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The present paper focuses on the conversion of multidimensional image 
structures to art object-centered, abstract description encoding shape 
features and structure relationships. We describe a prototype system 
that extracts three-dimensional (3-D) curvilinear structures from vol- 
ume image data and transforms them into a symbofic description which 
represents topological and geometrical features of tree-fike, filamentous 
objects. 
The initial segmentation is performed by 3-D hysteresis thresholding. A 
skeletal structure is derived by 3-D binary thinning, approximating the 
center-fines while fully preserving the 3-D topology. The local width of 
the fine structures is characterized by a separate 3-D Eucfidean distance 
transform. Compilation, or raster-to-vector transformation, converts the 
maximally thinned voxel fists into a vector description. The final graph 
data-structure encodes the spatial course of fine sections, the estimate 
of the local diameter, and the topology at important key locations fike 
branchings and end-points. 
The analysis system is appfied to the characterization of the cerebral vas- 
cular system segmented from magnetic resonance angiography (MRA). 
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1 Introduct ion & Motivation 

The value of computer assisted systems for presentation, manipulation and quan- 
t i tat ion of objects obtained from multidimensional image data depends critically 
on the ability to segment and also describe structures in images. Although seg- 
mentat ion is still considered as a most crucial step in image analysis, this paper 
draws the at tention to a topic less often described, namely to the symbolic de- 
scription of image structures. 

The development of the prototype system is driven by the application of 
assessing the cerebral vascular tree in magnetic resonance (MR) volume data. 
Illustrations of intermediate results will guide the discussion of the processing 
steps. The special MR angiography (MRA) technique suppresses or eliminates 
signal from stat ionary tissue and enhances the appearance of flow, providing high 
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contrast between flowing blood and surrounding soft tissue. Therefore, blood- 
vessels in volume data are represented as filamentous, curvilinear structures with 
high intensities. 

The MRA acquisition technology has improved a lot during the last years and 
offers rapid, noninvasive 3-D mapping of the vascular structures. The evaluation 
of vascular information, however, is severely limited by the lack of appropriate 
computerized analysis tools regarding visualization and description of structures: 

�9 Visual izat ion:  Nowadays, MRA data are most often presented by two- 
dimensional maximum intensity projection (MIP), with its inherent short- 
comings of obscuring features and creating irregular depth cues [1, 2, 3]. 
The MIP technique displays the maximum voxel value encountered along 
each ray cast into the volume. It favors the demonstration of high intensi- 
ties along projection rays over finer structures even when they are located 
nearer to the observer, obscuring features and creating irregular depth 
cues. A limited 3-D impression is obtained only from cine-mode displays 
or stereoscopic views. Several groups approached the problem of poor visu- 
alization by augmenting the MIP technique with information about vessel 
width, depth and connectivity [4, 3]. Others demonstrated integrated dis- 
plays of anatomical surfaces segmented from MRI and maximum intensity 
projections of MRA data [1, 5, 2]. 

Three-dimensional rendering of the segmented vascular tree represents an 
alternative visualization approach. Although the segmentation of fine ves- 
sels (down to one voxel size) still needs improvement, the 3-D rendering of 
the larger vessels could clearly demonstrate its advantage over maximum 
intensity projection [6, 7]. 

�9 S t r u c t u r e  descr ipt ion:  Successful segmentation of volume data into 
anatomically and functionally meaningful objects and tissue categories has 
created new possibilities for 3-D planning, intervention and for quantitative 
volumetric studies, but it doesn't provide any information characterizing 
the gross form or some detailed shape features answering particular clinical 
questions regarding vessel morphology and local flow information. 

Therapy and planning require more information than simply the presence 
of diseases, since the medical task being the measurement of vessel diam- 
eters, distances, and shapes or the identification of the topology of struc- 
tures. The clinical task of analyzing image data includes structure and 
shape as important descriptive features. A structural analysis and com- 
parison of image information goes beyond a segmentation into constituent 
components and requires new methods for the description of image struc- 
tures. 

Offering access to geometrical and topological properties, the binary array 
representation of the segmented vascular tree has to be transformed into a more 
appropriate data structure. Volumetric primitives of tubular structures strongly 
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resemble the model of "generalized cylinders" with circular cross-section, sug- 
gesting the appropriateness of a skeleton or medial axis description (MAT [8]). 
Further, the biological variability of the vasculature favors a description based on 
topological features rather than on exact geometry. While a voxel to voxel regis- 
tration of the blood vessel pattern among different patients or between patient 
data and an anatomical atlas data seems to be unrealistic due to individual vari- 
ations, one can think of coding the topological variations [9]. Typical examples 
of topological relations are "is continuation of" and "adjoins to". Expressions 
like "circulus arteriosus cerebri" for the central blood vessel circle or "arteria 
communicans post." suggest the use of topological shape criteria. A topological 
description based on a skeleton structure would also meet the requirement for 
invariance, capability of dealing with variable appearance and representation in 
terms of perceivable shapes. 

2 Segmentation and description of 3-D lines 

2.1 Segmentation by hysteresis thresholding 
The special MRA acquisition technique simplifies the segmentation of large ves- 
sels by producing high contrast for vascular structures. A binarization technique 
suffices to segment the major vessels. However, small vessels with diameters of 
one voxel (,~ lmm) and smaller are subject to partial voluming and noise fluc- 
tuations. If the selected threshold is high, many of the voxels belonging actually 
to the object to be segmented will get lost. On the other hand a low threshold 
value leads to the inclusion of many noise voxels, impeding the subsequent topo- 
logical analysis considerably. Similar problems with binarization of the matched 
filter output in an edge detection method led to the development of a hysteresis 
thresholding procedure [10, 11]. 

Hysteresis thresholding works simultaneously with two threshold values. The 
upper threshold identifies a certainty level above which a voxel most probably 
belongs to the structure of interest. Consequently those voxels will be part of 
the resulting segment and act as seed regions. The lower threshold specifies the 
noise level below which voxels will be excluded. Voxels with intensities between 
the lower and upper threshold will be only selected if they are connected to a 
seed region. 

As the cerebral vessel tree is by definition a connected segment, it seems to be 
reasonable to adopt the hysteresis thresholding strategy to the raw MRA data. 
The 3-D application of this technique to detect connected edge-surfaces has been 
already previously investigated []2]. Our experience showed that the application 
of double thresholding for 3-D edge (surface) detection did not significantly dif- 
fer from simple thresholding. The reason for this surprising behavior is the high 
connectivity of surface fragments in 3-D space. In the case of vessel tree segmen- 
tation, however, the structure we are looking for is composed of thin lines with 
a very sparse space occupation, reducing the number of random connections. 
Figure 1 illustrates the effective noise reduction by hysteresis thresholding. 
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Figure 1: Three-dimensional rendering of the segmented vessel tree (top view): 
a) simple thresholding, b) hysteresis thresholding. The lower threshold in b 

corresponds to the single threshold used in Figure a, it corresponds to 50% of 
the higher threshold generating the seed regions. The small Figures represent 
zoomed regions (250%) 

2.2  3-D binary thinning 
Blum's classical proposal [8] presented the description of shapes in 2-D binary 
images by the medial axis transformation (MAT). The MAT generates an object- 
centered, invariant description of shapes in terms of their medial axis. Addition- 
ally, the technique decomposes structures and sub-structures by generating a 
tree-like representation. Early implementations of skeletonization procedures 
in 2-D have focussed on erosion by preserving topology (thinning: [13, 14]) or 
on metric properties (finding relative maxima in distance transforms: [15, 16]). 
Similarly, an approximative skeleton of binary volumes can be obtMned by ex- 
tending these approaches to 3-D. Herein, binary thinning was chosen for the 
generation of topologicMly correct skeletons for filamentous tree-like structures, 
considering that the preservation of topology offered by these techniques is more 
important than a perfect medialness. 

A 3-D thinning algorithm was implemented based on three requirements: 

a) preserving topology, 
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b) thinning 3-D structures to voxel lists (maximal thinning), and 

c) approximating the ideal Euclidean skeleton (center line). 

As discussed in the following paragraphs, none of the many algorithms on 
3-D binary thinning published so far fulfills all the three requirements. They 
either do not preserve topology and the major geometrical structure or do not 
provide a skeleton that is thinned down to a center-line of one voxel width, as 
required for a subsequent raster-to-vector compilation of line structures. In order 
to describe the algorithms in detail we first reconsider the concept of the 3-D 
genus and its algorithmic assessment. 

2.2.1 Preservat ion of  topology  and 3-D genus 

Thinning can be defined as a successive erosion of object boundary points until a 
skeleton of one voxel thickness with preservation of the original topology remains. 
An object S is thinned by continuously deleting boundary voxels based on the 
condition that the connectivity of the object and its complement is preserved. 
Extending 2-D concepts to 3-D it has been proposed to check locally if the 
deletion of one voxel would alter the connectivity of the object. Most papers 
addressing digital topology discuss the theory of simple points [17, 18] or surface 
connectivity [19, 20] which are related to the Euler's formula for closed polyhedra 
and the genus [21]. The genus X3 of a 3-D structure is a number that expresses 
global topological properties, 

X3(S) = Objects(S) § Cavities(S) - Holes(S). (1) 

The appendix demonstrates how the global genus can be calculated using lo- 
cal measurements on elements of a connectivity graph, which are vertices, edges, 
faces and cells. A thinning operation should not delete or separate objects and 
not fill or create cavities and handles. It can be shown for the 2-D case that 
constancy of the genus X2 (number of objects minus number of holes) while re- 
moving the center pixel in 3x3 windows preserves the topology, because it is not 
possible to create a hole and at the same time split an object structure. The 3-D 
case, however, requires a more careful analysis. As expressed in equation 1, the 
genus X3 can be written as the number of objects plus the number of cavities 
minus the number of holes. If through the deletion of a voxel either the number 
of objects, of cavities or of holes changes, the genus will reflect the topological 
change. However, the creation of objects or cavities while simultaneously in- 
creasing the number of holes can counteract and result in an unaltered genus. 
Creating a cavity and an additional hole by deleting the central voxel in a 3x3x3 
voxel neighborhood is not possible (no hole can be created if all 6-neighbors are 
set), but objects can be split while producing a new hole as shown in Figure 2(a). 
The example consists of a rod on top of a 4-voxel ring. The 3-D genus before 
and after deletion of the central voxel equals to 1, either representing 1 object 
or 2 objects and 1 hole. Other cases can be considered where, for example, 2 
new objects and 2 new holes can be created. 
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The result obtained above is not surprising if one considers that the 3-D genus 
X3(S) as used in the sense of Morgenthaler [21] represents a topological number of 
a collection of components rather than a single component 1. However, it clearly 
demonstrates that a 3-D thinning algorithm based solely on the constancy of 
the genus (e.g. [19]) or a straightforward extension of 2-D algorithms does 
not necessarily preserve the connectivity of structures. While the number of 
objects and cavities are easy to determine by connected component labeling, the 
practical value of the 3-D genus may be seen in the fact that it gives control over 
the number of holes. 

2.2.2 Discuss ion of thinning a lgor i thms 

Tsao and Fu [20] proposed a parallel implementation of binary thinning to min- 
imize the execution time. Parallel processing requires a careful consideration 
of the connectivity constraints because a simultaneous removal of voxels can 
separate or even eliminate objects. Tsao and Fu divide each thinning iteration 
into six sub-cycles performing subsequent partial erosions from U,B,N,S,W,E- 
directions. Connectivity is not only tested in 3x3x3 neighborhoods but also on 
3x3 "checking planes" with normals perpendicular to the active directions. The 
algorithm results in medial surfaces and can create medial axes by a further thin- 
ning with relaxed conditions. Own tests demonstrated that topology is preserved 
but that the algorithm gives results which are highly sensitive to the orientation 
of structures and does not provide a maximally thinned skeleton. Figure 2(b) 
shows a plane with normal (1,1,1) which cannot be thinned to a medial axis due 
to the preference of structures oriented along the main axes. 

Lobregt et al. [19] used the sum of the Euler characteristics of closed surfaces 
to derive a 3-D thinning algorithm. The approach divided a 3x3x3 neighbor- 
hood into eight 2x2x2 sub-neighborhoods in order to apply precalculated tables 
expressing local contributions to the connectivity number. The check if the dele- 
tion of one voxel will affect the connectivity of the object is based on the 3-D 
genus (surface connectivity). The discussion in the previous subsection clearly 
illustrates that for certain configurations the topology is not preserved. 

Bertrand and Malandain [22, 23] proposed a topological classification of vox- 
els based on the number of connected components that guides a pseudo-parallel 
binary thinning process. The characterization of voxels as interior, isolated, bor- 
der, curve, surface and junction points allows a selective removal of voxels which 
are not part of medial surfaces, medial axes or junctions thereof. The algo- 
rithm performs iterations with six sub-cycles (U,B,N,S,W,E-directions), where 
so-called "simple points", i.e. points that are part of an object boundary or 
line-ends, exposed to the active direction are removed in parallel. This algo- 
rithm correctly detects voxels within the thin surface in Figure 2(b) as points of 
a medial surface. The surface borders, however, are classified as simple points 
and are candidates to be deleted in parallel. All the voxels of a medial surface 
structure with 2 voxel width, as shown in Figure 2(c), are marked as simple 

~The genus of o n e  single object is a topological invariant.  
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points (border points). According to [22], edge points of a simple surface will 
be deleted at the first cycle. It is not clear from the description in the paper 
how structures like Fig. 2(c) are preserved from being deleted. Recently, the 
thinning scheme based on topological classification has been slightly changed by 
replacing the parallel deletion in each sub-cycle with a sequential thinning of all 
voxels exposed to the active direction (Malandain, private communication). The 
configuration shown in Figure 2(a) will be correctly classified as a surface-curve 
junction. 

r162 Y 
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Figure 2: Problems with binary 3-D thinning: a) The preservation of the 3-D 
genus X3 can violate the topology, for example by creating an additional object 
component and a new hole. b) Parallel thinning as proposed by Tsao and Fu 
cannot thin surface structures to medial lines if they are not oriented like the 
planes z = i, y = j, z = k. c) Parallel thinning of simple points resulting from 
a topological classification (Bertrand and Malandain) can eliminate structures, 
because every point is a border point and will be deleted simultaneously. 

2.2.3 Three-dimensional thinning of s t ruc tu re s  to  media l  curves  

Based on the requirements stated in subsection 2.2 we implemented a pseudo- 
parallel binary thinning scheme. The application to tree-like line patterns implies 
an erosion of structures to medial curves rather than medial surfaces. Unlike 
Tsao and Fu, the motivation for applying an iterative pseudo-parallel thinning 
with sub-cycles was not computational efficiency but improved preservation of 
geometrical properties of the resulting skeleton. The erosion process imple- 
mented as a sequence of spatially oriented sub-cycles "peels" objects subse- 
quently from different spatial directions and yields a better approximation of 
the center-line (spine) when compared to a sequential scan-oriented algorithm. 
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Considering the performances and the weaknesses of the different algorithms as 
discussed before the following thinning scheme was applied: 

1. Pseudo-parallel thinning (using sub-cycles) to medial axis as proposed by 
Tsao and Fu [20]. Extending the concept of Tsao and Fu with sub-cycles 
in the six U,B,N,S,W,E directions we used 18 directions oriented along 
the cls neighbor voxels. For each sub-cycle, connectivity is checked in 
the two 3x3 planes containing the active direction. The resulting skeleton 
is topologically correct but still contains some segments which are not 
maximally thinned. 

2. Sequential thinning to achieve a maximal erosion of the skeleton to one 
voxel width. The algorithm is based on preservation of the genus X8 in 
3x3x3 voxel neighborhoods (see appendix equation 7). An additional check 
of the number of connected object components before and after deletion 
of the central voxel guarantees topology preservation. Line-ends are pre- 
served by the condition that at least two object voxels must remain in each 
3x3x3 neighborhood. 

The computation is not as easy as in the 2-D case, where the 256 possibilities 
can be prestored in a look-up-table for a highly efficient implementation. Object 
voxels are stored in list structures. Deletion of one voxel creates a new voxel 
appearing on the object surface which is appended to the list. At the same 
time, the neighborhood codes of the adjacent voxels are updated. The voxel- 
neighborhoods are represented with 26 bits in a 32 bit number; the three A's 
(equation 7) are calculated with bit masks and bit operations. The test on 
the object components can be efficiently determined by calculating the number 
of 26-connected components 26-adjacent to the center voxel (g), as proposed by 
Malandain et al. [22]. If g 7~ 1, the object would be split into several components 
with deletion of the center voxel. 

The 3-D thinning scheme has been applied to the binary segmentation result 
of the cerebral vascular system obtained from MR angiography data (Figure lb). 
The thinned structures are displayed using surface rendering (Figure 5a). It is 
obvious that the vessel structures are replaced by a reasonable approximation 
to its medial axes. The algorithm based on the preservation of the genus and 
the additional test for the number of components guarantee that the topology 
is preserved, which is an essential property not to break vessels into parts. 

2 .3  E s t i m a t i o n  o f  o b j e c t  w i d t h  b y  3 - D  d i s t a n c e  t r a n s f o r m  

For the complete geometrical description of the cerebral vessel tree, the midlines 
resulting from the thinning procedure have to be attributed with the local de- 
scription of the cross section of the vessel. In the simplest case, if the vessels 
were approximated with circular cylinders, the cross section can be sufficiently 
described with the radius of the circle, i.e. the vessel width. As a consequence of 
the pseudo-parallel thinning algorithm the center-line voxels lie near to the ideal 
Euclidean skeleton. For this reason the Euclidean distance from the background 
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at the position of the center-line voxels serves as a reasonable approximation of 
the local vessel radius. 

One way to determine the distance of any vessel voxel from the background 
is to perform a Euclidean distance transformation of the background. As a true 
Euclidean distance transform is computationally very expensive, very often the 
chamfer distance is used instead [24, 25], which can be calculated more efficiently. 
However, the chamfer distance is only a rough approximation of the Euclidean 
distance. 

Danielsson [15] has proposed a sequential quasi-Euclidean distance transform 
for 2-D binary images. His algorithm is based on the fact, that the Euclidean 
distance can be efficiently propagated through connected passes of the regular 
neighborhood graph of the image raster. The algorithm processes the image 
pixels sequentially by scanline linearization, forcing this way a causality sequence 
onto them. The image is scanned from top right to bottom left in the first path, 
and reversely in the second. At every scan the neighbours of the current pixels 
lying in the past (according to the current scan direction) are checked for the 
nearest object point (in the Euclidean sense), which is then propagated to the 
current pixel if neccessary. This way the algorithm needs only o(n) operations, 
where n is the number of pixels in the complete image, making it reasonably 
fast. 

Danielsson has shown that the algorithm will not provide the correct Eu- 
clidean distance in all cases. He and also Yamada[26] have performed a detailed 
analysis of the error produced by the algorithm, and shown that the error re- 
mains in the subpixel range which is in our case completely satisfactory (one 
should remember, that the midline runs through raster points, consequently its 
position has at least a subpixel error too). 

We generalized the Danielsson algorithm to 3-D. As the complexity of the 
algorithm still remains o(n), the distance transform can be calculated in a few 
minutes even for very large (2563 ) data sets. While no detailed analysis has been 
made for the expected error in 3-D, we expect that the maximal distance error 
will not be larger as in the 2-D case, as the connectivity of a regular raster in 
3-D is much higher than in 2-D. 

2 . 4  C o m p i l a t i o n  o f  t h i n n e d  o b j e c t s  t o  a g r a p h  s t r u c t u r e  

The abstraction of objects to line structures and the compilation into image 
graphs would enable a structural analysis by means of graph theory tools. Higher 
level image analysis, which assigns semantic meaning to image structures using 
model knowledge, becomes feasible through the selection of relevant image struc- 
tures by subgraphs labeling. While retaining the approximate reconstructibility, 
the skeleton structure serves as a data structure which can be traced by travers- 
ing lines, nodes and branchings systematically. The skeleton represented by 
voxel lists is compiled to a graph structure by connecting segments of pixels 
to sequences and assigning them to edges, vertices, and faces of a graph data 
structure. The properties of the abstract description lead to simple arithmetic 
operations for the traversal of the graph structure. 



103 

The 2D compilation scheme based on the A-graph concept [14] has been 
extended to the compilation of 3D voxel patterns. The experience with appro- 
priate graph representations in 2D has clearly demonstrated its usefulness and 
has strongly encouraged the development of a similar concept in 3D space. Fig- 
ure 3b illustrates the co~lcept. A compilation of the voxel structure Fig .3b 1 us- 
ing only 6-connectivity would disconnect the structure into several parts (Fig. 3b 
2), whereas 26-connectivity via faces, edges and corners would result in redun- 
dant connections (Fig. 3b 3). The A-graph approach deletes edge-connections 
where a redundant face-connection exists and deletes corner-connections where 
a redundant edge-connection exists, resulting in a unique graph-description of 
the thinned structure. A A-code at each voxel is calculated from the 26-bit 
neighborhood-code with bit operations. Using the A-code information, the ob- 
ject structures are traversed and the codes compiled to lists. 

The A-graph allows the generation of a data structure representing points, 
lines, nodes and surfaces (Figure 3a). It is obvious that this representation 
is well suited for tree-like structures composed of line features, as it allows a 
simple traverse. Surfaces (bottom example Figure 3a) and volumes will require 
a different representation scheme, possibly based on their contours or surfaces, 
respectively. 

/ / 

Figure 3: Object structures and their graph representation (a) and A-graph (b): 
The c6- and c26-graphs (2 and 3) of the original voxel structure (1) show either 
gaps or redundant connections. The A-graph (4) represents a combination of the 
c6- and c~6-graphs and produces a unique connectivity. 

Although correctly coded, certain configurations do not reflect the most fa- 
vorable graph description. Figure 4 illustrates that optimally thinned corner 
configurations produce a face element in the graph description, which is topo- 
logically equivalent to a real hole (Fig. 4b). The detailed analysis of complex 
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configurations is a matter of future research. The problems can be approached 
by a high-level analysis of graph structures (e.g. by adding a missing edge voxel 
to the h-graph) or by using voxel attributes from topological classification as 
proposed in [23] (the three voxels adjacent to the corner would be labeled as 
curve junctions). 

a 
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Figure 4: Sub-optimal coding of complex voxedl configurations: Maximal thin- 
ning can counteract an optimal coding of curve junctions. The missing corner 
voxel (a and b top) creates a face element in the graph structure, which is topo- 
logically equivalent to the graph description of a hole (b bottom). 

The output of the 3D thinning and compilation stages is a data structure 
containing both the topological description of the vessel tree and its geometric 
properties. It is implemented in an object-oriented design. Each of the different 
elements is represented by a class, these are : 

�9 Vessel Node representing the branching and end points. 

�9 Vessel Link representing the topological linkage between the Nodes 

�9 Vessel Point holding all the geometric information available from the seg- 
mentation scheme such as local width, as well as additional attributes that 
can be computed (local direction, length, volume) 

�9 Vessel Trajectory representing a sequence of points and as such the geo- 
metric path between Nodes 

The Vessel Tree is implemented as a class containing lists of the above ele- 
ments. Figure 5b represents a graphical visualization of the compiled vessel-tree. 
End nodes and branching nodes are displayed as spheres, whereas voxel-lists be- 
tween nodes are represented as sequences of small tubes. It is then easy to 
formulate algorithms that travel the lists while fulfilling certain tasks. For ex- 
ample, we have implemented a filter-modul that removes "hair"-structures, i.e. 
short lines between end-nodes and branching nodes. The vessel tree can be 
reconstructed from the underlying data by traversing the trajectories and trans- 
lating the geometric description in a format suitable for a renderer. By assigning 
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geometrical primitives to the symbolic elements of the graph structure, for ex- 
ample cylinders with radii equal to the width attribute, it is possible to visualize 
the symbolic description. (Figure 6). 

.-,, 
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Figure 5: a) Result of 3-D binary thinning. The segmented vessel tree is max- 
imally thinned to one voxel width by preserving topology and approximating 
center-lines, b) Graphical display of graph data structure describing the cerebral 
vessel-tree: End nodes and branching nodes are displayed as spheres, intercon- 
necting vessel arcs as flexible pipes. 

3 R e s u l t s  

The present paper discusses a prototype image analysis system that extracts and 
describes curvilinear structures from volume data. 

A subgroup of medical image data is being composed of relatively homoge- 
neous areas with high-contrast structures. This simplified world model allows 
a segmentation by thresholding, because the intensities of voxels are closely re- 
lated to the structures of interest. Our tests with several 3-D MKA data sets 
demonstrated that segmentation by hysteresis thresholding was superior to sim- 
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Figure 6: Three-dimensional rendering (ray-tracing) of structures encoded by the 
symbolic graph description. Vessel components are displayed as cylinders with 
radius estimated from the vessel width attribute. This display represents a kind 
of reconstruction which should come close to the rendering of the segmentation 
result, since the topology is preserved and local shape approximated by circular 
cylinders. 

ple thresholding. We are well aware that this low-level segmentation of vessels 
from MRA is still insufficient, depicting only the largest vessels and creating 
gaps. These deficiencies are clearly visible as isolated vessel pieces (Figure 5), 
having only very limited anatomical meaning. Current developments investi- 
gate multiresolution matched filter techniques based on higher order directional 
derivatives of the Gaussian. 

Binary thinning of tree-like structures to maximally thinned skeletons was 
still an open problem, as discussed in subsection 2.2. The preservation of topol- 
ogy has high priority as one wants to avoid creating gaps. The approximation 
of the center-line, however, is important too in order to generate a medial axis 
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description. The thinning scheme presented here combines a pseudo-parallel 
algorithm proposed by Tsao and Fu [20] (extended to more sub-cycles) with 
a sequential algorithm based on the constancy of the 3-D genus and an ad- 
ditional check of the number of object components. Careful tests on highly 
complex structures proved that the topology is preserved while object struc- 
tures are thinned to voxel lists. The latter is a necessary property with regard 
to a raster-to-vector transformation. 

The compilation method represents a 3-D extension of the 2-D A-graph con- 
cept. The thinned structures in the 3-D volume array are transformed into 
a graph description. Vessel segments are represented as lists of vectors which 
can additionally be attributed with geometric features. Assuming a maximally 
thinned object as input, the compilation method poses no algorithmic and tech- 
nical problems. It is illustrated in Figure 3a that the proposed data structure 
is well suited to represent tree-like object structures. Surfaces obtained by 3-D 
edge detection or medial surfaces, however, will require a different data structure 
taking into account the sheet elements. Further, some complex configurations 
(Figure 4) still need an improved graph description. 

One of the important local features of a vessel tree is the vessel diameter. An 
estimation of the local width is obtained by a 3-D Euclidean distance transform 
applied to the binary segmentation result. Each voxel gets a labeI expressing its 
distance to the nearest boundary. Although the location of the skeleton obtained 
by thinning does not always match the ideal center-line, the width estimation 
can serve as an initial guess when smoothed along vessel components. 

4 O u t l o o k  

The final output of the 3-D thinning and compilation stages is a data struc- 
ture representing voxel-lists, branchings and approximate local diameter. This 
symbolic representation codes the geometry and the topology information of the 
vessel tree. A further advantage of the object-centered description is its invari- 
ance (up to an error introduced by the pseudo-parallel thinning) with respect to 
standard transformations, i.e. translation and rotation, and even to nonlinear 
distortions. 

The methods developed in this project could be useful in application ar- 
eas where not only a display of blood vessels, but structural information about 
their spatial extension and the relationship among vascular components and to 
anatomical objects is required. 

Neuroradiological diagnosis could be improved by new tools for the analysis 
of 3-D MRA data. Stereotactic neurosurgery needs knowledge about the relative 
position of major vessels to the structure to be treated, for example a tumor. 
Changes on the vascularity are a significant aspect of the clinical evaluation of 
a tumor, as vessels can be displaced, incorporated or even newly formed. A 
combined display of the segmented vascular structure with soft tissue and tra- 
jectories of instruments would allow surgical planning to avoid perforating major 
arteries. Besides a visual assessment of the vascularity, malformations or criti- 
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cal changes could be expressed by a comparison of the symbolic representation 
with appropriate neuroanatomical models (anatomical atlas). The study of the 
cerebro-vascular topology would provide not only the information that a blood 
vessel is found at a specific location but also how a vessel component is connected 
to its predecessors and successors. 

Multimodality analysis of image data from different scanners becomes in- 
creasingly important. A symbolic description of the 3-D vessel tree can provide 
point-landmarks (e.g. at branching locations) to perform a registration of 3-D 
MRA with 2-D DSA (Digital Subtraction Angiography) projections. Specific 
properties of both, the 3-D mapping provided b y  MRA and the high resolution 
offered by DSA, could be combined either to correct MRA data for distortions 
and artifacts or to perform graphical display of details of the vessels only ob- 
tained with DSA. 

In interventional radiology procedures, blood vessels could be damaged dur- 
ing the implementation of carlo-vascular catheters. The information about the 
vascular topology would be helpful guiding endo-vascular instruments. The 
structural description of the cerebral vessel tree will offer a systematic traversal 
based on topological and geometrical criteria. 

The discussion of potential applications indicates that a successful segmen- 
tation and description of the vessel tree could represent an important new tool 
for clinical diagnosis, planning and treatment. Two issues will be considered in 
future developments, an improved segmentation that extracts vessels down to 
one voxel diameter and the implementation of graph-analysis tools for structural 
interpretation and model-based analysis. 

Appendix: Genus in 3-D Space 

The net contribution of a voxel to the global connectivity number of a 3-D 
structure can be determined by a relation based on a combination of the globally 
defined genus (eq. 2) with geometric constraints imposed on a structure given 
by the Euler-Schlaefli formula (eq. 3 for structures which need not be simply 
connected): 

X3(S) = Objects(S) + Cavities(S) - Holes(S) (2) 

v(G) - e (~)  + f ( C )  - q(C) : - h ( ~ )  (~) 

v(G) - e(G) + f (G)  - u(G) = Objects(G) + Cavities(G) - Holes(G)(4) 

where v, e, f and q define the number of vertices, edges, faces and cells (in- 
cluding elementary cells u, cavities and background cell: q(G) = u ( G ) +  
Cavit ies(G) + 1) of a 3-D singly connected structure G. Structures dealt with 
are not necessarily singly connected, requiring the definition of a new structural 
element h ("hole" or "handle" ). The number of holes h is defined as the amount 
by which the sum differs from zero (eq. 3). As pointed out by Morgenthaler [21], 
the concept of 3-D holes is different from objects and cavities since we cannot 
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label points which constitute a hole to facilitate counting them. Equation 3 is 
summed over every component O of an image to obtain the final relation 4. Con- 
sidering that objects S define cavities in the complement S and vice-versa (with 
correction for the background component), equations 2 and 4 are combined to 
express the genus xs(S) of a 3-D structure in terms of elements constituting the 
graph structure. 

x (S) = Objects(S) + Cavities(S) - Holes(S) 

= Cavit ies(S) + (Objects(S) - 1) - Holes(S) 

= v ( S ) -  e(S) + f ( S ) -  u(S) (5) 

Most often, image objects S are chosen to be 26-connected (c26) and em- 
bedded in a 6-connected (cs) background S. Vertices, edges, faces and cells of 
the graph c6(S) can be measured locally and summed up for computing the 
three-dimensional genus. 

Thinking about topology-preserving thinning, the removal of a voxel s from 
a set S should not change the genus X3: 

x (S) - x (S \ 8) - o (6) 

A v ( S )  - A e ( s )  + A / ( s )  - A (s) = o 

voxel deletable if: Ae(S) - A/(~)  + Au(S) _= 1. (7) 

The contributions Av, Ae, A f  and Au can be calculated in local 3x3x3 
voxel neighborhoods. With Av becoming 1, the condition leading to a decision 
at each voxel can be simply defined as shown in eq. 7. The equation describes 
the change of elements in the graph of a voxel structure with connectivity c6 if 
the central voxel of a 3x3x3 neighborhood is deleted. The condition assures that 
the genus Xa will be preserved. However, as explained in the text, the topology 
of structures will not necessarily be kept. 
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