (I, I1I) and n3, < 0 (1), with w3 /w3 = 2.5.

and polarization along 4, we can write |a/? in the form (4.6), namely

2.2 4 2 .9
laf? = S0 Wy [ nwQe sin”(¢2 — ¢)
4m22 \ w2 —Q2) (1= X)2cos2 s +sin® 6,

2
X [nzo cot @ sin® @y — (1 — X)cos s sinf| , (5.1)
n

with ng, = ksc/ws. The first term in the square brackets is from the first term in
(2.19), which can be derived as follows. For a linear polarization e, we have

R 0 .
eie1j€i1 81 = —eikas [a: X B:| , (5.2)

2

where e ~ e — kys Je/0k,. As we assume that e = 4 (which depends only on ¢),
we have ks (Je/dks) x B = [ky-a/(k sin@)]a = (w2/w)(n2o/n)(ks -4/ sin O)a. The
probability (3.12) can be calculated from (5.1), using the ratio (4.8) for the high-
frequency waves and (2.13) for the low-frequency o-mode waves. The growth rate
has a similar form to (4.12), but with

sin®(¢y — @)

(1 — X)2 cos? 6, + sin” 6,

D0z, ¢2) =

2

% |72 coth sin® 0y — (1 — X) cosby sinf| . (5.3)
n

Since (5.3) depends on ¢, the growth is not axisymmetric with respect to both B
and k. The angular function (5.3) can be written in terms of 65 and ¢, using (4.3)
and (4.11). For Q./ws » 1, the refractive index for the low-frequency o mode is
approximated by n3, = (X — 1)/(X cosf — 1), and wave propagation is allowed
only in certain angular ranges (as shown in Fig. 5). Since the absorption coefficient
is proportional to sin®*(¢2 — ¢), there are two growth peaks in general. Figure 6
shows one of the two peaks (growth corresponds to f < 0).
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Figure 6. Plot of f as a function of 0> and ¢2. We choose 0y = 10~ 9‘. —77, n ~ 1 and
2/ 2 _ ¢
wy/wy = 2.5.

6. Growth rate for the longitudinal mode

For the longitudinal mode, we first consider the case w > Q.. Since one has ex = 122,
(2.16) is zero, and thus |a/? is of order wj/w*. As for low-frequency o-mode waves,
the growth of longitudinal waves in the weak magnetic field is not effective. This
is in contrast with ordinary electron—ion plasmas, in which growth of longitudinal
waves is favoured (see e.g. Melrose 1994).

al? x w?/Q2. As W /Q <

1, the corresponding growth is much weaker than for ordinary electron—ion plasmas.

For a strong magnetic field, similarly to (4.5), we have

For a strong magnetic field and Q. ~ w > wy, scattering may occur in the
resonance regime (Luo and Melrose 1994). The quantity R|a|? was derived by Luo
and Melrose (1994) for kq||B (cf. (6) in their paper). Here we consider the case in
which high-frequency photon beam is linearly polarized with polarization vector
e = a, and thus the first (antisymmetric) term in (2.19) is proportional to ws/w.
This term appears in « as (wa/w)(ng/2n) cot @ sin(262) sin(¢ds — @), where ng; is
the refractive index for the low-frequency longitudinal waves. Since e;d;» =~ e,
among all terms in the square brackets in (2.19) only the last term contributes to
a. Following the same procedure as for deriving (5.1), is evaluated to be

,  exlut Q. \* S 4
a2 = 2 ”( [eR%e ) (”2’ cot@ms@)-i-sme) sin? 0y sin®(¢s — ). (6.1)
n

2.2 2 _ 2
4mzc? \w? — Q2
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Figure 7. Plot of f as a function of (92 — Xi))/é{; and ¢_>-_> for low-frequency longitudinal waves
when the frequency of the high-frequency photons is close to the cyclotron frequency. We
choose xo = }W, = 1()_2, 6y = %ﬂ' and ng;/n =~ 1.

The absorption coefficient can be derived from (6.1) together with the ratio (4.8)
and expressed into the same form as (4.12) but with

® = [(n9;/n) cot O cos B + sin ]* sin® O sin® (2 — @). (6.2)

When w;/w% <landY =Q.,/ws > 1, we may assume that R} = % and Ry ~

(cf. (2.15) for the low-frequency longitudinal waves). Since (6.1), (4.6) and (5.3) are
all similar to each other (except for the angular dependence), the corresponding
absorption coefficient calculated from (6.1) is comparable with those for the x and
o modes under similar conditions (e.g. w = Q). Figure 7 shows the angular function
f(0s, 2). Growth occurs in the solid-angular range where f < 0. The figure shows
two growth peaks.

7. Conclusions

We have investigated photon-beam-induced instabilities of various low-frequency
waves in a charge-neutral electron—positron plasma in the random-phase approx-
imation. In summarizing the properties of waves in a cold, magnetized, electron—
positron plasma, we note (a) that such a plasma is non-gyrotropic, (b) that the
wave properties can be derived by analogy with those for a uniaxial crystal, and (c)
that in the special cases of parallel and perpendicular propagation different wave
properties are obtained depending on whether one takes the limits as § — 0 and
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0 — %7‘(‘ before taking the limit as £ — 0 (£ is a measure of the charge imbalance)
or vice versa.

We have discussed the small-angle scattering regime in which the occupation
number of relevant low-frequency waves is much smaller than that of high-frequency
waves. With this approximation, wave—wave interactions are treated by analogy
with wave—particle interactions. Specifically, we have considered photon-beam-
induced low-frequency wave instabilities, and have calculated the corresponding
absorption coefficients in the cold-plasma approximation. Our main conclusions
are as follows.

(i) Three-wave interactions in electron—positron plasmas depend strongly on the
magnetic field. For an unmagnetized electron—positron plasma in which elec-
trons and positrons have the same distribution, three-wave interactions are
forbidden (one has a;; = 0 and a(k, ki, ks) = 0). We have concentrated here
on effects associated with the non-zero contribution that arises from the pres-
ence of an ambient magnetic field. Thus, throughout our discussion, we have
assumed a neutral pair plasma (£ = 0) and that, apart from an arbitrary phase,
the polarization vectors of high-frequency waves are real.

(it) Instabilities of low-frequency waves due to a high-frequency photon beam
occur only in a certain solid-angular range of ks, which has a wide span
in azimuthal angle A¢s > 6, and a much narrower one in meridianal angle
A,y ~ 20,. For a strong magnetic field, the growth is not axisymmetric with
respect to either B or the photon beam axis in general. For o- and longitudinal-
mode waves, there are two growth peaks at two different azimuthal angles (as
shown in Fig. 7, while Fig. 6 only shows one of the two). For a weak mag-
netic field, growth is approximately axisymmetric about B (i.e. there is no ¢»
dependence in (4.1) and (4.2)).

(iii) For both low-frequency longitudinal- and o-mode waves, growth is not effective
in a weak magnetic field (w > Q., ws), but growth of all three modes (longi-
tudinal, o and x mode) is significantly enhanced in the cyclotron-resonance
regime, where the photon frequency is close to the cyclotron frequency. For
low-frequency x-mode waves, since the refractive index ns, given by (2.9) is
very close to unity for ws < Q. = w and Q. > w,, growth can occur only
when the angular spread of the photon beam is sufficiently narrow, i.e. for
Oy < (wp/Qe)/(a +3).

(iv) For z-mode waves, three-wave interactions can be important in a weak mag-
netic field (w > Q. ~ w,). Since the condition for any growth is ws —ks vy = 0,
growth for low-frequency waves occurs only for no > 1. For low-frequency
z-mode waves, this requires that the frequency ws be below the stop band,
implying that growth does not occur for wy > Q.. Because the growth rate is
proportional to (1 — n3,)?, for fast growth to occur the refractive index ng,
must differ significantly from unity. For both weak and strong magnetic fields,
growth favours the perpendicular (to B) direction.

Finally, we should remark that the result (iii) depends strongly on the cold-
plasma approximation for the quadratic response tensor being valid. In practice,
thermal effects tend to be important near a resonance, and tend to reduce the
effect of a resonance. Our discussion is inconsistent in that we ignore the effect
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of the cyclotron resonance on the wave properties for high-frequency photons, but
retain it in the nonlinear response. A systematic investigation of this important
case is required.
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Appendix A
For € = 0, the quadratic response tensor (2.4) can be written into the form

goewy (ke Wi wi oo Q. Q.
- = — — k| dyi(w)) — €51 + — €pi1dis(wo
{Wl w%—QZ wZ—QZ T 7‘]( )WQ 18 W T3] lS( )

e 2 e

O41']'.9 -

2mec
ke Wi wi oo Q. Q.
— — =~ — = ki |drs(wo €iji T — ersidij(wi
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w2 w

e
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Q.
dTS((“J?) U €ijl + ETSld’LJ }Bl, )

Q.. ,
dij(w) = 045 — ] B;B;, (A2)

The relevant approximation is w ~ w; > we. We consider three cases: w > Q,
wr < Q. and w~ Q..

For the weak-field approximation, we expand (A 1) in terms of ws/w < 1, Q. /w <
1. Thus the fourth and fifth terms in the curly brackets are proportional to wQ,/ w?,
and are ignored. Also, the final term in (A 2) is ignored for the high-frequency waves.
In calculating the probability, the quadratic response tensor appears in the form
o = efej0js€,, and, with the high-frequency waves assumed transverse, one has
e-k =0 = e - k. Then, using k = k; + ks, one has k- e ~ (kz/k)lA(Z - e and
ki -e~ —(kzz/k)fig -e. Using these approximations, the first and third terms together
give

NoweQe wo [ M & N N A . N
fg;ﬁ " {n? kr(€iridjs + €rjidis) + (k2j€ia B — iji@jslBl):| ) (A3)

with d;; = d;j(ws). The second and sixth terms together give

NawsQe

Q2 |:]%2r5rslBl5ij + % <: ifr + EZT) drseilel:| . (A 4)

2

Note that in (A3) and (A4) the difference between ¢ and j in contracting with
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the polarization vectors is of order ko /k < 1, and thus €,djs + €751dis = O(ka/k).
Compared with the first term in (A4), all terms in (A 3) and the second term in
(A 4) are of order wj/wz Using o5 sinfy = ESZTBIIAQT and ignoring terms of order
w3 /w?, the first term in (A4) (multiplied by —igjew? /2m.c) leads to (2.16).

For the strong-field case, we consider the conditions Q. > w» and |w? — Q?| >
2wwy > w3. Then, using the expansions

c 2
dij(wr) — dij(w) = *ZZZ g; BiB; +...,
wi W <l 2wy 2wwy )
wi—02  Ww-Q2 w o w02 '
we obtain
Qijs = —i foei {fc (evjiBi + €1 B;) BB
ijs Qmec r\Crjliq irlDj 1 Ds
2 2
+<Zig s 2 z@) BreBuB, + p} (A5)
with
2w? Ny » A A A L% A AP
Pijs = m |:7’L er (dirgsjl + dsjgirl)Bl - 5J_ijkr5rslBl + kr[‘:rlelBiBs:|

w?

oi 2 z A ng » BB D
02 zkrdrjaisl +— dijk2r57"sl Bl - k?reirlBlBjB& (A 6)
Q2 n n
with 645 = ;5 — BzBeJ Using iy B, = —a; sin 6, for w/Qe <1 we obtain (2.17).
Near the cyclotron resonance w ~ Q., w3 < |w? — Q%] < 2ww,, the terms of
1/(w? — Q%) dominate, and we have w?/(w} — Q2) ~ —w/2w,. Then
2
CEoew, nwQ. w I A W
- - — <_krBr EilelBs + wPijs)> (A7)
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+@ ]%QTB’I‘ gilelBs + ETSlBldijl%’l" (A 8)
n

Equation (2.19) follows from (A 7).

Appendix B

In Kkinetic theory, three-wave interactions can be described by a set of three kinetic
equations (see e.g. Tsytovich 1977; Melrose 1986). When two of the three waves are
in the same mode, the two equations for high-frequency waves can be combined
into one equation:

AN(k) [ dPky dPPks
a / (27)3 (2m)3
—u(ky, k, ko) { N (k) N (kz) — N (ki)[N (k) + Np(k»)]}), (B1)

(ulle, ko, ko) {NV (k)N (ka) — N(R)[N (k) + N (k2)]}
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where

u(k, k| 7 kz) _ 4hRR1RQ|€?€]j621aijl|2

€ﬁww1w2
x(2m)* 6% (k — ky — ko) 6[w(k) — w (k) — wa(ks)] (B2)

is the three-wave probability. The delta-functions are the three-wave beat condi-
tions, which correspond to energy and momentum conservations in the semiclassical
formalism. For the low-frequency wave mode, the kinetic equation is

dNp(kg) _ _/ Pk d*k
dt (2m)* (27)3
xu(k, ki, ka){N (ki) Np (k) = N(k)[N (ki) + Np(k2)]}, (B3)

On the right-hand sides of (B 1) and (B 3), the terms proportional to Ny, correspond
the process of induced emission of low-frequency waves, and the terms without N,
describe the process of induced photon decay. It is straightforward to carry out the
integrations over d*k; in (B 1) and (B 3). This gives a condition k; = k —k; for (B 3)
and the first term in (B 1) and a condition k; = k + ks for the second term in (B 1).
The quasilinear equations (3.1) and (3.2) can be derived by expanding u(k+ka, k, ko)
and N(k & kj) as

0
u(k + ko, k, ko) =~ u(k, k — ko, ko) + ko - @U(k»khkz)

ki=k—k,
+k 0 u(k, ki, ko) (B4)
2" AL s B, B2 )
akl ki =k—k;
Nk +ky) =~ Nk)tk iNk+lk 22Nk B5
( 2) B N (k) £ky - - N(k) + 5 k- (k). (B5)
To derive (3.1), it is sufficient to expand N (k &= ks) up to first order in ks.
Appendix C
To derive (3.13a,b), one may integrate over ¢ in (3.11) to obtain
21 1
dd b(cos x — cosx) = —=—————, C1
A @ leos X = cos X0) = g B sin (G0 — B) ©h

where ¢ satisfies the condition

=z - Wy
cos B cos By + sin 0 8in 0y cos(Py — ¢p2) = cosxo = ——.
kz'l}g
We write
in 0 sin 05 sin (o ho) = 20 20 2 9 e i) 1l/2
sin @ sin B2 sin(gy — ¢2) = [1 — cos™ @ — cos™ B — cos™ xo + 2 cos xo cos O3 cos 0]

= F(§7 927 XO)'

For a collimated photon beam, we assume 6 < 1. We also assume |05 — x| < 1. Then
F' can be expanded as

F(0,0,,x0) ~ [6> — (82 — x0)*]"/* sin xo. (C2)
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After integration over ¢, (3.11) becomes

2 —
lﬂzf/désin@/kd]‘C — — Y —
(27)% vg[6? — (62 — x0)]"/? sin xo

9 cosf cosxy — cosfy O _ )
08 Yo — + _ — | N(k,0). (C:
X(“”“‘"ak k sin @ ae) (k.0 (3)

The first term produces (3.13a) with vy = c. The second term leads to (3.13b), using

cos 8 — cosf cos xy = cosfy — 008(0_2 — Xo) cos xp t+ 0(92) +O((0; — XU)Q)

~ —sin(fy — xo) sin xo & —(f2 — x0) sin xo.
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