Chapter 6

Motion in a Magnetostatic Field

One can solve Dirac’s equation exactly in the presence of a magnetostatic
field B. The form of the solution depends on a choice of gauge for the
vector potential A(x) describing the field.

6.1 Dirac equation in the Landau gauge

When an electromagnetic field with 4-potential A* is included, Dirac’s
equation is modified by the minimal coupling procedure of replacing p* by
pH — q/l”, where ¢ is the charge on the particle. One has ¢ = —e for an
electron. The Dirac Hamiltonian is then replaced by

H=a-(p+eA)+pm—ep. (6.1)

Here we set ¢ = 0.
Let the magnetostatic field be along the z-axis. One choice of gauge
is
A = (0,Bz,0), (6.2)
which is called the Landau gauge. Other choices of gauge are related to
this by adding the gradient of a scalar to A. Other choices include

A = 1(-By, Bz,0) = $ Bw(—sin g, cos ¢,0), (6.4)

with @ = (22 +y?)Y/? and = wcos ¢, y = wsin .

An important point to note is that with the choice (6.2), on writing
p = —igrad, Dirac’s equation depends on only one coordinate, namely x.
The other coordinates y and z are ignorable or cyclic. The corresponding
momenta p, and p, are then constants of the motion, and may be chosen as
(continuous) quantum numbers. Also the Hamiltonian does not depend on
time and so the energy is also a constant of the motion. Dirac’s equation
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may then be reduced to an ordinary differential equation in z. Similarly
with the other two choices of gauge (6.3) and (6.4) Dirac’s equation may
be reduced to an ordinary differential equation, in y and w respectively.
The latter case is treated in Appendix B.

6.2 Construction of the wave functions

Let us assume a trial wave function of the form
U(t,x) = f(x) exp(—iect + iepyy + iep,z), (6.5)

where € = + is the sign of the energy whose magnitude is e. The wave
function ¥ is a column matrix, and so is f(z). The components of the
column matrix are denoted by fi ... f1.

On inserting the trial solution (6.5) into Dirac’s equation in the form

(z% — H)\IJ( x) =0, (6.6)
one requires
—ee+m 0 €p- O, fi(x)
egz 6%—: " —eg)i m sz ;zg =0 (6.7)
Oy —€p, 0 —ec—m fa(z)
with
O, = —i (2 + epy + eB:zc) : Oy = —i (i —€epy — eB:zc) (6.8)
Ox Ox
It is convenient to write
€= (eB)? (wo+ %) , (6.9)

and then (6.7) reduces to

(—ee+m)fr + epsfs — i(eB) /(€ + d/dg)

(—es+m) fo — ep. fa +i(eB)'/2(¢ — d/df)

(—ee —m)fs + epsfr — i(eB) /(€ + d/df)

m)fa — ep.f2 +i(eB)"/?(¢ - d/dE)

Operating on the first of these equations with (£ —d/d€) and on the second
with (£ + d/d€) gives

2 &2 —m?—p?

A

d?> &2 —m?—p?

[d_§2 T

fa
fs
fa=
h

(—ee — (6.10)

- (€ + 1)} fi1,3=0,

(- 1)} foa—0. (6.11)
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Equations (6.11) are of the same form as Schrédinger’s equation for a
simple harmonic oscillator, the solution of which is given in any elementary
textbook on quantum mechanics. The differential equations (6.11) have
normalizable solutions only if the constant

2 2 _ 2
e —m* —p:

=—>"= 6.12

n B (6.12)

in (6.11) has integral values. Specifically, let £ = 0,1,2,... be the integer;
then there are normalizable solutions only for

nFl=20+1. (6.13)

The normalized solutions are the harmonic oscillator wave functions

(€) = =g O e 2 (6.14)

where Hy is a hermite polynomial. The solutions give

C'l’Un—l (5)

f(z) = Cfi:’jgg()@ : (6.15)

Cyvp (5)

where C1,...,Cy are constants.

6.3 Spin eigenfunctions

The constants Ci,...,Cy in (6.15) are to be determined by constructing
eigenfunctions of specific spin operators, and normalizing the solutions.
The procedure is closely analogous to that for the unmagnetized case. This
follows from the properties

(64 45 ) 1(© = VEn 01a(6),

d
(5 - d_§> 0(6) = VAT L) i (6), (6.16)

of the harmonic oscillator wave functions implying that the wave functions
may be eliminated when (6.15) is inserted in (6.11). Thus one requires

—€egq+m 0 €ps —ipn &
0 —esq' +m iPn —€p, Cy —0, (6.17)
€ps —ipn —€€qg— M 0 Cs

iPn —€p, 0 —€gg—Mm Cy
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with
P = (2neB)*/? eg = (m? + p? + 2neB)Y/?, (6.18)

where ¢ denotes the quantum numbers collectively.

Now one may proceed as in the derivation of the solution (??) in the
unmagnetized case. One finds four different solutions from the first two
columns for € = +:

Ch egq+m

Cy | 1 0

Cs 2ecq(egqg +m)V €p= ’

Cy Dp

o 0

CQ _ 1 €€y +m (6 19)
Cs 2eeq(ecqg +m)V —ipn |’

04 —€p:

where the normalization is to one particle in the volume V. Let these be
labeled as the s = +1 and s = —1 solutions respectively. Our four solutions
(denoted by W (t,x) with ¢ denoting p.,n, s) are then

(eaq +m)vp-1(§)

e, () = exp[—iect + iepyy + i€p, 2] 0 7
2eeq(ecq +m)V El.)zvnfl(g)
ipnvn(§)
0
Ve (t,@) = exp[—ieet + iepyy + i€p, 2] (65‘? + m)v, (€) , (6.20)
2ecq(eeqg + m)V —iPpvn-1(§)
—epzvn(§)
where g+ and g— denote the quantum numbers with s = +1 and s = —1
respectively.

6.4 Normalization and orthogonality relations

The orthogonality relation between the states may be written in the general
form

/ 0B (W (1, 2)] U (£, ) = 6 Sy, (6.21)
where g and ¢’ include s and s’. The completeness relation for the states is

D Ut @) [Tyt @) = 0%z — ). (6.22)

The explicit forms of these relations in the present case involves the inter-
pretation of the sum and the d-function involving the state ¢ and ¢'.
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The normalization condition may be understood by considering the
case where the particle is confined to a large but finite box. Let the sides
of the box be of length L., Ly, L, in the z,y, z directions respectively. The
eigenvalues p, and p. are then discrete rather than continuous, specifically
one has p, = ny2n/L, and p, = n,2r/L, with ny,n, = 0,£1,£2,---.
The sum over states is then trivial, involving sums over these discrete
eigenvalues (as well as over n and s). The sums may be approximated by
integrals in the limit where the sides of the box becomes arbitrarily large.

Then one has
~rr [ [

Thus the sum over states becomes

Z 3 ZL L. /dp”/dpz. (6.23)

s=+ n=0

OO

Ny, nzzfoo

Similarly the § function expressing orthogonality of the states becomes

27 27
5qq’ = 655/6nn/L— 6(]?1/ — ply) L_ (S(pz — plz). (624)

Yy z

6.5 Center of gyration

The variable p, is related to the center of gyration of the particle through
(6.9). The limits of integration of p, are such that p, is less than eBL,,
where L, is the range of z. In many cases one is not interested in the spatial
distributions of the centers of gyration, which are assumed homogeneous.
One then wishes to perform the sum or integral explicitly. In such cases,
(6.23) may be further replaced by

Z ZZSBV dpz (6.25)

with V = L,L,L..
Note that the range L, of = can be fixed in a natural way (although
one is not compelled to do so). This follows from the fact that eB has the

dimensions (in natural units) of an inverse area, and hence (eB)~/? is a
natural length. Thus the natural normalization corresponds to
1 L,L
Ly=——7, or V=22 6.26
(eB)1/? t (eB)1/? (6.26)

The description of the center of gyration is gauge-dependent. If one
chooses the gauge (6.3) in place of (6.2), then an analogous discussion to
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the one given here involves a quantum number p, which is related to the
y-coordinate of the center of gyration. In terms of the “cylindrical” gauge
(6.4) there is a “radial” quantum number related to the position of the
center of gyration.

6.6 Magnetic moment of the electron

It is apparent from (6.13) and the solutions (6.20) that one has
n=~0+3(1+s). (6.27)
The energy involves n in the form
g = [m? +p2 + 2neB]|"/?, (6.28)

and separation (6.27) may be regarded as a separation into an orbital part
described by ¢ and a spin part. The orbital part describes the perpendic-
ular motion, which is simple harmonic motion. (Circular motion is simple
harmonic motion.) The energy states of the simple harmonic oscillator
correspond to (£ + 3) times 1, where Qo (€9 = eB/m here) is the fre-
quency of the oscillator. The remaining part corresponds to an energy
%sth which may be interpreted as a contribution p - B, where p is the
magnetic moment. Dirac’s theory thus predicts a magnetic moment

he

- 2m’

In the Pauli-Schrodinger theory the gyromagnetic ratio of the electron,
that is the ratio of the magnetic moment to the spin, has to be specified.
Dirac’s theory correctly predicts that the gyromagnetic ratio of the electron
has the correct value of two, and this was one of the initial major successes
of Dirac’s theory. (Radiative corrections in QED correctly predict small
difference from two.)

MB (6.29)

6.7 Magnetic moment tensor

A covariant version of the foregoing discussion enables one to identify a
magnetic moment 4-tensor for the Dirac theory. This derivation proceeds
as follows.

The minimal coupling replacement for including the effect of an elec-
tromagnetic field in any covariant wave equation is equivalent to the re-
placement

ot — DH = 9 + iqAH, (6.30)

with ¢ = —e for the Dirac theory. Then Dirac’s equation becomes

(i + ed — m)¥ = 0. (6.31)
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On introducing the ansatz

U = (i) + eA +m)x, (6.32)

Dirac’s equation becomes

(D —m)(ip +m)x =0. (6.33)
Then using
1
’YH’YVDHDU = DHDM + Z[V“u’yy] [Dua DV]

and

. vt v
[D;uDu] = _ZeFHVu SHY = Z[’y“u’y ]7

one finds
(D*D, 4+ m® — eS*F,,) x = 0. (6.34)

The term —eS* F),, in (6.34) contains the magnetic moment interac-
tion term in covariant form. One has

0 oy G0y log
gw L[ —law 0 0. -0y (6.35)
2| -ty —o0. 0 Oy ’ ’
—iQ, Oy —Og 0
and hence
SM"F, =ia-E—o0-B. (6.36)

The o - B term in (6.34) with (6.36) reproduces Pauli term (1.20) which is
introduced into the Schrédinger theory in an ad hoc manner.

The actual definition of the magnetic moment operator involves further
manipulations of the spin 4-tensor S#¥, as outlined in Appendix C.



