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Expressions for the linear response tensor are derived using a covariant forward-
scattering method for unmagnetized relativistic thermal distributions restricted
to one-dimensional (strictly parallel) and two-dimensional (strictly perpendicular)
motions. The freedom to make Lorentz transformations is used to generalize the
strictly perpendicular distribution to a counterpart of the nonrelativistic Dory—
Guest—Harris (DGH) distribution.

1. Introduction

In this paper and an accompanying paper, Melrose (1997a hereinafter referred to
as Part 2) a covariant forward-scattering method is used to evaluate the response
tensor for one-dimensional (strictly parallel), two-dimensional (strictly perpendicu-
lar) and three-dimensional (isotropic) relativistic thermal distributions. A covariant
method of calculation of the response tensor is used in this paper, and this method
differs from that used by Melrose (1997a) in that the starting point for the calcula-
tion is an expression for the response tensor for an arbitrary distribution function
derived using a covariant forward-scattering method. This method is applied in
this paper to an unmagnetized plasma in such a way that the generalization to
the magnetized case in Part 2 is straightforward. The result for the isotropic case
is shown to be equivalent to that derived by Melrose (1997a), and the results for
the strictly parallel and strictly perpendicular cases are derived here for the first
time.

A covariant expression for the response tensor for a ‘one-dimensional’ relativistic
thermal distribution was derived by Godfrey el al. (1975a), and a possible applica-
tion to relativistic beam instabilities was suggested by Godfrey et al. (1975b). The
case treated by Godfrey et al. (1975a) is ‘one-dimensional’ in the sense that it is
the relativistic thermal distribution function in an artificial 2-dimensional space—
time. In the present paper, ‘one-dimensional’ refers to particles whose motion is
restricted to a 2-dimensional subspace of 4-dimensional space—time. The alterna-
tive description ‘strictly parallel’ is used here to avoid possible confusion with the
case considered by Godfrey et al. (1975a). For a similar reason, the two-dimensional
case is referred to here as the ‘strictly perpendicular’ distribution.

One motivation for this investigation is the possibility of identifying a relativis-
tic counterpart for the nonrelativistic bi-Maxwellian streaming distribution used
extensively to discuss the response of hot anisotropic plasmas (see e.g. Stix 1962).
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A more general nonrelativistic anisotropic thermal-like distribution is that intro-
duced by Dory et al. (1965), and referred to here as a DGH distribution. A specific
nonrelativistic (p = mv) DGH distribution is

) 2 — )2
f(p) x G(vy) v exp < ;;) . Gy =exp [“’Izﬁ’“) 7 (1.1)
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where vy, V) and Vo are constants. In the evaluation of the response tensor for
the distribution (1.1) the integrals over the parallel and perpendicular components
in momentum space factorize, and standard integrals for Bessel functions enable
one to evaluate those over the perpendicular components. For the particular G(v))
chosen in (1.1), the integral over the parallel component is evaluated in terms of
the familiar plasma dispersion function. For j = 0, (1.1) reduces to a bi-Maxwellian
streaming distribution (see e.g. Stix 1962). A specific motivation for including rel-
ativistic effects in such an anisotropic distribution is discussed in Part 2.

In one sense there can be no relativistic counterpart of the distribution (1.1).
The important feature of a DGH distribution is that it satisfies the following two
conditions:

(@) the evaluation of the response tensor factorizes into parallel and perpendicular
components;

(b) the distribution reduces to a thermal distribution in the appropriate special
case.

The incompatibility of conditions (a) and (b) is seen by noting that the relativistic
thermal distribution f(p)  exp(—p7y), with p the dimensionless inverse tempera-
ture, does not factorize in either velocity space, v = (1 — vﬁ —vi)_lﬂ, or momentum
space, v = (1 + pﬁ/m2 + pi/m2)'/27 where units with ¢ = 1 are used. In another
sense, the following argument suggests that there must be a relativistic generaliza-
tion of the DGH distribution. First note that Trubnikov and Yakubov (1963) found
an exact expression for the response tensor for a relativistic two-dimensional (or
strictly perpendicular) thermal-like distribution (cf. also Bornatici ef al. 1983). This
distribution is such that the particles have no motion along the magnetic field lines,
and this is too artificial for practical purposes. However, given a covariant version
of the response tensor found by Trubnikov and Yakubov (1963), one may apply a
Lorentz transformation along the magnetic field lines to find the response tensor
for particles with any specific parallel motion. Using this freedom, one can include
an arbitrary distribution of parallel motions superimposed on the thermal motion
in the perpendicular directions. This procedure, which is developed here, allows
one to identify a specific class of relativistic distributions that may be regarded a
counterparts of the DGH distribution functions (1.1).

In Sec. 2 the method of calculation of the linear response tensor is introduced
and illustrated by rederiving the covariant form of Trubnikov’s response tensor for
a relativistic unmagnetized thermal distribution (cf. Melrose 1997a). In Sec. 3 this
method is used to treat the strictly parallel distribution, and in Sec. 4 it is used to
treat the strictly perpendicular distribution. The proposed relativistic counterpart
of the DGH distribution (1.1) is discussed in Sec. 5. The reduction of the relativistic
plasma dispersion functions to the nonrelativistic plasma dispersion function is
discussed in Sec. 6.
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2. Derivation of Trubnikov’s response tensor

A covariant form of Trubnikov’s response tensor for an unmagnetized thermal
plasma was derived by Melrose (1982). In this section the isotropic thermal distri-
bution is reconsidered in order to develop the method used to treat this and related
distributions.

2.1. Response tensor for an arbitrary distribution
The starting point for the calculation is a general expression for the response tensor
for an unmagnetized distribution of particles. The particles are described by their
distribution F'(p) in 8-dimensional phase space (c¢f. Dewar 1997). The response tensor
is

2

Mwm=fi/ﬁ%F@mwmm» 2.1)
m

EruY + kB ur kR utut
+ -
ku (ku)?

The number density n of particles in the rest frame of the plasma and the proper
number n,, are given by

al“’(k’u) = gl“/ -

(2.2)
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respectively.
In evaluating the response tensor below, the method used requires that the de-
nominators in (2.2) be rewritten as exponentials using

— = d€ e* US| 5 = — dg & e s (2.5)
ku 0 (ku)? 0

where the causal condition is taken into account in choosing the sign in the expo-
nent. The response tensor (2.1) with (2.2) becomes

2 o]
a (k) = —L {n},rg“”-ﬁ-i / d'p F(p) / dg R (kiy” + kY ul + ik2eur ) |, (2.6)
m 0
where (2.4) is used.

For the purpose of comparison with the magnetized case, it is useful to rewrite
(2.6) further in the form

2 o0
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The starting point for the calculations below is the form (2.7). Results obtained by
starting from the form (2.6) are quoted in Appendix A.

2.2. The Jiittner—Synge distribution

The relativistic counterpart of a nonrelativistic Maxwellian distribution of particles
is a distribution f(p) o exp(—e/T), where £ = ym is the energy of a particle and T'
is the temperature in energy units, that is, with Boltzmann’s constant set equal to
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unity. After normalization, this becomes the Jiittner—Synge distribution (see e.g.
Synge 1957)
al
f) = e
> Ky (p)

where K, (z) is a Macdonald function of order v, with p = m/T the inverse temper-
ature in units of the rest energy of the particle. The normalization in (2.8) follows
by writing the integral over momentum space in terms of the variable x:

(2.8)

v=coshy, |p|=msinhy, v =tanhy. (2.9)
One uses the integral representation of Macdonald functions
_ (LL‘/Z)V (% > : 2v ¢
K, (z)= ———— dx sinh™ x exp(—x cosh x). (2.10)
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Also note the identity
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The ratio of the proper number density to the rest-frame density for this distribu-
tion is ny,/n = Ki(p)/Ka(p).

In an arbitrary frame, in which the 4-velocity of the rest frame of the plasma is
4, the 8-dimensional counterpart of (2.8) is
np

" 20m?Ky(p) 8(p* —m?) exp(—pud). (2.12)

F(p)

A streaming motion may be included simply by choosing a frame in which the

hooge 7 = r - — (1 _2)—1/2

plasma is not at rest, specifically choose @ = ug with uy = [0, Y0vo], 70 = (1 —v5) /
to introduce streaming with velocity vy.

2.3. Trubnikov’s method of evaluation of the integral

Trubnikov’s procedure for evaluating the integral that appears when (2.12) is in-
serted into (2.1) involves expressing all dependence on u in exponential form, and
evaluating the resulting integral in terms of the integral representation (2.10) of a
Macdonald function. The resonant denominators are rewritten in the appropriate
form in (2.6) and (2.7). The powers of the 4-velocity that appear in (2.6) and (2.7)
are written as

826( +s")u
Osy, 0s,0s,,

(Tt might be remarked that the manner in which the limits as s — 0, and s’ — 0
are taken is not important in the following, and all the results may be derived by
alternative methods that do not involve introducing s and s’.) The basic integral
that needs to be evaluated is then

Ip.6os+ )= [dpFpetvee

,  utu’ =
s=0

(2.13)
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The integral in (2.14) is performed by first integrating over p° using the
delta function, carrying out the angular integrals, rearranging the exponent to
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cosh(x + ixo), shifting the contour of integration by —iyy, and performing the
remaining x integral using (2.10). This gives

W omp Ki(r() o
I(,O,g,8+8)— Kz(p) T(g) ’ (ZIO)
r(€) = {[a(€) — (s + ) PY/2 ak(€) = pu* — ik"E. (2.16)

Let 4/ denote the operation of differentiating with respect to s, and setting s = 0.
In the integrand in (2.6), u* is then to be replaced by @*. The derivatives

LK (r©) Ky (r(€)) .

UNW =a"(§) e (2.17)
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are then required in the evaluation of (2.6) with (2.12). Although both (2.17) and
(2.18) are required when the form (2.6) is used, in view of

(ku)*a (k,u) = H* o uu”, (2.19)
HY s uu” = (k7 g™ — k%gH) (k‘Tgﬂ” — kﬁg”’), (2.20)
only (2.18) is required when (2.7) is used.

2.4. Response tensor for a thermal plasma

The resulting expression for the linear response tensor for the isotropic thermal
distribution (2.12) is

? - 2 K> (r(©))
w(k) = — 8 d {— R gh — kPR
SO ol A RELY TR

) K. ,
+lka<£>|~a“”(k,a<s>)jf”f))}, (2.21)

<

where (2.20), (2.18) and (2.2) are used.

The form (2.21) for the response tensor is superficially different from the form
obtained by starting from the response tensor derived using Vlasov theory. This
alternative form is the unmagnetized version of the result obtained by Melrose

(1997a), and is the covariant version of the result derived by Trubnikov (1958). It

z e KT o K> (r(6))
(k. :qnp{ oy _; Kp d { pr 222
at (k) ata ) A ¢ g 208
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The equivalence of the two forms may be established using the identity
df (€) Ko (r(§) Ky (r(§))

K. (p) * .
f(())T +/O d¢ {dg e +if(&) ka(§) (G

which applies for arbitrary f(£) and v. The identity may be confirmed by a partial
integration using (2.11) and 9r(§)/9¢ = —ika(§)/r(€). The equivalence of (2.21) and

] =0, (2.23)
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(2.22) is most easily established by using (2.23) to rewrite all terms in (2.21) and
(2.22) in the form
2 o . Ks(r
o (k) = @np de T (g) sg (f)),
mks(p) Jo (E)
and showing that the resulting expressions for T3# () are the same. One finds
that (2.21) and (2.22) reduce to (2.24) with

(2.24)

TR (&) = —ipku & [E(Kg" — K'EY) +ip ki a™” (k, @)]. (2.25)

The form (2.22) is the relevant one to start from when making the weakly rel-
ativistic approximation. As discussed by Melrose (1997a), if one starts from other
forms then the expansion in 1/p in the weakly relativistic limit leads to inconsis-
tencies when only the leading term in the asymptotic expansion of the Macdonald
functions is retained. Hence, in treating other distributions below, it is important
to identify forms that are the counterpart of (2.22).

3. Strictly parallel thermal distribution

The foregoing method is used in this section to derive the response tensor for a one-
dimensional, or strictly parallel, relativistic thermal distribution. This corresponds
to a distribution in which the motion of the particles is confined to one direction,
with a thermal spread in velocities.

3.1. Strictly parallel distribution

The strictly parallel counterpart of the isotropic relativistic thermal distribution
(2.8) is f(p) o &*(p,) exp(—py), where p, is the projection of p onto the plane
orthogonal to the axis of symmetry, which is specified by a spacelike unit 4-vector
b* (b*> = —1). The strictly parallel counterpart of (2.12) is

2n
K, (PH )

The separation of the 4-dimensional space into two 2-dimensional parallel and per-
pendicular subspaces follows by writing

§(p° —m®) 6%(p ) exp(—p)| ud). (3.1)

g|" =ata" —v", g\ =g" —gl”, (3.2)
and then (ab)) = aubl,gl’lw, and so on. In (3.1) 6*(p ) is to be interpreted as imply-
ing the projection of the integral d*p onto the 2-dimensional parallel subspace. A
streaming velocity vy is then included in (3.1) simply by interpreting the 4-velocity
as @ = ug, o = [Y0,Y0Vol-

3.2. The response tensor for the strictly parallel distribution

The derivation of the response tensor leading to (2.21) is readily modified to treat
the strictly parallel case. The changes are that the orders of all the functions
K, (z)/z" are reduced by unity, and s* and s'* have no space components orthog-
onal to b in the rest frame. With these changes, the counterparts of (2.15), (2.16)
and (2.17) are
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— n .
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respectively, with kﬁL = gﬁwkl,, and so on. (To distinguish the square of kﬁ from the

square of the || component of k, the notation (kz)H =w?— kﬁ is used, and similarly

(k*)L = —k% ) The counterpart of (2.21) is
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The result (3.7) may be written in a variety of different ways using the counterpart
of (2.23), which is

Kooy , [™, [df(é“) Ko (i) ey
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One alternative form is given in Appendix A. The alternative form that is the
nearest counterpart for the strictly parallel distribution to the form (2.22) for the
isotropic distribution is

2
Ny
o (ky = L2 n{ — g — pafay

m
b [Ty [ - < g K1 (11(6)
K1(P|)A o KA SN 7€)
vy B2 (r(€) v vy K (ry(€)
ral!(€)al(€) zf@) +LalORY + K al ()] ]ﬁ(é“)} } (3.9

As in the isotropic case, the equivalence of the various forms for the response tensor
is most easily established by using (3.8) to express them in a form analogous to
(2.24), that is, a form that involves an integral over K» (TH ({))/Tﬁ({)

The form (3.9) exhibits a property that may be deduced directly from (2.1) with
(2.2) and (2.4): if the particles have no motion along a given direction then the
response tensor has diagonal component equal to —g¢*n,,/m along that direction.
Here this applies to the two directions that span the perpendicular subspace. The
form (3.9) reduces to a strictly one-dimensional counterpart of (2.22) for parallel
propagation (k; = 0).
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4. Strictly perpendicular thermal distribution

In this section the method used above is applied to derive the response tensor for
a two-dimensional, or strictly perpendicular, relativistic thermal distribution. This
corresponds to a distribution in which the motion of the particles is confined to two
spatial dimensions, with a thermal spread in velocities.

4.1. Strictly perpendicular distribution

The strictly perpendicular counterpart of the thermal distribution of (2.8) is f(p)
o(p)) exp(—pryL), with v, = (1 +pi/m2)'/2. The counterpart of (2.12) is then

1/2
_ npy 2 2 ~
F(p) = - 6(p” — m=) 6(pb) exp(—pL uit), 4.1
)= Gt 0 ) expl—p u) (1)
where b* is a unit vector (b> = —1) along the axis of symmetry in the rest frame. It

is convenient to introduce the notation
woo_pv pur o _ v v A<
ay) =gy au, gy =g+ b (4.2)

The metric tensor gi} spans the 3-dimensional subspace orthogonal to the axis of
symmetry, and allows one to make a separation into components in this subspace
and components along the axis of symmetry. Note that @* is in the 3-dimensional
subspace (@5, = @*) and that b* is orthogonal to it (b5, = 0).

4.2. The response tensor for the strictly perpendicular distribution

The evaluation of the response tensor for the distribution (4.1) closely parallels the
derivation of (2.21) for the isotropic case and (3.7) for the strictly parallel case.
Compared with the isotropic case, the changes are that (i) the orders of all the
functions K, (z)/z" are reduced by one half, and (ii) the parallel components of s*
and s'* are identically zero. With these changes, in place of (3.3), (3.4) and (3.6)
one has

np\? Ky (ri(€)

1 = , , 4.3
(b1:8) Kspp(pr) 212 (+3)
i) = {lar@FP}Y? afl(€) = prat — ikl €, (44)
A Kl/?(ﬁ.(f)) _ K:s/2(ﬁ.(f)) e
W= =d ()5, (4.5)
Ce MY e ’
. AVKl/Q(TJ_(f)) _ v K:%/Q(TJ_@)) m v KS/Q(TJ_(f)) )
Iz = gt 2 =0 — 4.6
uu TL/Q(S) 951 ri/z(f) + aJ_(g)aJ_(f) T’J)_/Z(f) ( )
respectively.
The counterpart of (3.7) is
2 1/2 00 . Ks).
oty = i [ e { sl e s B
5= i
Ky
—[(k*)30.9" — K kY — kMEY, + k%ﬁj]W}. (4.7)
(6

As with the isotropic and strictly parallel cases, the result may be written in a



Anisotropic relativistic thermal plasma. Part 1 713

variety of forms, related by an identity analogous to (2.23) or (3.8). One alternative
form is given in Appendix A. Another, which is analogous to (3.9), is

2
at (k) = qn{np, bABY — p o ata”

m | n
1/2 S
A i anzey g Fo2(rL©)
ZKZS/Z(pL) A d/é- |:(pl w Zklf)( Is1 Tj_/z(f)
+a'; (§)a (€) 6
+[a (E)kyb” + kb a’l (6)] 3/:;/(;(2()5))] }, (4.8)
L

with n,, = nKl/Z(pl)/Kg/z(pl). The space components of (4.8) are equivalent to
the unmagnetized (zero-B) limit of the components of the response tensor derived
by Trubnikov and Yakubov (1963). The form (4.8) follows by using the identity
(3.8), with subscripts || replaced by L, first with v = 5 and

f(&) = —i&kay (&)g" + [k a’l (&) + k¥al (§)] + ak(§)a” ()
and then with v = % and

f(&) = —kar(b'b”.

The Macdonald functions that appear in the strictly perpendicular case reduce
to simpler functions:

—Zz

(T ]/Ze_z [ 1/2
Ky)a(z) = 3 72 K3)s(2) = 3 Z3/2(1+2), (4.9a, b)

e

T /2 e ?
— 2 ,
Thus, for example, the proper density is related to the density in the rest frame by
Npr = npL/(1+pL).

5. A relativistic counterpart of a DGH distribution

As noted above there must exist a class of relativistic distributions that are
related to DGH distributions and that are constructed by operating on the strictly
perpendicular distribution. Here this class of distributions is identified and the
response tensor is written down for them. There are two steps involved in start-
ing from the strictly perpendicular distribution (4.1) and constructing a relativistic
generalization of the DGH distribution (1.1). First, the counterpart of the factor
vij needs to be included. A factor (py/m)* may be included in (4.1), but it is
simpler to include a power of v = (1 +p% /m?)'/?_ Here a factor (y,)" is included:
the distribution with a factor (p, /m)* follows from the appropriate sum of distri-
butions with factors (y.)", r = 0,2,...,2j. Secondly, the ability to make Lorentz
transformations is used to include an arbitrary distribution in parallel velocities v).
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a.1. Inclusion of the factor ()"

The generalization of (4.1) to include a factor (y,)" follows by differentiating with
respect to p . This leads to a class of distributions of the form

n8(p* —m?) 6(pb) (d1)" exp(—p. uil)

F(p) = 5 , (5.1)
(2m)2m(d L) [ Ky 2(p1) /p) 7]
with d; = —0/0p) and where the resulting factor (u@)” in the numerator reduces

0 (7vL)" in the rest frame.
The generalization of (4.7) is
7n
5\ 1/2
m(d,) [K:«:/z(ﬂl)/PJ_ |

></ d€£(cﬁ)T{‘k“(5)|2“W(k»a (€)= ZE 14)

0

ot (k) =

T
*I(k2);ug“”fk§1k”fk“k§' +R2 WIM}' (5.2)
©)
Explicit evaluation of the derivatives involves
kay (€) 5 N -
diri(6) = d@’ dLa (€) = a*. (5.3)

However, the resulting explicit form of (5.2) becomes rapidly more cumbersome
with increasing . The generalization of the form (4.8) follows by analogy with
(5.2) except for the two terms that precede the £ integral: the term involving b*b”
is unchanged and in the remaining term (ch_)T|Kg/g(pj_)pll/2 |/(ch_)T|K3/2(pJ_)/plL/2|
replaces p .

9.2. Inclusion of a parallel distribution

An arbitrary distribution of parallel velocities v may be included in (5.1) by using
the freedom to make Lorentz transformations. Suppose that in (5.1), @ is replaced
by uy corresponding to a speed vy along the axis, relative to some specific rest frame.
In the rest frame, this corresponds to the particles all having velocity v = vy along
the axis. By considering a sum of a finite number of distributions of the form (5.1)
each with a different uy and then taking the continuum limit with an appropriate
weighting, an arbitrary distribution of parallel velocities may be simulated. The
value of the perpendicular momentum and hence of v, is invariant under Lorentz
transformations along the axis. It follows that this procedure allows one to iden-
tify a class of distributions that are separable in the perpendicular and parallel
motions, and for which the response tensor can be evaluated in closed form using
the foregoing results for a strictly perpendicular distribution.

To identify this class of distributions, first note that in the rest frame one has

uy = [0, %v0b], 0" = [vove, Yob], (5.4)
and hence

pb =myyy(wo —vy),  uue = yy(l —vve) =¥/, (5.5)
where in the final equality v = vy is used, and this is implied by é(pb) in (5.1).
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One has

Yo = (1= vf) = /70, (5.6)

which gives uuy = v1, in accord with the fact that p, is invariant under Lorentz
transformations parallel to b.

Let the weighted distribution be such that the contribution from a particular
range dvy to the proper number density is dn,, = dvy g(vy). The expression (5.5)
implies that 6(pb) = (mfy‘)'y)’lé(vu — vp). On integrating (5.1) with @ = uy over
dvy g(vy), one identifies the desired distribution for which the response tensor can
be evaluated in the manner outlined above. The resulting relativistic counterpart
of a DGH distribution follows from (5.1) simply by setting % = u( and including
the weighting defined above:

né(p* —m?) §(pb) (ciJ_)r exp(—pL uuy)
(2m)V/2m(d 1)Ky (p1) /0]

with uy and b given by (5.4) in the rest frame. On carrying out the v, integral over
O(pb), the resulting distribution in 6-dimensional phase space in the rest frame is

F(p) = /dvo g(vo) (5.7)

v v n(dL)" exp(—piy.) -
f(pn,m):af”g(vu)f o1z i - L Ve (5.8)
P VL (2m)E2mA (d L) [ Ky (p0) /)]
with dv) /Op| = 72 /m~%. The normalization in (5.7) corresponds to
/de glvy) =1, - T Ve z T (5.9)
(dL) [ Kyy2(pr)/p 7] (dL) [Kspa(pL)/p) "]

For r = 0 the distribution (5.8) reduces to (1.1) with j = 0 in the nonrelativistic
limit, and, as noted above, the factor vjj may be reproduced by an appropriate sum
of distributions with different values of r.

5.3. Response tensor for the relativistic DGH distribution

The generalization of (5.2) for the relativistic DGH distribution function (5.8) now
follows by using a simple prescription: replace @ by w, interpret uy and b as in (5.4)
in the rest frame, and average over the weighted distribution of parallel velocities.
This gives

g*n :
at (k) = _ 72 / dvy g(vo)
m(d L) [ Ksa(pr)/p) "1 /-1
o0 P 5 v K;5/5(r1(8)
></ deg(d,y) {[kcu({)]za“ (k,ai(€)) %
0 Ty (&)
g "y v L.V 2 _pv K: 2\” 5) 510
—[(K*)50.9" — kY K — kMR, + kﬂg:};ﬂg/i;/(gjh()}’ (5.10)
Ty &)
with the dependence on V| = vy appearing through g:‘ﬁ, kél, ai(f), (k)31 and

r1(&). Similarly, the form (4.8) may be generalized, and then the v dependence
also appears through kb* and k", which can be rewritten as —kbb* and —kbb”
respectively. Then the explicit dependences on vy follow from (5.4)~(5.6), g5 =
g DR K = ER 4 KDY, buy = 0, kb = (k) — wvy) and

al (&) = [wlp = ivo(w — kyjvo)él, =ik L€ +0[p — io(w — kjuo)€lugh],  (5.11)
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(K*)s1 = 75 (w — kyvo)* — k7, (5.12)

ri(€) = {lp = ivo(w — kjuo)* +LEN, (5.13)
where w and k are the components on k* in the rest frame. The generalization of
the form (4.8) is similarly straightforward.

6. Discussion and conclusions
The primary objectives in the present paper and in Part 2 are

a) to develop a covariant formalism that allows one to apply Trubnikov’s method
P PPLY
of calculation of the linear response tensor to strictly parallel and strictly per-
pendicular relativistic, thermal distributions;

(b) to identify a relativistic counterpart for the nonrelativistic bi-Maxwellian and
DGH distributions for which the linear response tensor can be calculated by
factorizing into integrals over the perpendicular and parallel distributions.

The methodology is developed in the present paper for an unmagnetized plasma,
and is applied to the magnetized case in Part 2.

Exact expressions for the linear response tensor for the strictly parallel distribu-
tion (3.1) are given by (3.7), (3.9) and (A 2) (see Appendix A) and for the strictly
perpendicular distribution (4.1) by (4.7), (4.8) and (A 3). These exact expressions
involve relativistic plasma dispersion functions in the form of an integral over a Mac-
donald function with a complex argument. The relationship between these plasma
dispersion functions and other relativistic and nonrelativistic plasma dispersion
functions is summarized in Appendix B.

The counterpart of a DGH distribution for which the response tensor factorizes
into separate integrals is given by (5.8). This distribution contains an arbitrary
function, g(vg) of the parallel speed, vy = v, of the particles. For the counterpart
of a bi-Maxwellian distribution one requires that in the limit as p; — oo, when
there is nonperpendicular motion, (5.8) reduces to the strictly parallel distribution
(3.1). This condition implies

_ %
I =5 (P1)
On inserting (6.1) into (5.8) with = 0, the counterpart of a bi-Maxwellian distri-
bution is identified as

1/2
_ np; Pl ..
1) = >, - eX)(——p 7). 6.2
PP = e b K (o) K patp) CP\ P (6.2)

exp(—p|70)- (6.1)

where (5.6) is used with v, = (m? + pi)l/Q/m.
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Appendix A. Alternative forms for response tensors

The explicit forms for the response tensor written down in the text are derived
from (2.7). Alternative forms are obtained by starting from (2.6). The alternative
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forms for the isotropic, strictly parallel, strictly perpendicular and relativistic DGH
distributions are respectively

alw(k;) = _@ {nl“'guu + L /OO d£ {_ k2§a“(£)au(§) M
0

m | n Ks(p) (&)
<[ QR + ikt €) + ke g S .(,T(g))] } (A1)
()
with ny,, = nK;(p)/ Kz (p).
v — qln npl' v > 2 v KZ(TH(O)
= m{ng” "R [ {k €O =gy

wliafn + iveafe + eaf) DL )

with n,, = nKo(p)/Ki(p), and

" f o T ~ Ky (r 1 (€)
24 :_ﬂ Tpr pv L _1.2¢ 1 v 5/2\T"'L
ot (k) o { LI K:«)/z(ﬂl)/() dé[ k=€a’; (§)a (€) )

X[iat (€K + ika, (€) + K€ gl K‘”(“(g))} b
T

with ny,e = nKy )2(p)/Ksz/2(p).

Appendix B. Plasma dispersion functions

The relativistic plasma dispersion functions that appear in all three special cases,
specifically (2.21) or (2.22) for the isotropic thermal distribution, (3.7) or (3.9) for
the strictly parallel thermal distribution, and (4.7) or (4.8) for the strictly perpen-
dicular thermal distribution, involve a £ integral over a Macdonald function whose
argument is a complex function of £. The reduction of these relativistic plasma
dispersion functions to their nonrelativistic counterparts is outlined here.

B.1. Standard relativistic plasma dispersion functions

As shown by Melrose (1982), the relativistic dispersion functions can be rewritten
by deforming the contour of £ integration so that the argument of the Macdonald
functions is real along the entire contour. For example, for the isotropic case, on
writing £ = x + ¢y, the function r(£) in (2.21) becomes

r(€) = [p? — 2ipkiix + 2pkiy — kK (x* + 2ixy — y*)]'/>. (B1)

For k* < 0, the deformed contour is along the imaginary axis, 0 < y < yy =
—pkii/k?, and then parallel to the real axis at y = y. The first portion gives the
reactive part of the response and the second portion gives the dissipative part of
the response. For k* > 0 the contour can be rotated through %71' such that r(¢)
is real for all 0 < y < oo; there is then no dissipative term, as is necessarily the
case for k* > 0 in a collisionless unmagnetized plasma. The resulting expressions
for the real parts can be rewritten in terms of other relativistic plasma dispersion
functions. For example, the function introduced by Godfrey et al. (1975a) may be
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defined by writing

1 — 9. ~ [e%s)
T(z,p)Z/ dv £ Y _ Zzpku/“ de Kl(r(g))’ (B2)

1 v—Z z 7€)

with z = ki/[(k@)? — k*]'/2, and the foregoing procedure gives

2 *  Ki(pR 2-1/2
. / du HpF) +ime—P1=27" for z < 1,
0

T(zp) b= i (B3)
z,p) =

2p [ Ki(pR) ,

I—ZQ/Z du I for z > 1.

with R? = (1 —u?)/(1 — 2%). Proceeding in this manner, and using the results given
by Godfrey et al. (1975a), all the plasma dispersion functions that appear in the
response tensors for the isotropie, strictly parallel and strictly perpendicular cases
may be rewritten in terms of T'(z, p) and 0T'(z, p)/0z.

B.2. The nonrelativistic limit

The nonrelativistic approximation to the plasma dispersion functions that appear in
the various response tensors here involves two steps. For example, for the isotropic
case, the first step is to make the weakly relativistic approximation p > 1 by
approximating the Macdonald functions by their asymptotic form:

e K (r©) <w>‘/2 ° e
df ———2 ~ | — d§ ——
[ g~ (3) | “rgr (B4)

which for half-integral v follow directly from (4.9) for large r(£). The other step is
to approximate r(£) by expanding up to second order in &,
. k ? . -
r(€) = p— ki — &, (B5)
in the exponential function in (B 4), with (£) approximated by p in the denominator
in (B4). Then one evaluates the resulting integral in (B 4) as in (B 3) by integrating
up the imaginary axis to y = kt/[k* — (k@)?]. In the rest frame, (B 4) reduces to

e Ko(r©) () e YI—
[ e = (2) o - oy e

with w = (%p)l/Qw/|k| and where ¢(x) = 2z~ Ux dte’ is a form of the familiar
nonrelativistic plasma dispersion function.
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