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The linear response tensor for a relativistic counterpart of a bi-Maxwellian dis-
tribution is calculated in closed form for a magnetized plasma. The method used
involves the following steps: (1) a covariant form of the response tensor for an ar-
bitrary distribution of particles is derived using both a forward-scattering method
and a covariant version of Vlasov theory; (2) the response tensor is evaluated for a
strictly perpendicular, thermal distribution using a method due to Trubnikov; (3)
the parallel distribution is built up by applying a Lorentz transformation to sum
over a weighted, continuous distribution of parallel speeds. A convenient starting
point for a detailed investigation of waves in such a plasma is the small-gyroradius
approximation to the general expression for the response tensor, and the relevant
approximation is derived and discussed briefly. The expansion of the general ex-
pression for the response tensor in Bessel functions in given in an appendix.

1. Introduction
In an accompanying paper, Melrose (1997b, hereinafter referred to as Part 1), the
response tensors are evaluated for unmagnetized relativistic thermal distributions
in one (strictly parallel), two (strictly perpendicular) and three (isotropic) dimen-
sions, and for a generalization of the strictly perpendicular distribution that is a
relativistic counterpart of a DGH distribution (Dory et al. 1965). The calculation
involves starting from an expression for the response tensor for an arbitrary distri-
bution derived using a covariant forward-scattering method. In the present paper
the results of Part 1 are generalized to a magnetized plasma.

Relativistic effects are known to be important in magnetized thermal plasmas
near perpendicular propagation, even when they would otherwise be considered
weak. Relativistic effects modify the properties of cyclotron harmonic waves in im-
portant ways, (see e.g. Shkarofsky 1966b; Bornatici et al. 1983; Robinson 1988). The
usual starting point for the discussion of relativistic effects in cyclotron harmonic
waves is an exact expression for the linear response tensor for a relativistic ther-
mal plasma derived by Trubnikov (1958). However, Trubnikov’s response tensor
is for a strictly isotropic distribution, and cannot be used to discuss the effect of
anisotropy of the distribution of particles. The inclusion of the effects of anisotropy
on the properties of cyclotron harmonic waves is essential when discussing instabili-
ties. Specific instabilities that lead directly to escaping radiation constitute electron
cyclotron maser emission (ECME) mechanisms. A relativistic effect is an intrinsic
ingredient in the most widely favoured theory for ECME, (see e.g. Twiss 1958; Wu
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and Lee 1979; Omidi and Curnett 1982; Melrose et al. 1982; Wu 1986; Melrose 1986).
The relativistic effect in this version of ECME is included through a ‘semirelativis-
tic’ approximation to the gyroresonance condition, in which the Lorentz factor in
the gyrofrequency Ω = |q|B/mγ is approximated by 1/γ = 1 + 1

2v
2, and relativistic

effects are otherwise ignored. A fully relativistic calculation of the response tensor
for an anisotropic distributions of particles would provide an alternative starting
point for a discussion of ECME. The objective in this paper is to generalize the
results of Part 1 to a magnetized plasma with these applications in mind.

The outline of the present paper is as follows. In Sec. 2 the response tensor for
an arbitrary distribution is derived using the covariant, forward-scattering method
for a magnetized plasma. In Sec. 3 the results of Part 1 for the response tensor
for the isotropic, strictly parallel and strictly perpendicular relativistic thermal
distributions are generalized to the magnetized case. In Sec. 4 the response tensor
is derived and discussed for the relativistic counterpart of a DGH distribution
proposed in (1.5.9), where equation (a.b) of Part 1 is denoted by (1.a.b).

2. General expression for the response tensor
The starting point for the calculation in the next section is a covariant expres-
sion for the response tensor for an arbitrary distribution of particles. The appro-
priate general response is derived in this section using forward-scattering theory.
The derivation is based on the current associated with a single particle, which is
expanded in powers of a test field and then averaged over the distribution of par-
ticles. The resulting averaged current is identified as the induced current due to
the distribution of particles. An alternative derivation that starts from a covariant
version of Vlasov theory is presented in Appendix A, and an explicit form after
expanding in Bessel functions is written down in Appendix B.

2.1. First-order single-particle current

The orbit of a particle in a magnetostatic field, described by its Maxwell tensor,
Fµν0 = Bfµν with B = ( 1

2F
µν
0 F0µν)1/2, is found by solving the equation of motion

duµ(τ )
dτ

=
q

m
Fµν0 uν(τ ) + Sµ(τ ), (2.1)

Sµ(τ ) =
iq

m

∫
d4k1

(2π)4 e
−ik1X(τ )k1u(τ )Gµν

(
k1, u(τ )

)
Aν(k1), (2.2)

where the notation is that used in Melrose (1997b). The source term Sµ(τ ) in (2.1)
is of first order in the amplitude A(k) of the fluctuating electromagnetic field. A
perturbation expansion of the orbit,

Xµ(τ ) = X (0)µ(τ ) +X (1)µ(τ ) + . . . , (2.3)

with uµ(τ ) = dXµ(τ )/dτ , is inserted into (2.1). The zeroth-order solution is

X (0)µ(τ ) = xµ0 + tµν(τ )u0ν , (2.4)

tµν(τ ) = gµν‖ τ + gµν⊥
sin Ω0τ

Ω0
− ηfµν cos Ω0τ

Ω0
, (2.5)

gµν⊥ = −fµαfαν , gµν‖ = gµν − gµν⊥ , (2.6)

where x0 and u0 are constant 4-vectors, and where Ω0 = |q|B/m and η = q/|q|.
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The first-order correction to the orbit is

X (1)µ(τ ) =
∫ τ

dτ ′′
∫ τ ′′

dτ ′ ṫµν(τ ′′ − τ ′)Sν(τ ′), (2.7)

ṫµν(τ ) =
dtµν(τ )
dτ

= gµν‖ + gµν⊥ cos Ω0τ + ηfµν sin Ω0τ. (2.8)

After a partial integration, (2.7) can be rewritten in the form

X (1)µ(τ ) =
∫ ∞

0
dξ Tµν(ξ)Sν(τ − ξ), (2.9)

Tµν(ξ) = tµν(ξ)− tµν(0) = gµν‖ ξ + gµν⊥
sin Ω0ξ

Ω0
+ ηfµν

1− cos Ω0ξ

Ω0
. (2.10)

The first two terms in the perturbation expansion of the single-particle current

Jµsp(k) = q

∫
dτ uµ(τ ) eikX(τ ) (2.11)

are the zeroth-order current, which is of no direct interest here, and the first-order
current

J (1)µ
sp = iq

∫
dτ ku(0)(τ )Gαµ

(
k, u(0)(τ )

)
X (1)
α (τ ) eikX

(0)(τ ), (2.12)

ku(τ )Gµν
(
k, u(τ )

)
= ku(τ ) gµν − kµuν(τ ). (2.13)

On inserting the first-order perturbation (2.9) into the orbit, (2.12) gives

J (1)µ
sp (k) =

q2

m

∫
dτ

∫ τ

dξ

∫
d4k1

(2π)4 e
i[kX (0)(τ )−k1X

(0)(τ−ξ)] Tαβ(ξ)

×ku(0)(τ )Gαµ
(
k, u(0)(τ )

)
k1u

(0)(τ − ξ)Gβν
(
k1, u

(0)(τ − ξ)
)
Aν(k1).

(2.14)

The current (2.14) may be used as a source term in the inhomogeneous wave equa-
tion to treat Thomson scattering by the particle. Here we are interested in the
collective response of the medium, and this is described in terms of the induced
current, which is the (‘forward-scattering’) contribution for k1 = k when all the
first-order, single-particle currents (2.14) have the same phase and sum to give the
induced current.

2.2. The forward-scattering method for a magnetized plasma

The derivation of the linear response tensor using the forward scattering method
involves averaging the first-order single-particle current over the distribution of par-
ticles. This average follows by noting that the distributionF (x0, p0) in 8-dimensional
phase space represents the number of world lines (one per particle) threading the 7-
dimensional surface d4x0 d

4p0/dτ (cf. Dewar 1977). Hence the appropriate average
follows from (2.14) by replacing the integral over dτ by the integral over d4x0 d

4p0

times F (x0, p0). Assuming a uniform distribution in space and time implies that
F (p0) does not depend on x0. Then x0 appears in (2.14) only in an exponential fac-
tor exp[i(k−k1)x0], where (2.4) is noted. Thus the x0 integral gives (2π)4 δ4(k−k1).
The k1 integral in (2.14) is performed over the resulting delta function.
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2.3. General expression for the response tensor

The forward-scattering method applied to (2.14) leads to an expression of the form
J (1)µ(k) = αµν(k)Aν(k), from which one identifies a general expression for the linear
response tensor. This is

αµν(k) =
q2

m

∫
d4p(τ )F (p)

∫ ∞
0

dξ eik[X(τ )−X(τ−ξ)]Tα,β(ξ)

×ku(τ )Gαµ
(
k, u(τ )

)
ku(τ − ξ)Gβν

(
k, u(τ − ξ)

)
, (2.15)

where the superscript (0) on u(τ ) is now omitted, with u(τ ) = ṫµν(τ )u0ν . Also in
(2.15) it is noted that the initial value of τ is related to the initial gyrophase, φ0 say,
and one is free to choose φ0 = Ω0τ and to write the integral over d4p0 as an integral
over d4p(τ ). The distribution F (p) is assumed to be independent of gyrophase, so
that it has no dependence on τ .

As an aside, it is noted that the anti-Hermitian part of the response tensor (2.15)
is

αAµν(k) =
q2

2m

∫
d4p(τ )F (p)

∫ ∞
−∞

dξ eik[X(τ )−X(τ−ξ)] Tαβ(ξ)

×ku(τ )Gαµ
(
k, u(τ )

)
ku(τ − ξ)Gβν

(
k, u(τ − ξ)

)
. (2.16)

That is, the Hermitian and anti-Hermitian parts of (2.15) correspond to the parts
of the integrand in (2.15) that are respectively odd and even in ξ.

The response tensor in the form (2.15) is the appropriate generalization of the
unmagnetized form (1.2.7), and (2.15) is the starting point for the calculation for
specific distributions in the next section. An alternative derivation of (2.15) is given
in Appendix A.

3. Isotropic, strictly parallel and strictly perpendicular cases
The response tensors for the three special cases of isotropic, strictly parallel and
strictly perpendicular relativistic thermal distributions are evaluated in Part 1
for unmagnetized particles. The generalizations to magnetized particles for these
three special cases are derived in this section. The response tensor for an isotropic,
relativistic, thermal distribution was derived by Melrose (1997a), and the treatment
of this case by the alternative method developed here provides a consistency check
on the two methods.

3.1. Response tensor for an isotropic distribution

In treating the isotropic (Jüttner–Synge) distribution (1.2.12), it is convenient to
define the 4-vectors

Rµ(ξ) = kαT
µα(ξ), R̃ν(ξ) = kβT

βν(ξ), aµ(ξ) = ρũµ − iRµ(ξ). (3.1)

Then the counterparts of equations (1.2.15)–(1.2.18) are

I(ρ, ξ, s + s′) =
nρ

K2(ρ)
K1
(
r(ξ)

)
r(ξ)

, (3.2)

r(ξ) = {[aµ(ξ)− sµ − s′µ][aµ(ξ)− sµ − s′µ]}1/2, (3.3)

ûµ
K1
(
r(ξ)

)
r(ξ)

= aµ(ξ)
K2
(
r(ξ)

)
r2(ξ)

, (3.4)
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ûµûν
K1
(
r(ξ)

)
r(ξ)

= −gµν
K2
(
r(ξ)

)
r2(ξ)

+ aµ(ξ)aν(ξ)
K3
(
r(ξ)

)
r3(ξ)

(3.5)

respectively. To apply these to (2.15), write

kuGαµ(k, u) = (kσgαµ − kαgσµ)uσ, kuGβν(k, u) = (kτgβν − kβgτν)uτ ,

uτ (τ − ξ) = ṫτ
η(−ξ)uη(τ ).

The resulting expression for the response tensor for the isotropic thermal distribu-
tion is

αµν(k) =
q2nρ

mK2(ρ)

∫ ∞
0

dξ Tαβ(ξ) (kσgαµ − kαgσµ)(kτgβν − kβgτν)

×ṫτ η(−ξ)
[
− gση

K2
(
r(ξ)

)
r2(ξ)

+ aσ(ξ)aη(ξ)
K3
(
r(ξ)

)
r3(ξ)

]
. (3.6)

Explicit evaluation of the coefficients of the K2
(
r(ξ)

)
/r2(ξ) and K3

(
r(ξ)

)
/r3(ξ)

terms gives

Tαβ(ξ) (kσgαµ − kαgσµ)(kτgβν − kβgτν) ṫτ η(−ξ)gση

=
d

dξ
[Tµν(ξ)kαkβTαβ(ξ)−Rµ(ξ)R̃ν(ξ)], (3.7)

Tαβ(ξ) (kσgαµ − kαgσµ)(kτgβν − kβgτν) aσ(ξ)ãτ (ξ)

= ρ2(kũ)2T̃µν(ξ)− [2iρ kũ + kσkτT
στ (ξ)][Tµν(ξ)kαkβTαβ(ξ)−Rµ(ξ)R̃ν(ξ)],

(3.8)

where ṫτ η(−ξ)aη(ξ) = ãτ (ξ) is used, and with

T̃µν(ξ) = Tαβ(ξ)Gαµ(k, ũ)Gβν(k, ũ). (3.9)

The counterpart of the identity (1.2.23) is

f (0)
Kν(ρ)
ρν

+
∫ ∞

0
dξ

[
df (ξ)
dξ

Kν

(
r(ξ)

)
rν(ξ)

+ if (ξ) ka(ξ)
Kν+1

(
r(ξ)

)
rν+1(ξ)

]
= 0. (3.10)

Using (3.10), the form (3.6) with (3.7) and (3.8) may be reduced to

αµν(k) = i
q2nρ2 kũ

mK2(ρ)

∫ ∞
0

dξ [kαTµα(ξ) kβT βν(ξ)

−kαkβTαβ(ξ)Tµν(ξ)− iρ kũ T̃µν(ξ)]
K3
(
r(ξ)

)
r3(ξ)

. (3.11)

The form (3.11) is the generalization of (1.2.24) to the magnetized case. The form
(3.11) with (3.9) also reproduces equations (37) and (38) of Melrose (1997a), where
the response tensor is derived in a different way.

The form that is the most convenient starting point for making the weakly rela-
tivistic approximation is given by equation (25) of Melrose (1997a). In the notation
used in the present paper this is

αµν(k) = −q
2nρ

m

{
ũµũν − iρ(kũ)

K2(ρ)

∫ ∞
0

dξ

[
ṫµν(ξ)

K2
(
r(ξ)

)
r2(ξ)

−aµ(ξ)ãν(ξ)
K3
(
r(ξ)

)
r3(ξ)

]}
. (3.12)
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The equivalence of (3.12) and (3.6) may be shown directly by writing the coefficient
(3.8) in the form ika(ξ)f (ξ)− iρ kũ aµ(ξ)ãν(ξ), with

f (ξ) = −ika(ξ)Tµν(ξ)− aµ(ξ)ãν(ξ) + ρ[ũµãν(ξ) + aµ(ξ)ũν],

and using (3.10) with ν = 2.

3.2. Response tensor for a strictly parallel distribution

The response tensor for any strictly parallel distribution in the presence of a mag-
netic field is similar to the response tensor for the strictly parallel distribution in the
absence of a magnetic field in that it involves no spiralling motion of the particles.
The unmagnetized counterpart of (2.15) follows on replacing the factor Tαβ(ξ) by
gµνξ. The differences between the magnetized and unmagnetized response tensors
for a strictly parallel distribution involve only the tensor Tαβ(ξ).

The counterpart of (1.3.7) may be derived straightforwardly:

αµν(k) =
q2n

mK1(ρ‖)

∫ ∞
0

dξ

{
[ka‖(ξ)]

2 Tαβ(ξ)Gαµ
(
k, a‖(ξ)

)
×Gβν

(
k, a‖(ξ)

) K2
(
r‖(ξ)

)
r2
‖(ξ)

−[(k2)‖T
µν(ξ)− kµ‖Tα

ν(ξ)kα

−Tµβ(ξ)kβkν‖ + kαkβTαβ(ξ)gµν‖ ]
K1
(
r‖(ξ)

)
r‖(ξ)

}
. (3.13)

The counterpart of the form (1.3.9) may be derived from (3.13) by using the identity
(I.3.8):

αµν(k) =
q2n

m

{
− npr

n
gµν⊥ − ρ‖ũ

µ
‖ ũ

ν
‖

− i

K1(ρ‖)

∫ ∞
0

dξ

[
itµν(ξ)K0

(
r‖(ξ)

)
[ρ‖ kũ‖ − ikαkβTαβ⊥ (ξ)]

×
(
− gµν‖ ξ

K1
(
r‖(ξ)

)
r‖(ξ)

+ aµ‖ (ξ)a
ν
‖(ξ)

K2
(
r‖(ξ)

)
r2
‖(ξ)

)
+[aµ‖ (ξ)T

αν
⊥ (ξ)kα + Tµβ⊥ (ξ)kβaν‖(ξ)]

K1
(
r‖(ξ)

)
r‖(ξ)

]}
, (3.14)

with tµν(ξ) given by (2.5) and Ṫµν(ξ) = dTµν(ξ)/dξ.

3.3. Response tensor for a strictly perpendicular distribution

The generalization of the results in Sec. 5 of Part 1 to the magnetized case for
a strictly perpendicular thermal distribution, cf. (1.4.1), is as follows. Equations
(I.4.3)–(1.4.6) are replaced by

I(ρ⊥, ξ) =
nρ

1/2
⊥

K3/2(ρ⊥)
K1/2

(
r⊥(ξ)

)
r

1/2
⊥ (ξ)

, (3.15)

r⊥(ξ) = [a2
⊥(ξ)]1/2 =

[
(ρ⊥ − ik3⊥ũ)2 + 2

k2
⊥

Ω2
0

(1− cos Ω0ξ)
]1/2

, (3.16)
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ûµ
K1/2

(
r⊥(ξ)

)
r

1/2
⊥ (ξ)

= aµ⊥(ξ)
K3/2

(
r⊥(ξ)

)
r

3/2
⊥ (ξ)

, (3.17)

ûµûν
K1/2

(
r⊥(ξ)

)
r

1/2
⊥ (ξ)

= −gµν3⊥
K3/2

(
r⊥(ξ)

)
r

3/2
⊥ (ξ)

+ aµ⊥(ξ)aν⊥(ξ)
K5/2

(
r⊥(ξ)

)
r

5/2
⊥ (ξ)

(3.18)

respectively, with aµ⊥(ξ) = gµν3⊥aν(ξ). The form (1.4.7) for the response tensor is
replaced by its magnetized counterpart

αµν(k) =
q2nρ

1/2
⊥

mK3/2(ρ⊥)

∫ ∞
0

dξ Tαβ(ξ) (kσ3⊥g
αµ − kαgσµ3⊥)(kτ3⊥g

βν − kβgτν3⊥)

×ṫτ η(−ξ)
[
(g3⊥)ση

K3/2
(
r⊥(ξ)

)
r

3/2
⊥ (ξ)

− a⊥σ(ξ)a⊥η(ξ)
K5/2

(
r⊥(ξ)

)
r

5/2
⊥ (ξ)

]
, (3.19)

where Tαβ⊥ (ξ) = gαµ3⊥g
βν
3⊥Tµν(ξ) is the projection of Tαβ(ξ) onto the 3-dimensional

subspace orthogonal to the direction of the magnetic field.
The counterpart of the alternative form (1.4.8) for the magnetized case is ob-

tained from (3.19) as follows. First, separate into component in the 3-dimensional
subspace spanned by gµν3⊥ plus components that have nonzero projections along bµ

or bν . Secondly, rewrite the components in the 3-dimensional subspace following
the same steps as in the derivation of (3.12) from (3.6). This gives

αµν(k) = −q
2n

m

{
− npr

n
bµbν + ρ⊥ũ

µũν

−i ρ
1/2
⊥

K3/2(ρ⊥)

∫ ∞
0

dξ

[
(ρ⊥ kũ− ik2

‖ξ)
(
t
(1)µν
⊥ (ξ)

K3/2
(
r⊥(ξ)

)
r

3/2
⊥ (ξ)

−aµ⊥(ξ)ãν⊥(ξ)
K5/2

(
r⊥(ξ)

)
r

5/2
⊥ (ξ)

)
−k‖[bµãν⊥(ξ) + aµ⊥(ξ)bν]

K3/2
(
r⊥(ξ)

)
r

3/2
⊥ (ξ)

]}
, (3.20)

t
(1)µν
⊥ (ξ) = gµα3⊥g

νβ
3⊥ṫαβ(ξ). (3.21)

The form (3.20) is a covariant generalization of a result derived by Trubnikov and
Yakubov (1963); cf. also Bornatici et al. (1983).

The simple form of the µ = ν = 3 term in (3.20) necessarily applies to any two-
dimensional distribution in which the particles have no motion along the 3-axis.
That is, one must have α33(k) = q2npr/m, where npr is the proper number density,
for any two-dimensional distribution. The 33-component of (3.19) may be written
in the form

α33(k) = − q2nρ
1/2
⊥

mK3/2(ρ⊥)

∫ ∞
0

dξ ξ

[
− i d

dξ
[ka⊥(ξ)]

K3/2
(
r⊥(ξ)

)
r

3/2
⊥ (ξ)

+[ka⊥(ξ)]2K5/2
(
r⊥(ξ)

)
r

5/2
⊥ (ξ)

]
. (3.22)

The reduction of (3.22) to α33(k) = q2npr/m involves using (3.10) twice, first with
ν = 3

2 and f (ξ) = −iξ ka⊥(ξ), and then with ν = 1
2 and f (ξ) = 1, and then noting that



728 D. B. Melrose

the proper number density is npr = nK1/2(ρ⊥)/K3/2(ρ⊥). An identity equivalent to
(3.22) is implicit in a result stated by Trubnikov and Yakubov (1963).

4. Response tensor for the relativistic DGH distribution
The response tensor for the relativistic DGH distribution (1.5.8), namely

f (p‖, p⊥) =
∂v‖
∂p‖

g(v‖)
1
γ⊥

n d̂r⊥ exp(−ρ⊥γ⊥)

(2π)1/22m2d̂r⊥K3/2(ρ⊥)/ρ1/2
⊥
, (4.1)

is written down in this section, and the reduction to the weakly relativistic, small-
gyroradius and nonrelativistic limits is discussed.

4.1. Explicit form for the response tensor

The response for the relativistic DGH distribution (4.1) is

αµν(k) = − q2n

md̂r⊥[K3/2(ρ⊥)/ρ1/2
⊥ ]

∫ 1

−1
dv0 g(v0)

×
∫ ∞

0
dξ d̂r⊥

{
Tαβ(ξ)(kσ3⊥g

αµ − kαgσµ3⊥)(kτ3⊥g
βν − kβgτν3⊥) ṫτ η(−ξ)

×
[
− (g3⊥)ση

K3/2
(
r⊥(ξ)

)
r

3/2
⊥ (ξ)

+ a⊥σ(ξ)a⊥η(ξ)
K5/2

(
r⊥(ξ)

)
r

5/2
⊥ (ξ)

]}
. (4.2)

The form (4.2) is the generalization of the result (1.5.10) to magnetized particles.
It is the counterpart of (3.19) for the relativistic DGH distribution (4.1), and it is
also straightforward to write down a counterpart of the form (3.20), which is, for
the special case r = 0,

αµν(k) = −q
2n

m

∫ 1

−1
dv0 g(v0)

{
− npr

n
bµbν + ρ⊥u

µ
0 u

ν
0

−i ρ
1/2
⊥

K3/2(ρ⊥)

∫ ∞
0

dξ

[
[ρ⊥ ku0 − i(kb)2ξ]

(
t
(1)µν
⊥ (ξ)

K3/2
(
r⊥(ξ)

)
r

3/2
⊥ (ξ)

−aµ⊥(ξ)ãν⊥(ξ)
K5/2

(
r⊥(ξ)

)
r

5/2
⊥ (ξ)

)
−kb [bµãν⊥(ξ) + aµ⊥(ξ)bν]

K3/2
(
r⊥(ξ)

)
r

3/2
⊥ (ξ)

]}
, (4.3)

with u0 = [γ0, γ0v0b] and b = [γ0v0, γ0b], cf. (1.5.4).

4.2. The small-gyroradius approximation

The expression (4.2) is too cumbersome to be of direct use in applications, and
approximations must be made to proceed. Relevant approximations are the small-
gyroradius approximation and the weakly relativistic approximation. For simplic-
ity, in the following discussion only the case r = 0 is considered; the generalization
to r = 1, 2, . . . follows by differentiating, as in (4.2).

The small-gyroradius approximation involves assuming that the term propor-
tional to k2

⊥ in the expression (3.16) for r⊥(ξ) is smaller than the other term in
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(3.16). This requires that

r0(ξ)� 2k⊥/Ω0, r0(ξ) = ρ⊥ − iku0 ξ. (4.4)

One ignores the term proportional to k2
⊥ except in the exponential function (cf.

(1.4.9)), which is expanded in Bessel functions. Writing

Λ(ξ) =
k2
⊥

Ω2
0r0(ξ)

, (4.5)

one has

e−r⊥(ξ) ≈ e−r0(ξ)e−Λ(ξ)(1−cos Ω0ξ) = e−r0(ξ)
∞∑

n=−∞
e−Λ(ξ)In

(
Λ(ξ)

)
einΩ0ξ. (4.6)

Applying the small-gyroradius approximation to (4.3) gives

αµν(k) = −q
2n

m

∫ 1

−1
dv0 g(v0)

{
− npr

n
bµbν + ρ⊥u

µ
0 u

ν
0

−i ρ
1/2
⊥

K3/2(ρ⊥)

∫ ∞
0

dξ

[
[ρ⊥ ku0 − i(kb)2ξ]

(
t
(1)µν
0 (ξ)

K3/2
(
r0(ξ)

)
r

3/2
0 (ξ)

−t(2)µν
0 (ξ)

K5/2
(
r0(ξ)

)
r

5/2
0 (ξ)

)
−kb [bµa∗ν0 (ξ) + aµ0 (ξ)bν]

K3/2
(
r0(ξ)

)
r

3/2
0 (ξ)

]}
, (4.7)

aµ0 (ξ) =
∞∑
n=0

e−Λ+inΩ0ξ

[(
r0u

µ
0 −

kµ⊥
Ω0

n

Λ

)
In − iη

kαf
µα

Ω0
(In − I ′n)

]
, (4.8)

t
(1)µν
0 (ξ) =

∞∑
n=0

e−Λ+inΩ0ξ

(
uµ0 u

ν
0 In + gµν⊥ I ′n − iη

kαf
µα

Ω0

n

Λ
In

)
, (4.9)

t
(2)µν
0 (ξ) =

∞∑
n=0

e−Λ+inΩ0ξ

{
r2

0u
µ
0 u

ν
0 In −

r0

Ω0
(kµ⊥u

ν
0 + uµ0 k

ν
⊥)

n

Λ
In

+
kµ⊥k

ν
⊥

Ω2
0

(
n2

Λ2 In −
1
Λ
I ′n

)
+ η

kαf
µαkβf

νβ

Ω2
0

(In − 2I ′n + I ′′n)

−iη k
µ
⊥kαf

να − kαfµαk
ν
⊥

Ω2
0

[
n

Λ
(In − I ′n) +

n

Λ2 In

]
−iηr0(kαfµαuν0 − u

µ
0 kαf

να) (In − I ′n)
}
, (4.10)

where Λ and r0 denote Λ(ξ) and r0(ξ) respectively, and where the argument Λ(ξ) of
the modified Bessel functions is implicit.

The derivation of the expression (4.7) is the primary objective of the present
paper. The result (4.7) is the response tensor for the distribution (4.1) with r = 0,
with all relativistic effects included. The only approximation made in (4.7) is
the small-gyroradius approximation: in the opposite case of large gyroradii the
unmagnetized form (1.5.10) applies. Further simplifying approximations may be
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made to (4.7) by assuming Λ � 1 and retaining only the lowest-order terms in
the power-series expansions of the modified Bessel functions, and by assuming the
weakly relativistic approximation ρ⊥� 1 and retaining only the lowest-order terms
in an expansion in 1/ρ⊥.

4.3. The weakly relativistic approximation

The weakly relativistic approximation corresponds to ρ⊥� 1. Before making this
approximation, it is convenient to rewrite (4.7) using the explicit expressions (1.4.9)
for the Macdonald functions. This gives

αµν(k) = −q
2n

m

∫ 1

−1
dv0 g(v0)

(
− npr

n
bµbν + ρ⊥u

µ
0 u

ν
0

−i ρ⊥
1 + 1/ρ⊥

∫ ∞
0

dξ
ei ku0 ξ

r2
0

{
[ρ⊥ ku0 − i(kb)2ξ]

[
t
(1)µν
0 (ξ)

(
1 +

1
r0

)
− t

(2)µν
0 (ξ)
r0

(
1 +

3
r0

+
3
r2

0

)]
−kb [bµa∗ν0 (ξ) + aµ0 (ξ)bν]

(
1 +

1
r0

)})
. (4.11)

The weakly relativistic approximation then follows by expanding in powers of 1/ρ⊥
and retaining only the lowest-order terms.

Substantial simplification occurs when one makes the weakly relativistic approx-
imation and takes the small-gyroradius limit Λ→ 0. Then (4.11) reduces to

αµν(k) = −q
2n

m

∫ 1

−1
dv0 g(v0)Gαµ(0, k, u0)ταβ(ku0)G∗βν(0, k, u), (4.12)

which coincides with the small-gyroradius limit of the expression (B 5) derived in
Appendix B by a different procedure.

The approximations made in deriving (4.12) are equivalent to assuming that the
particles have no perpendicular motion. If one assumes that g(v0) corresponds to
a relativistic thermal distribution then (4.12) leads to the response tensor for the
strictly parallel distribution (1.3.1) for the choice (1.6.1), namely

g(v0) =
γ2

0

K1(ρ‖)
exp(−ρ‖γ0). (4.13)

5. Discussion and conclusions
The primary objective in the present paper is to derive the linear response ten-
sor for a relativistic counterpart of the DGH distribution (4.1). The special case
r = 0 corresponds to a relativistic counterpart of a bi-Maxwellian distribution.
The nonrelativistic bi-Maxwellian distribution distribution has been used exten-
sively to discuss instabilities in magnetized plasmas with streaming motions and
temperature anisotropies, (see e.g. Stix 1962), and the more general DGH distri-
bution allows one to discuss instabilities due to loss-cone anisotropies. The re-
sults derived here include a general expression (4.3) for the response tensor for
the case r = 0 in (4.1), and the result for integral r > 0 follows from (4.3)



Anisotropic relativistic thermal plasma. Part 2 731

by differentiation, as in its unmagnetized counterpart (1.5.2). The general ex-
pression is too cumbersome for most purposes, and the small-gyroradius approx-
imation to it is given by (4.7) or (4.11). The latter expressions are a convenient
starting point for an investigation of the properties of waves in anisotropic rela-
tivistic magnetized thermal-like plasmas. Relativistic effects are known to play
an important role in determining wave properties near perpendicular propaga-
tion (θ = 1

2π). In a thermal plasma the cyclotron harmonic waves identified in
a nonrelativistic plasma, (see e.g. Gross 1951; Bernstein 1958; Dnestrovskii and
Kostomarov 1961, 1962; Puri et al. 1973, 1975) are modified in important ways
by relativistic effects, (see e.g. Shkarofsky 1966b; Bornatici et al. 1983; Robinson
1987a, b, 1988). The response tensor for a relativistic magnetized thermal distri-
bution, first calculated by Trubnikov (1958), and approximations made to it by
Shkarofsky (1966a, b) have been used in the discussion of relativistic effects on
the wave properties by the authors cited above and others. An analogous discus-
sion of the anisotropic case is possible starting from the results of the present
paper. Although such an investigation is the primary motivation for the analyt-
ical developments reported here, the detailed investigation has yet to be carried
out.

The response tensor for a magnetized strictly parallel relativistic thermal distri-
bution is given by either (3.13) or (3.14), which are the counterparts of the unmag-
netized versions (1.3.7) and (1.3.9) respectively.

In conclusion, it is noted that the procedure developed in Part 1 and the present
paper for calculating response tensors is based on an idea that has not been used
previously in the literature. The idea is to use the freedom to make Lorentz trans-
formations to build up a parallel distribution of particles for any given perpen-
dicular distribution. The procedure is greatly facilitated by the use of a covariant
formalism, but this is a convenient rather than essential feature of the method.
In the present paper this idea is applied to the strictly perpendicular relativis-
tic thermal distribution, for which the response tensor was calculated using a
noncovariant formalism by Trubnikov and Yakubov (1963), and the same pro-
cedure may be applied to any strictly perpendicular distribution for which the
integral over perpendicular momentum can be performed in evaluating the re-
sponse tensor. In this way, starting from any strictly perpendicular distribution for
which the integral over perpendicular momentum can be performed, one can write
down the response tensor for a class of relativistic distributions built up from this
strictly perpendicular distribution and an arbitrary distribution g(v0) of parallel
velocities.
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Appendix A. Covariant Vlasov method

A covariant version of Vlasov theory was used by Melrose (1997b) to derive the
response tensor specific for an arbitrary distribution of magnetized particles. The
first-order perturbation in the distribution function is
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F (1)(k, p(τ )
)

= −iq Aν(k)
∫ ∞

0
dξ eik[X(τ )−X(τ−ξ)]

×ku(τ − ξ)Gαν
(
k, u(τ − ξ)

)
ṫα
β(τ − ξ) ∂F (p)

∂pβ
, (A 1)

∂F (p)
∂pα(τ ′)

=
∂uβ(0)
∂uα(τ ′)

∂F (p)
∂pβ

= ṫβα(−τ ′) ∂F (p)
∂pβ

. (A 2)

The resulting expression for the response tensor is

αµν(k) = −iq2
∫
d4p(τ )

∫ ∞
0

dξ uµ(τ ) eik[X(τ )−X(τ−ξ)]

×ku(τ − ξ)Gαν
(
k, u(τ − ξ)

)
ṫα
β(τ − ξ) ∂F (p)

∂pβ
. (A 3)

The expression (A 3) is equivalent to (2.15), as may be shown by partially integrat-
ing. Using the identity

ṫα
β(τ )

∂

∂pβ
[ku(τ )Gαν

(
k, u(τ )

)
] = 0, (A 4)

one finds

αµν(k) =
iq2

m

∫
d4p(τ )F (p)

∫ ∞
0

dξ eik[X(τ )−X(τ−ξ)]

×ṫβα(τ − ξ)
{
ṫµα(τ ) + iuµ(τ )kσ

[
tσα(τ )− tσα(τ − ξ)

]}
ku(τ )

×Gαµ
(
k, u(τ )

)
ku(τ − ξ)Gβν

(
k, u(τ − ξ)

)
, (A 5)

which further simplifies using

ṫβα(τ − ξ)ṫµα(τ ) = ṫµβ(ξ), (A 6)

ṫβα(τ − ξ)
(
tσα(τ )− tσα(τ − ξ)

)
= Tσβ(ξ). (A 7)

The equivalence of (A 5) and (2.15) follows by inspection after expanding in Bessel
functions and performing the integrals over proper time explicitly.

Appendix B. Expansion in Bessel functions
The generating function for Bessel functions is

eiz sinφ =
∞∑

n=−∞
einφJn(z). (B 1)

The expansion needed here is

uµ(τ )eikX(τ ) = eikx0

∞∑
s=−∞

e−isηψei[(ku)‖−sΩ0]τUµ(s, k), (B 2)

Uµ(s, k) =
(
γJs(k⊥R), γV (s, k)

)
, (B 3)

V (s, k) =
(

1
2v⊥[e−iηψJs−1(k⊥R) + eiηψJs+1(k⊥R)]

− 1
2 iηv⊥[e−iηψJs−1(k⊥R)− eiηψJs+1(k⊥R)], v‖Js(k⊥R)

)
. (B 4)
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The ξ integrals in (2.15) and (A 5) are trivial after expanding in Bessel functions
using (B 3). Both forms reduce to the same result

αµν(k) = −q
2

m

∫
d4pF (p)

∞∑
s=−∞

Gαµ(s, k, u)ταβ[(ku)‖ − sΩ0]G∗βν(s, k, u), (B 5)

τµν(ω) = gµν‖ +
ω

ω2 − Ω2
0
(ωgµν⊥ + iηΩ0f

µν), (B 6)

Gµν(s, k, u) = gµνJs(k⊥R)− kµUν(s, k)
(ku)‖ − sΩ0

, (B 7)

where the subscript 0 on u and p = mu is now redundant. In (A 5) the identity
kνG

µν(k, u) = 0 ensures that the charge-continuity and gauge-invariance conditions
are manifestly satisfied.
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