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Abstract

The force dendty acting on a non-stationary and inhomogeneous disper-
sve medium in the presence of a high-frequency electromagneticfield is
calculated in a covariant formalism. It is demonstrated that the average
Lorentz force density due to a wave in the medium can be written using
only the Maxwell eectromagnetic tensor.

The eectromagnetic properties of a non-stationary and
inhomogeneous medium are important for many applica
tions when considering propagation o electromagnetic
waves. It is wel known that electromagnetic forces acting
on the medium in the presence & wave fields are closdly
connected with the energy and momentum densities o the
fields [1-3]. Therefore the problem o the definition o the
ponderomotiveforce depends strongly on the way the total
energy (and momentum) d the system (which includes the
background medium and the waves) is separated into back-
ground and wave subsystems [4]. For a nonstationary and
inhomogeneous system, e.g., as results from dissipation o
the wave energy, the problem is even more complicated
because the scale d the nonstationarity and inhomogeneity
must also be determined.

Use d acovariant four-dimensional (4D) formalism [5, 6]
to calculate the covariant electromagneticforce restricts the
choice o the separation into subsystems because o Lorentz
and gauge invariance. If in addition the quantum micro-
scopic theory (e.g., covariant relativistic quantum theory for
plasma[7] with the proper renormalization procedures)is
employed, it is possible to demonstrate that the statistical
average (over a distribution d waves) d the mass operator
provides a rdlativistic quantum calculation of the ponder-
omotiveforcein the canonical separation [4]. The canonical
separation is equivalent to assigning momentum k and
energy w; to the wave [4, 8]. Thus the additional require-
ment on the separation into background and wave sub-
sysems is that the 4-momentum of the wavesis required to
be proportional to the wave 4-vector k*. However, in
genera in the eectrodynamics o continuous media the
separation is ambiguous, which was the subject o the his-
torical Abraham-Minkowsky controversy, see, e.g., [4].

In this paper, we demonstrate that in the covariant
(classical) formaism, the average Lorentz 4-force density
due to a wave in a time-dependent and inhomogeneous
plasma can be written using the Maxwell tensor in a form
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which contains no explicit dependence on the properties
(including the characteristic nonstationarity and inhomoge-
neity scales) o the (spatial and time) dispersive medium. The
canonical covariant ponderomotiveforce density appears as
a4-gradient of the fidd Lorentz invariant E? — B? (thisfact
has adso been noted in [7]). Furthermore, the difference
between the averaged L orentz force density and the ponder-
omotive force dendity in the alternative "physica™ separa-
tion [4] into background and wave subsystems has the
same form as i na stationary and homogeneous dispersive
medium, with the corresponding (weak) x-dependence o the
wave 4-vector and amplitude, as wdl as of the particles
averaged distribution function. Thus for the two most
favored d the possible separations into background and
wave subsystems the definition o the characteristic scaleis
not needed to write the ponderomotiveforce density due to
awavein the dispersive medium.

Calculations here are similar to thosein [6] (additionally
taking into account the dow nonstationarity and wesk
inhomogeneity d the system) where we refer the reader for
details. Plasma particles are described by a covariant dis-
tribution function

F(x,p)= 2m6(p2 - mz)H(Po)f(P, x, t), (1

where natural units (c=1 and g, g, = 1) are used, H(p°) is
the step function d the time component d the 4-momentum
p°; the metric tensor is g,, = diag (1, —1, —1, —1). Fur-
thermore, in (1) f(p, x, t) is the conventional distribution
function in the 6-dimensiona phase space. Other notations
are standard.

The waveis describedin the WKB approximation by

AX(x) = A*(x, k) exp [iO(x)] T c.c., 2
where A*(x, K) is the dowly varying amplitude of the wave
4-potential, @(x) is the wave eikonal, and c.c. is for complex
conjugate. The contravariant wave 4-vector is defined by
k#(x) = —0*@(x) where 8" = d/0x,,.

The canonical energy-momentum tensor for the back-
ground systemis given by
TP (x) = JdpF (x, pyu"Pz, )
where F(x, p) is the averaged over the fast scale oscillation
centre (OC) distribution function [4, 6] depending on the
OC variables x and p, u* is the 4-velocity o the OC, and P*
is the covariant canonical momentum

@
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In eg. (4), R is the Lagrangian for the OC orbit which can
be approximated by

2

R~ —m+%a~ﬂA,A;;, )

where we assume that the average wave fidd is zero

(A) =0, and thetensor a*” isgiven by (ku= k*u,)
k*u®
BY — GPEGY BY — RV __
a GG}, G g o (6)

Using the OC equation of motion
dp:
dr

where dz is the OC distance along a world line in 4-space,
together with the identity (cf. eq. (7) o [6])

+ "R =0, )

o* fdpF(x, PXRg* t u*P) = jdpRa"F(x, p), ®

which has been found using the covariant Vlasov equation
for the OC distribution function F, we obtain the canonical
ponderomotiveforce density

1) =0, TY(x)

= — .[dpF(x, P)O’R

Q

2

-L JdpF(x, PO A, A7), ©
In the physical separation [4] into background and wave
subsystems, the ponderomotive force density can be written

as(cf.eq. (18) o Ref.[6])
1=0,T8 1y, (10)
Here, Tgy is the energy-momentum tensor for the quiver
motion which appears after separation o the 4-velocity into
average and quiver parts, and subsequent averaging over

the fast oscillations of the quiver 4-velocity, see Ref. [7], egs
(15)-(17)jt isgiven by

2
Ty =1 fdpF(x, PXG#G" t GG — atwu)A, Af

(1)
Furthermore, f} in eq. (10) is the average Lorentz force
density imposed on the particles by the wave.

The expression for the averaged Lorentz force density
(taking into account the dow nonstationarity and weak
inhomogeneities o the system) is obtained from the exact
equation d motion [6]

re-@ Jdpf(x, p)mu"u'> = CPR(x)1), (12)

where we introduce the Maxwell tensor

F™(x) = 884® — 8" A%, (13)

Next, we need to assume a specific relation between the 4-
current J, and the wave potential A*, which relation defines
the polarization 4-tensor, «**, o the medium.

In the linear approximation, the genera relation between
the current and the wave potential is given by the non-loca

expression

JV(x) = Ja‘z(x, x)A(x) dx’, (14)
where d(x, X)) is the polarization operator. In a stationary
and homogeneous medium &(x, X) = a(x — X’), which yidds
the wel known simplelocal dependence between the current
and the wave potential amplitude. In a dowly nonstationary
and weskly inhomogeneous system, the (local) linear rela-
tion includes additional terms, in particular, proportional to
time and space derivatives of the polarization operator. In
thiscase, the dependenced the polarization operator on the
nonstationarity and inhomogeneity scale must be defined
since the non-local operator &(x, X)) is a rapidly changing
function d ¢ = x — x’ and a dowly changing function of
another argument which depends linearly on x and x’ and
can be written in the most general form as x — B¢, where
isaconstant, 0 < f < 1. Thuswe have

&x, x') = afg, x) — (S -+ OalC, x). (15)

The exact vaue o the scae parameter 8 is not obvious a
priori, moreover, it may be dependent on various processes,
e.g., energy and momentum exchange with the surrounding
environment in open systems.

Phenomenologically, since the work [9] (seeaso [1]), it
has been customary to assume § = 1/2. This choice corre-
sponds to conservation of the wave action in the canonical
separation into background and wave subsystems. Thus the
conservation laws (of the wave action and the wave energy)
provide arguments for the above particular choiced g [10].
However, the definition d the wave action depends on how
the separation into background and wave subsystems is
made. Therefore the conventional choice of g =1/2 in (15)
depends on a specific separation into background and wave
subsystems. Moreover, for an open system, when the effec-
tive inhomogeneity scale can be determined by the energy
and momentum exchange with external sources and sinks,
the value d g appears to be ill-defined if we have no exact
(microscopic) information on the character o the energy
exchange. Fortunately, as we now show, the average
Lorentz force density can be written in a form containing
only dowly changing wave amplitudes and having no
explicit dependence on f. Thus we do not need to ecify
the scale § in our calculations.

Substituting the linear response current (14) into (12) and
using (15), wefind

fi(x) = DA A*) — A" A% ")
— 6"(a(vg)A"A*P + a(v(‘),)AtnAp)

* aa(O) *p
/ v nyY| X2 gm
+ 2k*a),, AA*? — k*0” ok A*A

— (28— k* o) AP A*P
Ok + Ox ’

where a'® isthe real part o the polarization tensor

(16)

2
(ng) = —Re q; J‘dpF(xy p)anv(x)s (17)

and & isitsimaginary part, The latter leads to wave dissi-
pation in the system and is therefore responsible for the dis-
sipative part o the force density f.. If we neglect the
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x-dependence of the polarization function a and wave
vectors k, eg. (16) coincideswith eq. (29)of [6].

The dispersion equation, taking into account (15) and the
weak x-dependence of the wave amplitude and phase, is

given by
(—ik + 0) - (—ik + 0)4, — (—ik, + 0,(—ik, + 8,)4"

©) 92a®

v 2t v 3 0ol Y A i Y
=aQ A" + i, A® — 16’(6—1“;, A ) —ig~-1) ok + dx A
(18)

We see that the right hand side of eq. (18) contains terms
analogous to those in the expression for the Lorentz force
density (16). Next, we use the definition of the Maxwell
tensor (13) to rewrite (16) with the help of the dispersion
eguation (18)in theform

fit = —$04F*°F},) + &(F**F}, + F**F,). (19)

In deriving (19), we use the identity d*k* = d*k*, which
follows directly from the definition of the wave 4-vector k.

The result (19) is the main point of our paper. Note that
al the explicit dependencies on the medium characteristics
such as the polarization tensor a and its derivatives, as wedll
as derivatives of the wave 4-vector, k, are removed through
use of the dispersion relation (18). As a consequence, only
x-derivatives of the wave field amplitude are needed to
define the Lorentz force density. It is also worth noting that
adthough we start from the equation for wave potentials
which are not observablequantities, thefinal result (19) con-
tains only the observable wave fields E and B and their
derivatives.

From eqg. (9), we easily establish that the canonical pon-
deromotive force density can aso be written in a smple
form containing only derivatives of the squared wave fidd
amplitudes:

fo= —304F"F3,). (20)

Note that the tensor 7%’ in the physical split up into back-
ground and wave subsystems (10) has the sameform (11)in
time-dependent and inhomogeneous systems as in a station-
ary and homogeneous medium. Thereforefor this particular
separation the ponderomotive force density aso has no
irrelevant scale parameters, such as f in (15).

The 3-force density implied by the 4-force density (19)is

L= —f:(,|:V(|E|2 +|B*»+ V- (EE* + BB* + c.c)

_1 6t (E x B* + c.c.):|. (21)

c
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The 3-force density corresponding to the canonical ponder-
omotive force density (20)is given by

fo=—&V(EI* —|BJ). (22

A similar expression to (22) is obtained as a result of the
stetistical averaging over a distribution of waves of the mass
operator in relativisticquantum calculation [7] thus provid-
ing a quantum microscopicargument in favor o the canon-
ical separation.

In summary, we have demonstrated that the Lorentz
force due to the high-frequency wave field acting on a time-
dependent and inhomogeneous dispersive medium can be
written in a form that contains only derivatives of observ-
able wave field amplitudes. The canonical ponderomotive
force density can be written especially simply being just a
4-gradient of the electromagnetic fiedd invariant
| E|* — | B|?; this result has also been obtained in a QED
microscopic consideration of a relativistic quantum plasma
[71.

The fact that the force due to the wave field in a nonsta-
tionary and inhomogeneous dispersive medium can be
written in a way similar to that in a vacuum (i.e. as a diver-
gence d the vacuum Maxwell stress tensor) is the main new
result of the paper. We note that previousy the main
problem when cal culating the ponderomotive force has been
a proper calculation o the stress tensor in the medium see,
e.g, [1, 4]). We emphasize that although the properties o
the medium do not appear explicitly in our final result (20),
they do appear implicitly through the dispersion relation for
the waves and through the dow time and space dependences
of the wave amplitude due to the changesin the medium.
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