Center of percussion of hand-held implements
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The center of percussion is commonly regarded as a sweet spot when referring to a baseball bat or
a tennis racquet because it is assumed that there will be no sudden motion of the handle with respect
to the hand if the corresponding axis of rotation passes through the hand. A problem with this
interpretation is that the hand extends over a finite length of the handle and exerts an opposing
reaction force on the handle. The hand also changes the total mass and moment of inertia of the
system, while the arm restricts free motion of the hand. Experimental results are presented showing
that the axis of rotation passes through the hand or the wrist for all the usual impact points on a
hand-held implement. As a result, the impact point that feels best is usually the node of the
fundamental vibration mode, not the center of percussion.20@ American Association of Physics
Teachers.
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[. INTRODUCTION A single-handed forehand or serve or volley is different.

) . . Even though one hand extends over about a 10 cm length of
_ Ifan extended object such as a baseball bat is subject to g handle, the wrist forms a natural axis of rotation located
impulsive force near one end, and if no other force acts onyose 9 the far end of the handle. The hand and the racquet
the object, then the object will rotate about an axis towardy e |ocated on one side of the wrist axis and the forearm is

the other end. The impact point and the rotation axis arg,cateq on the other side. There is no discomfort if the rac-
known as a conjugate pair, the impact point being the Cemeﬂiuet and the hand rotate as a single unit about an axis

of percussion(COP) with respect to the rotation axi@nd 0 gh the wrist, provided the hand exerts no net force on

vice versa. if one point is the impact point, then the other 'She wrist and forearm. Consequently, the COP for this axis is
the rotation axis As the_|mpa(_:t point moves closer to the. potential sweet spot on the racquet. At any other impact
center of mass, the rotation axis moves closer to the oppos[%im, the racquet and the hand will jerk forward or backward
end and then moves to a point in space beyond the opposi ring the impact, resulting in a sudden impulsive force or

end. If the impact point coincides with the center of mass . . . . g
the object translates without rotation, in which case the rotaam%iﬁe?qﬁgiggrii;rg'nﬁ ﬂ,ieﬁgﬁg 22:}”}%?; d";)éht'feg?esde;z a
tion axis is at an infinite distance from the object. For a q

baseball bat, an impact about 7 in. from the barrel end of théIngle object, more massive than the racquet alone, or
bat will cause the bat to rotate about an axis located near th\ghether the racquet and_ the hand should b.e treate_d dyna_\ml-
end of the handle. Such an impact point is commonly re_caIIy as two separate objects when calculqtmg the |mpuIS|ve
garded as a sweet spot on the bat because the rotation of tHgCeS on the racquet and the hand. There is a certain amount
bat about an axis under the hands implies that the hand@ cushioning in the hand and in the grip of a racquet handle,
does not jerk forward or backward during the imphd. allowing for slight motion of the handle with respect to the
Modern tennis racquets have a much larger head than ofg@nd: Soft cushioning and a relaxed grip might allow the
wood racquets, in part to ensure that the vibration node anffcduet to move freely during the impact period, with the
free-racquet COP are near the middle of the strings rathdgsult that the handle will slam into thg har!d for |mpact§ well
than being close to the franie. removed from the COP. If the handle is gripped more firmly,
The location of the COP with respect to an axis at or neafh® hand may rotate at essentially the same speed as the
the far end of a bat is easily calculated if the bat is subjectandle, in which case itis only the wrist and the forearm that
only to an impulsive force acting at the impact point. GivenWill experience a shock force for impacts removed from the
that there is no translation of the bat at the axis of rotation, iCOP- _
might be expected that there will be no reaction force exerted In this paper, measurements are presented of the recail
on the bat by the hands if the impact occurs at the correspeed of the handle of an extended object when it is struck
sponding COP. This expectation would indeed be the case ffy @ ball at various points along the object and when the
the hands were of zero extent and located only at the axis. I@bject is either free to rotate or when the handle end is held
fact, the hands extend over a finite length of the handle anih one hand. The location of the rotation axis was also mea-
exert a reaction force at the handle end of the®v@he sured. The object chosen was a 72-cm-long, rectangular
question arises as to how the force exerted by the hands willross-section wood beam, representing a cross between a
affect the location of the COP and how it affects the locationtennis racquet and a baseball bat. The wood beam had the
of the axis of rotation. Similarly in tennis, the impact of a same mass and length as a conventional tennis racquet, but it
ball on the strings will cause the racquet to rotate about awas stiffer at the impact point than a tennis racquet because
axis located somewhere along the handle. For a doublghe beam had no strings. The beam stiffness was about the
handed backhand, a reaction force will be exerted by theame as that of a racquet frame alone. The beam was lighter
hands over a considerable length of the handle. Hatae-  than a baseball bat, but the effect of the hand was more
cluded that the COP was a concept of limited significancesasily measured because the beam had a long flat surface on
when an implement is hand held. which to impact the ball and to attach two accelerometers.
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Fig. 1. The freely supported beam, with a tennis ball mounted as a pendu- . .
lum to impact the beam at 1.20 m/s and two piezo disks to measure thB€am because the ball bounced to different heights along the

acceleration at points 2 and 16 cm from the end of the beam. beam. The bounce height was smallest at the free end and
largest at the hand-held end.

[I. EXPERIMENTAL ARRANGEMENT lIl. COP FOR A FREE BEAM

The arrangement used to impact a freely supported wood ap, impulsive forceF applied at right angles to a free

Egﬁ%ﬁ;ggg{?or bl;ig[\./vg.S-ghfmblz?]rgthvga;f zﬁfﬁgg?tigr:gdﬁeam at a distande from the center of mass will cause the
.““center of mass to translate at a s iven b
to a support rod. The beam was 72 cm long, 40 mm wide, P&&dh.g y

and 19 mm thick, and its mass was 328 g. A tennis ball was dVem.

suspended from the rod as a pendulum and released from a F= MbT’ @
fixed distance from the beam so that it would impact the )

beam at the same low speed, 1.20 m/s, regardless of thghere My, is the mass of the beam. The forEeexerts a
impact point along the beam. Two piezo accelerometers wer@rque about the center of mass given by

attached to the beam, one located 2 cm from one end and the w

other located 16 cm from the same end. These locations were Fb=|,——, 2
chosen to be on opposite sides of the hand when the beam dt

was held by hand near one end. Two accelerometers welghere|, is the moment of inertia of the beam for rotation

used rather than one in order to locate the rotation axis.  gpout the center of mass aads the angular velocity of the
The accelerometers were each constructed from a ceramigaam. Consider a poim on the beam located a distange

piezoelectric disk, 25 mm in diameter and 0.3 mm thick, a§rom the center of mas® and the impact point are on op-

used in piezo buzzers. The disks were taped firmly t0 the,ysite sides of the center of mass. The speedf pointP is
beam and the output voltage signals were transmitted via f'nlgiven byv =V, —Aw, SO
c.m. ’

wire leads soldered to the disks and taped to the beam

prevent any force being applied to the piezo disks by motion  dv 1 Ab

of the leads. A 0.04%F capacitor was connected in parallel at M_b_ K

with each piezo and the output voltages were measured with

10 MQ voltage probes fed to a Pico Technology ADC 212If the beam is initially at rest, then is given by

data acquisition systefhiThe RC time constant of this ar- ( 1 Ab
v=

F. (3)

rangement was 0.5 s, so that motion of the beam could be j F dt. (4)
recorded reliably for times up to about 0.1 s. b lo

The digitized piezo output voltages were integrated nU-The axis of rotation coincides with a point where=0 and

merically to obtain a measurement of the velocity of thepance the corresponding COP is located at a distargeen
beam at the two disk locations. An absolute calibration of th

sensitivity of each of the piezo accelerometers was obtained

by filming the impact of the ball with a digital video camera b= lo

to measure the incident and rebound speed of the impacting = A_Mb (5)

ball and the recoil speed of the beam at each end. The same ] ) )
instrumented beam was used to record impacts of a tennis FOr @ uniform beam of length, o=MyL*/12. In this

ball when the beam was hand-held. The beam was grippe@xpenment the beam was uniform and of length 72 cm. An
firmly by one hand between the two piezo disks at one end ofmpact at one end of the beawhereb=36 cm) causes the
the beam in such a way that the beam could have been us&gam to rotate about an axis located 24 cm from the other
to hit a forehand tennis shot. However, the beam was held &nd of the beam. Conversely, an impact at a point 24 cm
rest in a horizontal position so that a tennis ball could beffom one end causes the beam to rotate about an axis through
dropped onto the 40-mm-wide face from a height of 52 cm athe other end. The two piezo disks were located 2 and 16 cm
selected positions along the be#at an impact speed of 3.2 from one end of the beam. The COP for rotation about an
m/s). The arrangement is shown in Fig. 2. Each drop als@xis through the disk at 2 cm is located 23.3 cm from the
was recorded on video film to measure the incident and reopposite end of the beam. The COP for rotation about an axis
bound speeds of the ball so that the vertical impulse on th&éough the disk at 16 cm is located 14.4 cm from the oppo-
beam could be determined. Even though the incident speegite end of the beam. if, is the velocity of the disk at 2 cm
was the same for all bounces, the impulse varied along thanduv ¢ is the velocity of the disk at 16 cm, then
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This ratio is zero for an impact at the COP for the disk at 2
cm, infinite for an impact at the COP for the disk at 16 cm, 1.5
and 1.0 for an impact at the center of mass.
The above results are valid for both rigid and flexible

beams. Real beams are flexible and vibrate when subject to 1or

an impulsive force. Immediately after the impact, the veloc- [ ‘ )
ity of any point on the beam has a steady or dc component I ! 16 1
given by Eq.(4), and an ac component that depends on the o 0.5 __/ ]
flexibility or stiffness of the beam. The amplitude of the ac E i —’\/\/\/\N\/\/‘ 0o 1
component also depends on the impact point and the impact 3 !

duration, being zero for any given vibration mode if the im- > 0.0F ! ]
pact occurs at a vibration node. An impact of duraffowill o 28
excite all vibration modes up to a frequency of abdut : !

=1.5/T because the frequency spectrum for a half-sine im-
pulse of durationl extends only to about=1.5/T. Modes
with a frequencyf>1.5/T are excited only weakly. In the 1.0
present experiment, the only mode of significance for the

impact of a tennis ball on the beam was the fundamental

mode at 193 Hz. This mode has two nodes, located 15.8 cm 15
from each end of the beam when the beam is freely sup-

ported. Large amplitude, high frequency modes at 506 and

962 Hz were observed when a golf ball was dropped onto the 2.0 L TR T T T
beam, because the impact duratiéh5 mg was much 10 0 10 20 30 40 50
shorter than that for the tennis bdB ms. However, the t (ms)

response of the beam and the arm to a golf ball impact was _ _

more complex making identification of the COP more diffi- Fig. 3. Velocity of the freely supported beam 2 cm from the right end of the
' . . eam for a tennis ball incident at 1.2 mésis the impact distance from the

cult. Consequ_ently, the only re_sults reported in this paper arge c.q of the beam.

those for the impact of a tennis ball.

IV. EXPERIMENTAL RESULTS <22 cm caused the right end of the beam to deflect toward

Velocity waveforms for the freely supported beam at thethe incoming ball, while impacts ad>22 cm caused the
two accelerometer locations are shown in Figs. 3 and 4. Theght end of the beam to deflect away from the incoming balll.
waveforms are shown for impacts at intervals of about 6 cAn impact atd=22 cm caused the beam to vibrate, but the
along the beam, although measurements were actually takett component of the velocity waveform was essentially zero.
every 2 cm. To prevent the traces from overlapping, theyFigure 4 shows the velocity of the beam at a point 16 cm
have been shifted vertically, which may give the impressiorfrom the right end of the beam, for the same impacts as those
that the velocities are much larger than the actual velocitiesn Fig. 3. In this case, the COP is located near the
In fact, the velocity before impact was zero at every impact=14 cm impact point, as predicted. The velocity ratigv ;4
location. The time axis also was shifted slightly for everywas found to be in excellent agreement with E8). for all
waveform so that=0 corresponds to the initial displace- impact points along the beafsee Fig. 5. The corresponding
ment of the beam rather than the time at which the ball firstesults for the hand-held beam are shown in Figs. 6 and 7.
impacts the beam. The impact generates a transverse bendilge following can be seen.
wave that takes about 5 ms for a round trip up and down the (a) Beam vibrations are strongly damped by the hand and
beam for the fundamental vibration mode. Consequentlythe vibration frequency is reduced from 193 to 171 Hz.
there is a delay of up to 2.5 ms between the initial impact (b) There is a vibration node 16 cm from the free end, as
and the time at which the bending wave arrives at each ader the freely supported beam.
celerometer location. (c) There is no vibration node 16 cm from the hand-held

The ac and dc components of the beam velocity are clearlgnd(at thed=56 cm impact point This node point shifts to
evident. The impact duration was about 8 ms, varyinga point underneath the hand, as described previdusly.
slightly with impact position along the beam. Impacts at the (d) The velocity of the handle end of the beam is reduced
vibration nodes atl=16 cm andd=56 cm resulted in essen- when it is hand held, particularly for impacts near the handle
tially zero vibration of the beam. The accelerometers wereend. This effect is to be expected, given that the hand re-
mounted at the right end of the beam, and the impact disstricts free motion of the beam at the handle end. The effect
tanced is measured from the left end of the beam. The acis larger than the results in Figs. 3—7 might suggest, given
celerometer located 16 cm from the right end was locatedhat the ball impacted the free beam at 1.2 m/s, and it im-
close to a vibration node, so the vibration amplitude at thispacted the hand-held beam at 3.2 m/s.
point was much smaller than that near the far right end of the (e) Impacts near the free end of the beam cause the hand-
beam. It can be seen from Fig. 3 that the COP with respect theld end to move upwartn Fig. 6), while impacts on the
an axis 2 cm from the right end of the beam is located neabeam near the hand cause the hand-held end to move down-
the d=22 cm impact point, as predicted. Impacts @t ward. On a longer time scale the beam returns to its original
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Fig. 4. The velocity of the freely supported beam 16 cm from the right endFig. 6. Velocity,v,, of the hand-held beam 2 cm from the right end of the
of the beam. beam for a tennis ball incident at 3.2 m/s.

horizontal position, the hand and the arm responding in the
manner of a damped spring when a firm grip is maintained
on the beam. One might expect to find an impact point near

the middle of the beam where the dc velocity at the handle 20""'
end of the beam remains zero during and for a short period [ ; ! % Hand

after the impact. In fact, there is no steady or dc component 15F : |—_+—_D:| h
because the hand exerts a time-varying reaction force on the “I ; . *9%Ppiezo @ 16 cm ]
handle in response to the torque exerted on the beam during ]
the impact. Nevertheless, the motion of the handle at the 1.0 h

point 2 cm from the end of the beam is significantly reduced

in the impact region extending from abaii# 28 cm to about

Hand held beam

:— : Piezo @ 16cm
[ : moves down d (cm)
[ ; ! 4

Q \ .
E [ ; : ]
5_ T TT T T T T T T ] © [ 10 ]
4 _ > ' ‘ -
st Free beam | - : ! 16 1
2L ] [ ! 22 ]
2 1L )..“.'r“"""'_ I ] 28 7]
> [ ] [ ; 1 ]
~« OF i : : 36 1
N - 4 - . 0 4
TaE ] F TN 44 ]
2r ] ! Wss ]
Sr ] A5F | .
4 . [ : Piezo! @ 16cm ]

Y I | I T SR T : moves down

0 10 20 30 40 50 60 DY) P PO DT DT TR T

d (cm) 0 0 10 20 30 40 50

t (ms)

Fig. 5. Experimental values af, /v vs d for the freely supported beam.
The smooth curve is given by E). This ratio is 1.0 for an impact in the
middle of the beam ati=36 cm.

625 Am. J. Phys., Vol. 72, No. 5, May 2004

Fig. 7. Velocity,v,¢, of the hand-held beam 16 cm from the right end of the

beam.

Rod Cross



F. on the wrist joint, causing the forearm to rotate at angular
velocity wg about an axis through the elbow. The wrist joint
exerts an equal and opposite foreég on the hand. We as-
sume for simplicity that the elbow remains at rest.

The torque acting on the forearm about an axis through the
elbow is given byF,Le=I(dwg/dt), where L is the
length of the forearm ant}: is the moment of inertia of the
forearm. If the forearm has madsd. and a uniform mass
distribution, ther = MFL§/3. If the mass distribution is not
uniform, thenMg can be regarded as an equivalent mass
rather than the actual mass. The wrist translates at speed
vw=Lrowg, and henceF,Lr=(lg/Lg)dv,/dt. We can
write this relation as

doy,
€ dt’
whereM .= M¢/3 is the equivalent mass of the forearm. The
Fig. 8. Model used to determine the COP for a hand-held beam. ~ forearm can therefore be regarded simply as a méss
attached to the wrist which is pivoted about an axis through
the wrist.
d=34 cm. The COP in this case is not well defined, but can [N the present case, the beam and the hand are regarded as
be described as an impact region where the velocity at tha single rigid object of total madd =My + My, whereM,,
end of the handle is reduced by a factor of about 3 comparei$ the mass of the beam aiMy, is the mass of the hand. The
with impacts near the free end of the beam. By contrast, th&all impacts a distandefrom the center of mass of the beam
COP for the free beam is well defined and is located close t@and hand, where the center of mass is a distémnitem the
the impact point atl=22 cm. Part of the difficulty in iden- handle end of the beam. We will assume that the handle end
tifying the hand-held COP experimentally is due to the factof the beam is adjacent to the wrist. The total force on the
that the vibration amplitude is relatively large for impacts Peam and hand is given by
around 30 cm from the free end of the beam. Furthermore, dv
the vibration period is comparable to the impact duration, F+F =M em. (8
making it difficult to distinguish between beam vibration and dt
beam rotation. ; ;
(f) As shown in Fig. 7, the point located 16 cm from the nggfx]cém'clgntg? g?lr?gg; ?; tf}secnegter of mass. The torque
hand-held end of the beam deflects downward at all impac? g y
locations along the beam. For impacts witk<28 cm, the do
far end of the handle moves upward while the point 16 cm Fb_FW:'cmW* C)
from this end moves downward at a similar speed. Conse-
quently, the axis of rotation is located under the hand for alwherel , is the moment of inertia of the beam and the hand
such impacts. In the impact region 28<34 cm, the rota- about an axis through their combined center of mass. Be-

Fu=M )

tion axis passes through the wrist. cause the wrist translates at spded with respect to the
center of mass, the wrist velocity is given hy,=ho
V. EFFECT OF THE HAND AND ARM ~Vem, and hence
The results obtained for the hand-held beam can be mod- 90w _ do  dVem, (10

eled by considering the situation shown in Fig. 8. The impact dt dt dt
will be considered in a frame of reference where the bearrll]c bine Eas(7)—(10 find that
and the forearm are both initially at rest. Prior to an impact, we combine Eqs(7)-(10), we find tha
a bat or racquet is usually swung by applying a force to the F (Mbh—1¢,)
handle, but this force is ignored during the impact because it = [MhZ+ 1. (1t M/MJ)]" (17)
is much smaller than the impulsive force generated during c.m. €
the impact. Similarly, the force exerted by and on the handrhe forceF,, acting on the wrist and forearm is experienced
after the impact is also ignored, because this force is relapy a player as an impulsive shock of the same duration as the
tively small and acts over a longer time scale than the impagimpulsive forceF and is measurably different from the force
itself. To simplify the analysis further, the beam is regardedransmitted to the arm due to beam vibrations. A player may
as being perfectly rigid, in which case we can ignore beanhot be able to distinguish the difference between shock and
vibration. vibration, although some players might notice that vibration
A ball incident from the left at speed, will bounce off  persists for a short period after the impact is over. The force
the beam at speed,, exerting a normal forcd= on the transmitted to the forearm depends on a number of param-
beam. The beam is held in the hand which is assumed to beters, including the mass of the implement and its mass dis-
rigidly attached to the beam, both being free to rotate as #&ibution. An interesting question is how this force can best
single unit about an axis through the wrist. The beam and thbe minimized, but we will first determine the axis of rotation
hand rotate at angular velocity, and the hand exerts a force and the location of the COP.
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? Handle =0.328 kg uniform beam used in this experiment,
-------- — =0.36m, andl,,=1o=MyL%12=0.0142 kg for the
p— - ) . beam alone. If the beam is freely supported and rotates about
? Rotation axis an axis through one end of the beam, thenlo/(cMy)
i =0.12 m, which locates the COP 0.24 m from the other end

of the beam(essentially as observed, except that the obser-
vation point was 2 cm from the end of the beam

The beam in the above experiment was held with the cen-
Fig. 9. Displacement of a beam or racquet and forearm. ter of mass of the hand 0.07 m from the end of the beam. If
the center of mass of the free beam is shifted a distance
when the mass of the hand is added to the beam, ¥hgn

Arm

A. Axis of rotation =M (c—x—0.07) so
The beam rotates about an axis that is located at a distance M, (c—0.07)
A from the center of mass of the beam and hand system. The x= W (14
b™ Mh

axis itself remains at rest, and hence the center of mass ro-
tates at speell; , =Aw about this axis. The location of the If M,=0.5kg, then the center of mass shifts by a distance
axis can be determined from Ed8)—(11) together with the  x=0.175m to a point located a distanbe=0.185 m from

relationdV, ,, /dt=A(dw/dt). The result is that the end of the handle, and, increases to 0.0309 kg’min
lem+Mch(h+D) this casep=0.20 m from Eq.(13) and the COP is 0.33 m
A= Mb+M(h+Db) (12 from the free end of the beam. The effect of the hand is

therefore to shift the COP 9 cm closer to the handleM|f

If the beam is free rather than hand-held, thdg=0 and =0.4 kg, then x=0.159m, h=0.20m, I,
A=1,/(Mb). In this case, the rotation axis will coincide =0.0294 kgm, b=0.20 m, and the COP is 0.32 m from the
with the far end of the handle iA=h, and henceb free end of the beam. These estimates are consistent with the
=1,/(Myh). For most modern racquets, this valuebofor-  experimental results presented above, although the COP is
responds to an impact near the center of the strings or a fewot as well defined experimentally as it is from the analysis
centimeters closer to the throat. If the racquet is hand heldQresented in this section. The difference is presumably due to
then the hand and the forearm restrict the motion of the racthe fact that hand, wrist, and forearm are subject to many
quet handle and the rotation axis shifts to a point close to thdifferent muscle forces and do not behave in as simple a
hand, as illustrated in Fig. 9. If the axis of rotation coincidesmanner as assumed in this section.

with the end of the handle, thek=h, and we find from Eq. Equation(12) can be used to determine the location of the
(12) thatb=1,,/(Mh), wherel,, andM both include the ~COP for rotation about an axis 16 cm from the handle end of

mass of the hand. the beam, wheren=0.185m andA=0.025m whenM
=0.5kg. If we assume thaMl.=0.5kg, we find thatb
=—0.77 m, which accounts for the fact that the beam did
not rotate about this axis for any impact point along the beam
According to Eq.(11), the forceF,, at the wrist is zero when it was hand held. The location of the rotation axis as a

B. Center of percussion

when function of the impact distance from the free end of the ex-
_ perimental beam is shown in Fig. 11 for a freely supported
b=lcm/(Mh), (13 peam and for a hand-held beam with,=0.5 kg andM,

corresponding to an impact at the COP. Impacts closer to the 0.5 kg. The rotation axis for the hand-held beam is located
tip of a racquet cause the forearm to jerk in the same direcunder the hand or near the handle end of the beam for all
tion as the outgoing ball, while impacts closer to the handldmpact points along the beam, as was observed. Solutions for
cause the forearm to jerk in a direction away from the outthe free and the hand-held beams coincide when the impact
going ball. point is 22.8 cm from the free end of the beam, in which case

The effect of the hand mass is to shift both the center othe rotation axis is located 3.2 cm from the handle end of the
mass and the COP of the hand and racquet system closer b@am. The coincidence of solutions in this impact region
the handle, thereby shifting the COP away from a point neamay help to explain why the effect of the hand on the loca-
the center of the strings and into the throat area of a racquetion of the COP has not previously received much attention
Consider the situation shown in Fig. 10 where the center ofnd why previous measureméhitof the COP for a hand-
mass of a free racquet or a free beam is located at a distanbeld implement appeared to be consistent with calculations
c from the end of the handle. For the=0.72m, M, that ignore the effect of the hand.
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40 — 7T and before the collision, while the ACOR is defined in terms
d 0 b A . s of the speed of one object when the other is initially at &st.
30| I : — 1 The peak force on the strings is given from the above rela-
Ball  cm Axis tions by
20 .
F0=(l+eA)7val/(2T), (15)
5 10 - which is typically about 1000 N when,=50 m/s, greater
o [T N\ than the weight of most players. For the results in Tabé I,
0 Hand held e was calculated from the relatith
10l 4 (eMeg—m)
A=, (16)
A (M eff+ m)
-20 1 1 1 1 1 1
0 5 10 15 20 25 30 35 wheree is the COR at the impact point ard . is the ef-
d (cm) fective mass of the racquet at the impact point givetf by
Fig. 11. svsd wheres=h— A is the distance from the right end of the beam M = Mp (17)
to the rotation axis and=L—h—b is the distance from the left end of the eff 1+M bb2/| C_m_'

beam to the impact point.
My, is the actual mass of the racqubtis the distance from
the impact point to the center of mass of the racquet,lapd
VI. MINIMIZING THE SHOCK FORCE is the moment of inertia of the racquet about an axis through
- its center of mass. The bounce speed is independent of the
Apart from hitting a ball at the COP, there are other waySyasq of the hand or the forearm because the ball bounces
of minimizing the shock force transmitted to the forearm. yetore the transverse bending wave reflected off the hand or
The simplest way, given that,, is proportional toF, is N0t {ha handle end of the beam returns to the impact poititin
to hit the ball too hard. But suppose that a player hits the baliap|e | e was taken as 0.6 for a flexible racquet or 0.8 for a
as hard as possible and misses the COP point by a big magiff racquet, the difference arising from the fact that more
gin. In order to minimize the shock force in that case, it helpsanergy s lost in racquet vibrations when the racquet is more
to have a light forearm and hand, a heavy implement, and afjaxip|e 13
implement with a large moment of inertia about an axis Taple | shows calculations for a ball of mass 57 g impact-
through the end of the handle. The shock force would be zerg, on a light or heavy racqueM,=0.25 or 0.4 kg, respec-
on a massless hand and arm. Table | shows_the peak value‘jfew)’ each racquet being either flexible or stiff. One can
F., for a 70-cm-long tennis racquet, assuming that the balysqy”influence the impact force by changing the string ten-
impacts 5 cm from the tiifree end of the racquet and the sjon; Jower string tension acts to reduce the impact force by
incident speed of the ball relative to the impact point on théincreasing the impact duration. Consequently, results are also
racquet isv, =50 m/s. The forceF, acting at the impact given in Table | for soft strings and stiff strings, assuming
point depends on the speed,, at which the ball bounces off thatT=6 or 4 ms, respectively. In the present experinient
the racquet. When integrated over the duration of the impactyas about 8 ms because a relatively soft tennis ball was used
JEdt=m(v,+v,), wherem is the mass of the ball. The to reduce the amplitude of the beam vibrations and because
force varies with time approximately a@s=Fgsin(#t/T),  the impact duration increases at low ball speeds. An addi-
whereF is the magnitude of the force afdis the duration tional factor included in Table | is the weight distribution of
of the impact. the racquet. A racquet can be regarded as having a head
In a frame of reference where the racquet is initially atsection of mas®1, and a handle section of maks,, each
rest, the ball will bounce at a speed=e,v,, wheree, is  of equal length and each with a uniform mass distribution.
the apparent coefficient of restitutiofACOR)—typically ~ Calculations are given for a head heavy racquet with
about 0.4 in the middle of the strings and about 0.1 near th!;/M,=1.2 and a head light racquet witd;/M,=0.8.
tip of a racquet. The coefficient of restitutig@OR) is de-  These values were used to calculate the location of the center
fined as the ratio of the relative speeds of two objects afteof mass, the impact parameterand the moment of inertia

Table I. Factors affecting the force on the racquet and the force on forearm. A boldface entry denotes a change
from the first row. The units of mass, force, and time are kilograms, newtons, and milliseconds, respectively.

Racquet Head/handle Impact Hand Forearm  Impact Force

massM, mass ratioM, /M, CORe durationT massM,, massM, forceF, onarmF,
0.25 0.8 0.8 4.0 0.5 0.5 1117 568
0.40 0.8 0.8 4.0 0.5 0.5 1341 524
0.25 12 0.8 4.0 0.5 0.5 1198 521
0.25 0.8 0.6 4.0 0.5 0.5 993 504
0.25 0.8 0.8 6.0 0.5 0.5 744 378
0.25 0.8 0.8 4.0 0.4 0.5 1117 550
0.25 0.8 0.8 4.0 0.5 0.4 1117 511
0.40 1.2 0.6 6.0 0.4 0.4 837 250
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of the racquet either alorén Eq. (17)] or with a hand at- impact point:°~*? The authors of Ref. 14 could have used
tached[in Eq. (11)]. In Table I, the top row represents con- this argument in order to ignore the hand force, rather than
ditions where the force on the arm is maximized. Each subassuming an impact at the COP.
sequent row shows how the force can be reduced by varying A few years ago, Adair and | exchanged comments in this
one parameter at a timghe parameter in bojdand the bot-  Journal regarding the location of the sweet spot of a baseball
tom row shows the result of varying all parameters simultabat!® Adair's view was that the sweet spot is located at the
neously to minimize the force on the arm. The largest singlenode of the fundamental mode, while my view was that the
effect in Table | is obtained by reducing the string tension,sweet spot is a small region encompassing both the node and
although this result obviously depends on the magnitude ofhe COP, given that the total energy transmitted to the hand
the assumed change for each parameter. involves rotation and translation of the handle as well as
Experienced tennis coaches sometimes comment that thébration. Furthermore, my experimental data on both a free
incidence of arm injuries increased in the 1980s when graphand a hand-held bat suggested that | was cofrécivas
ite racquets replaced wood racquets. They also comment theerefore surprised to find that the sweet spot of the uniform
young players rarely experienced elbow problems in théheam was located at or close to the fundamental node, judg-
wood racquet era, but this is no longer the case. Moderihg by the feel of the beam in my hand, exactly where
racquets are lighter, stiffer, and have a larger head, allowing\dair™® would predict it to be. For a free bat, the fundamen-
the player to swing the racquet faster without mis-hitting thetal node in the barrel and the COP are only about 1 cm apart
ball. Compared with tennis players of 30 years ago, today’'svhen the axis of rotation is at the knob end of the handle.
players employ a much more aggressive type of shot, almostor the uniform beam in this experiment, the fundamental
all use a western grip to impart topspin, and many launcthode and the COP are 8 cm apart when the beam is freely
themselves off the court with the ferocity of the upward supported and when the rotation axis passes through the far
swing of the racquet. The above calculations indicate that @nd of the handle. When the beam was hand held, the COP
light racquet with a stiff frame, strung at high string tensionshifted even further away from the fundamental node. It was
and swung at high speed will maximize the shock forcetherefore relatively easy to identify the fundamental vibra-
transmitted to the arm. In all of these respects, modern ragjon node, rather than the COP, as the sweet spot of a uni-
quets seem to be specifically designed to maximize the shoggrm beam. For a hand-held bat, the velocity of the handle,
force on the arm, despite the fact that the increased stiffnesfuring and after an impact, is minimized for impacts close to
of modern racquets has led to a big reduction in frame vibrapgth the fundamental node and the COP of a free bat. The
tion. proximity of the node and the free bat COP makes it difficult
to determine whether the node or the COP is the more sig-
nificant sweet spot or whether both spots contribute to a
VIl DISCUSSION sweet spot zone of finite extent. In the bat experiments, the
The location of the COP is usually determined without Motion of the handle was difficult to interpret because the
consideration of the mass of the hand, as if the hand exertd@tational and vibrational components of the handle motion
no force on the handle at dft. This might be a reasonable @Ppeared to be similar in magnitude and frequency. In fact,
assumption if the hand and the grip covering the handle wer@Uring the first 2 ms of the impact, | found that the handle
very soft, allowing the handle to rotate freely, but on the timerotate_d locally in the opposite direction to the rest of the bat.
scale of the impact, the handle presses firmly against thBotation of a bat handle during and shortly after the impact
hand. For example, suppose that a ball is incident at 20 m/eerlod is j[hergfore due almost entirely to excitation of the
on a racquet moving toward the ball at 30 m/s. The ball isﬂrs’; few vibration modeg. In-other words, the handle rotates
then incident at 50 m/s relative to the racquet. If we neglecin@inly as a result of vibrational bending of the bat rather
the hand force and assume an impact near the racquet tif!an rigid body rotation. As a result, the impact point that
then it is easy to show that the handle will rotate at or sooriMinimizes the velocity of a bat handle is not the free bat
after the end of the impact at a speed of around 24 m/s in theOP or the hand-held bat COP, but it is at or near the vibra-
racquet frame of reference. At an average speed of 12 m#on nodes of the first few modes. _ _
and over the 5-ms period of the impact, the handle will move The inference from the bat and the beam experiments is
a distance of 6 cm against the hand. There is insufficienthat the hand and arm are more sensitive to vibrations than to
cushioning in the grip and the hand to allow for free motiona sudden, temporary change in speed of the handle. Never-
of the handle over a distance of more than a few millimeterstheless, if I catch a cricket ball or a baseball in my bare hands
Consequently, the hand and the handle will move togethegithout moving my hands backward to absorb the shock, |
during most of the impact. One might expect that the mass ofeel a sting in my hands that has nothing to do with vibration
the forearm should also be added to the mass of the hand ff the ball. The hand and the arm are sensitive to both shock
Eq. (13), but an impact at the COP results in rotation of theand vibration but the shock force transmitted to the handle of
racquet and the hand about an axis through the wrist, withol bat is presumably sufficiently weak that the subjective feel
translation of the wrist or the forearm. Consequently, there i®f an impact is determined mainly by the vibration ampli-
no force on the wrist for an impact at the COP, and thetude. A tennis racquet is different because a tennis ball is
forearm has no effect during the impact on motion of themuch softer than a baseball, the string plane is much softer
racquet. It is only for impacts away from the COP that thethan a bat, the impact duration is much longer, and hence the
forearm has an effect on motion of the handle. shock force is much smaller and so is the vibration ampli-
A separate issue is whether the force of the hand acting otvde. For a very stiff racquet frame and with strings at low
the handle has any effect on the post-impact speed of th€nsion, it is possible to eliminate all vibrations in the frame
ball. In general, the hand force does not have any significarf a racquet, even the fundamental motighe fundamental
effect on the ball, because the ball usually rebounds beforgode and all high frequency modes are suppressed if
the reflected transverse wave off the hand gets back to the 1.5/T, a situation that can arise in practicefif>200 Hz
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and if T>7.5ms. Under these conditions, | find that thebe subjectively identified as a region near the throat of a
sweet spot of a tennis racquet is located in the throat regiofRcquet, close to the COP for rotation about an axis near the
of the racquet, judging by its feel. In fact, the whole impactWrist.
region between the center of the strings and the throat feels S _
relatively “dead” when compared with more flexible rac- ?Elethomc mail: cross@physics.usyd.edu.au
quets, especially when compared with old wood racquets.g'9$é°dy’ Physics of the tennis racket,” Am. J. Phys7, 482-487
With more flexible racquets and a stiffer ball or strlngs, | f'”o,' 2H. Brody, “Physics of the tennis racquet. Il The sweet spot,” Am. J. Phys.
from the feel of the racquet that the sweet spot is located in 49 g16-819(1981).
a small region near the middle of the string plane, coincidentc. w. Ficken, “Center of percussion demonstration,” Am. J. PHiy789
with the fundamental node. This is the region identified by (1976.
almost all tennis players, not just the author, tha;éeels“R- Cross, “The sweet spots of a tennis racquet,” Sports Hndh3—-78
“best.” An interesting experiment described by Hatze . :
showed that tennis players tend to hit the ball in the middle (UJ'_SL'_p,frtglr;tvs\)_S’ggg’wH Head, 4,165,071(3. L. Frolow) and RE33372
of the strings near the node point rather than at the COPsg_cross, “The sweet spot of a baseball bat,” Am. J. PI§6.772-779
Nevertheless, elite players tend to serve from a point closer(1993.
to the tip of the racquet due to the added height advantage’H. Hatze, “Center of percussion of tennis rackets: A concept of limited
applicability,” Sports Engl, 17—-25(1998.
8www.picotech.com has details of the unit used and the accompanying
VIIl. CONCLUSIONS software that allows one to convert a PC into an excellent digital storage
oscilloscope or spectrum analyzer.

Measurements of the location of the center of percussiorfPiezo disks generate an output voltage directly proportional to the force on
of a simple wood beam indicate that the COP shifts by a the disk. If the disk is stationary, an equal and opposite force on each side
arge cistance toward the hand when the bea s hand e 1 0o gerrtes, e e, e gt atched 7 one e o
rather than freely suppo_rted. .Consequently’ the I(_)catlon_ of objectgis g{ven’ by the mass of the g(’jisk times its acceleration. In the latter
]E?)(I?Cg?ﬁa?fisa {:‘Zﬁsbﬁ?ﬁtrgt;stgf tlggehrgll’%va?ﬁz tﬁ)::g?ul)r:pgflstlxg case, the output voltage is proportional to the acceleration of the object to

. which it is attached. Commercial accelerometers often have an additional
fundamental vibration node at the free end of the beam is small mass attached to the piezo element to increase its sensitivity, but this
unaffected, although the vibration node at the handle end ofwas not needed in the present experiment. A piezo element behaves elec-
the beam shifts to a point under the hand. The subjective fee|tricall_y as a capacitor with an induced charge proportional to the force on
of the beam indicates that the sweet spot coincides with thethe piezo. If the force remains cqnstanL then the charge_rema_lns constant
fundamental vibration node. Impacts at this or any other spot unless one attempts to measure it. The cha_rge degays Wlth a time constant

. RC whereR is the resistance of the measuring device @rid the capaci-
causes the beam to rotate about an axis through the hand Ofnce of the piezo plus any capacitor connected in parallel with the disk.
the wrist. The resulting impulsive force on the hand and arni®. Brody, R. Cross, and C. LindseJhe Physics and Technology of Tennis
varies with impact position along the beam, but it appears (RacquetTech, Solana Beach, CA, 20Q%. 93-94, 138-146.
that this force is not as significant as that due to vibration of‘l%zciflo;;é‘"mpact of a ball with a bat or racket,” Am. J. Phgg, 692
the beam in terms of the perceived “feel.” The sweet spot of , - i o
a baseball bat is located at or near the nodes of the first fewg%ghi(’ggg(r'z’oo%ynam'cs of the baseball-bat collision,” Am. J. Py
vibration modes, about 15 cm from the barrel end of the bausR. Cross, “Flexible beam analysis of the effects of string tension and
This position happens to be close to the COP for a freely frame stifiness on racket performance,” Sports EBgl11—122(2000).
supported bat, but the COP for a hand-held bat is shifted'G. S. Sawicki, M. Hubbard, and W. J. Stronge, “How to hit home runs:
closer to the hands, away from the sweet spot region. Simi-Optimum baseball bat swing parameters for maximum range trajectories,”
larly, the sweet spot of a tennis racquet is usually near thgA™: J- Phys71, 1152-11622003. )
middle of the strings, at or close to the fundamental vibration gégAfgg'z(zco%T)mem on the sweet spot of a baseball bat,”Am. J. PBgs.
node of t_he facquet frame. HOWG_\/GI‘, some modern racquetﬁi Hatze, “Impact probability distribution, sweet spot, and the concept of
are so stiff and light that all vibration modes are suppressed,effective power region in tennis rackets,” J. Appl. Biocheb@, 43—50
even the fundamental mode. In that case, the sweet spot canegs.
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