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Notes regarding Integral and Discrete Fourier Transforms

C. J. Rennie

21st October 2010

1 Introduction
While DFTs are widely used to approximate integral transfrthere is a lot of scope for confusion.
There are at least six sources of confusion, in my experience

e convention: there is no standard for normalization and idpe &f the exponent in transformations;
nor is there a clear preference for frequencies to be exgaessangulard) or as Hertz ),

e notation: transforms may be represented(@s), X, y(f), and so on,
e units: the DFT is agnostic regarding units, so there is araestep involved, which demands care,

e assumptions: is the sampled time series considered to mdjpeor aperiodic? Do we want to
reportenergyor power?

e DFT « IFT: to give results generality it is best to report them asoidigitization was involved. Is
the mapping being done correctly between domains, witheedmoth to scaling and units?

e implementations: Matlab, IDL, R, and Mathematica all dd&it own way.

(Aside from these, there are more mundane matters, likdédbectfects of windowing and zero-padding,
baseline removal, and being vague about one- or two-sidettrsp They are not discussed here.)

This documents tries to deal with these many sources of emafult aims to do it by (a) choosing one
convention and notation, (b) being explicit about assuomstji (c) being precise about expected values and
units, and (d) being precise about the correspondence betimgegral and discrete Fourier transforms.
The choice of convention and notation is based on that ink&B@nd Manolakis [2007], which also
provides crucial derivations.

The following sections restate the important relationsl, apply them to three special cases:
e delta function
e sine wave
e white noise

The final section contains numerical examples. Throughauagsume the time series to has units of
\olts.

2 Basicreations

2.1 Integral Fourier Transform, IFT

The location of the normalization factor (2r7) and sign of exponent are poorly standardized. Here is
one common convention:
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Angular Hertz
Forward X (w) :/ xt)edt (1) X(f) :/ x(t)e it (2)
Inverse X(t) = %T/m X(w)e%dw  (3) / X(H)eftdf (4
Ref: P+M 4.1.31 and 4.1.32 (p237)| Ref: P+M 4.1.24 (p235) and 4.1.28 (p236)

Note that the angular and Hertz forms of the forward tramsfof () and X(f), could be written as
Xw(w) andX; (f), respectively, to disambiguate these two functions; hew#were should be no confu-
sion in practice. The two functions are closely relatégd(w) = X, (21f) = X¢ (f) = Xt (w/2m).

For continuous, aperiodic functions, Parseval’'s Theorefiers toenergy

Energ;{\/zs]:/:| ()|2dtf/ w)[?dw = / f)%df. (5)

Ref: P+M 4.1.38 (p238). The alternative formulation in teraf powerinvolves dividing this by some
periodT, which gives a quantity in units of&/

2.2 Discrete Fourier Transform, DFT

The location of the normalization factor ) and sign of exponent are poorly standardized. Here is
what follows from the form of the IFT chosen above.

Frequency indexed bl time byn
1 N-1 .
E d —kan/N
orwar =N Z) (6)
Inverse x(n) = Zockezm"”/ N @)
Ref: P+M 4.2.7 and 4.2.8 (p242)

The Fourier coefficientsy, define the amplitude and phase for the corresponding hasisiéns

s¢(n) = k/N _ 2rik(nat)/(NAY) _ g2mi(kAT)(nat), 8)
For discrete, periodic functions, Parseval’'s Theorenrsdafeenergy/period, grgower.
Powetv = = 5 (=Y [ ©)
N Zo Z k

Ref: P+M 4.2.11 (p246). Note the unexpected factpN.1l However Eq. (9) may be multiplied by

NAt =T to give
2

Af, (10)

EnergyV2s = Z) x(n)|?At =
Af

while makes the correspondence with the energy equatlor(,SBZ,qsomewhat clearer. Then, letting the
duration of the period— « (i.e. Af — df), andAt — dt, further clarifies the link. [Note also the
implication thatX (w) = X(f) < ¢/Af = T, which is borne out in what follows.]

2.3 Link between continuous-aperiodic and discrete-periodic cases

Starting from the continuous-aperiodic time domain, onermave towards the discrete-periodic case in
either of two ways.

By imposing periodicity — which maked discrete, withA f = 1/T —in which case
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Transform Notes
1 - _ _
Forward == / x(t)e 2/ Tgr (1) f=kAf=k/T
T
Inverse x(n) = x(t) = Z Ckezmkt/T (12) t =nAt =nT/N
k=—00
Ref: P+M 4.1.8 and 4.1.9 (p229)

For continuous-periodic signals, Parseval's Theorenrsdteenergy/period, qrower.

——00

Powe(\/z]%/T|x(t)|2dtk§ 2. (13)

Ref: P+M 4.1.14 (p230)

By imposing discretenessin time — which maked periodic, with period=sampling rate = 1/At —in
which case

Transform Notes
Forward X(f) = z x(n)e~2mnatt(14) Fo=1/At
N=—o00
Inverse X(n):Fi/ X (f)e2inatige  (15) Fs=1/At
s JFs
Ref: P+M 4.2.28 and 4.2.29 (p251)

For discrete-aperiodic signals, Parseval's Theoremse@ernergy

EnergvZ| = 5 xm =2 [ X(Pdt. (16)

Nn=—oo
Ref: P+M 4.2.41 (p255)

Chapter 6 of Proakis and Manolakis [2007] provides addétionaterial regarding sampling and recon-
struction, and Chapter 14 is devoted to power spectrum agtm

3 Dedtafunction, area=AAt

Continuous, aperiodic version:

Function Dimension
' AAL t—1p
Time X(t) = mé 2t \
Angular X(w) = AAt e '@ Vs
Hz X(f) = AAt e 27t Vs
I x(t)dt = AAt Vs
Checks [x(t)2dt = A?At VZs
[IX(w)|?dw = [|X(f)|?df =A2At V?s

Discrete, periodic version:

Function Dimension
Time \Y
x(n) = A att =tp, zero elsewhere
Freq C = %efzm'kto/ T \%
Aty X(n) = AAt Vs
Checks (1/N) 5 |x(n)|? = A?/N V2
> logl? = A?/N V2

To obtaincg, Eq. (11) was applied te(t). Thenx(n) was obtained using Eq. (12).



File: ~/tex/notes11/fourier.tex

4 Sinewave

Continuous, aperiodic version:

Function Dimension
Time X(t) = Acog ayt) = Asin(27Tfot) \
Angular A " Vs
J X (@) = 5 [8(— @) + 8" (-+ )]
A

Hz X(1)=518(1—fo) +&'(f+f)] Vs

1 (T7/2
Checks - IX(t)[2dt = AZ/2 %

T J1)2

T/ zdw’T/

£)2df = A2/222Y°

[Evaluating [ |X(f)|2d f requires windowing the signal, and then letting the windativT — co.]

Discrete, periodic version:

Function Dimension
Time x(n) = Acog2mfonT/N) v
Freq 6 = A o-2rik/ T v
Checks (1/N) 5 [x(n)]? = A%/2 V?
S o> = A%/2 V2

To obtainc, Eq. (11) was applied te(t). Thenx(n) was obtained using Eq. (12).

5 Whitenoise
Continuous, aperiodic version:
Function Dimension
Time X(t ) white noise with SD = ¢ v
/ Mo F)E2T1 T dlf V2
Angular X (w) Vs
(@ / e"‘”dr VZ2s
Hz — NA Vs
Mx(f) = / yg(x(r)efzm”dr VZHz !
2 1172 2 2 2
Checks E(x(t) == X(t)|dt=0 \4
T J1)2
1) 00 2 V2
/ rxx(w)dwzf Mo )df = yo(0) = 0

A stationary random process is an infinite-energy signakemte its Fourier transform does not exist. Its
spectral characteristic is obtained according to the Wikihentchine theorem, by computing the Fourier
transform«(f), of the autocorrelation functiomx(7). Ref: P+M 12.1.5 (p828).

Discrete, periodic version:

Function Dimension
Time X(n) = rangau(0,0) v
Freq lc| = o, Arg random \
Checks (1/N) 5 [x(n)|? = 02 V2
56 = 0? V2
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6 Explicit numerical tests

The following tests are all based on one time series covériagl.0 seconds, and witN = 2000 points.
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Delta function at timetg = 0.2 s, with area [x dt=3AtV s

The implied offset within the time seriestig (T /N) = 100

The implied value at this offset {§'x dt)/(T/N) =3V

The forward DFT should hayex| = A/N = 0.0015 V, for allk

The forward DFT should have drg) advancing by-2mty/T = —0.31415 rad/bin
The 1-sided SPIxy|? + |c_k|? should have mean(&/N)? = 4.5 x 10-6 V2/bin
Power in time serieg1/N) ¥ [x,|? = A2/N = 0.0045 \2

Power in spectrunt |cc|2 = A2/N = 0.0045 \2

The inverse DFT of the forward DFT should match the oritjiiimae series

Sine wave, with amplitude A= 3V, and frequency fo = 10Hz

The implied time series is, = Acog2mfon(T /N) + @), where the phase is arbitrary

The forward DFT should contajog| = A/2= 1.5V at offsetsk = +foT = +40, 0 otherwise
The 1-sided SPIxy|? 4 |c_k|? should beA? /2 = 4.5 VV?/bin at fo, and O otherwise

Power in time serieg1/N) 5 [x|? = A?/2 = 4.5 /2

Power in spectruns |c|? = A2/2 = 4.5 V2

The inverse DFT of the forward DFT should match the oribjiiimae series

White noise, with zero mean and standard deviation A=3V

The implied time series is, = rangau(0,A), where the distribution function is arbitrary
The forward DFT should contajoy| ~ A/v/N = 0.067 V (average over aK)

The 1-sided SPIxy|? 4 |c_k|? should have meansZ /N = 0.009 V2/bin

Power in time serieg1/N) ¥ [x,|? = A2 = 9.0 V2

Power in spectrunt |c,|? = A% = 9.0 V2

The inverse DFT of the forward DFT should match the oritiimae series

Reporting results

When we have a periodic signal (and this is always impli@dgumed when performing DFTs) we have
seen that the spectral powerz'$ck|2, which has units o¥/2. (For aperiodic signals it only makes sense
to measurenergy)

The spectral powedensitycould then be legitimately plotted as a bar graph, with hsigia|2, and any
band power evaluated by summing the appropriate bars. Tdtat/puld be of the spectral power density
(per bin), and has unitsd/ However we tend to think in terms d@ftegrals— this is what is done for
continuous spectra, and estimation of band power is easilg 8y eye by judging the average height and
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multiplying by the band width in Hz. Accordingly, we gendyaplot |cc|?/Af (instead ofick|?) versus
frequency. This plot represents spectral power densityHeetz), and has units3Hz 1. [Dividing by
Af is the same as multiplying bl; so we could label the result ‘Energy (per peribddensity’. But we
don't.]

That is one rationale for dividingr|? by Af. But perhaps the corollary is more compelling. Plots of
spectral power densities then becost@ndardized Given a wide bandwidth signal with spectral power
density equal to 10 ¥Hz 1, say, around some given frequency — then this SPD value nsrtizé same
whatever your choice of window lengih Doubling the window length doubles the ‘Energy (per period
T) density’; but now this energy is distributed amongst tvasemany frequency bins. So your plots have
a consistent height of 104Hz 1, whatever your window lengthPlot heights are also independent of
sampling rate.From (Eqg. 10) we see that doubling the sampling rate has ecteih energy (per period
T): there are twice as many terms in the sum, dtis halved. The last bit of Sec. 2.2 reinforces this
point.

So remember to plot the quantity|?/A f, call it ‘Spectral power density’, and remember its units f
Hz~1. And the integral over some range of frequencies is ‘Powes units \?, and may be computed
by 5 (|ck|?/AT) x Af or 5 |ck|? (whichever you like).

One more tweak: the spectral power density function spatisfmsitive and negative frequencies; how-
ever it is symmetrical |6¢|2 = |c_k|?), so there is no need to show negative frequencies — and ithere
a temptation simply not to plot the left half of the spectruBut rather than ignore power at negative
frequencies, you should fold negative-frequency powep®#itive frequencies, thus ensuring all compo-
nents of power are explicit and properly accounted for. Eslt is aone-sidedspectral power density
function that has twice the height of the two-sided spectameh 1/2 the number of points.

In summary, after performing the DFT and obtainifxgyou should plot the value@cy|? + [c_x|?) /AT,
label the plot as having unitsAHz 1, and refer to it as a one-sided spectral power density ploe T
power within a frequency band should then have unts V

Appendix A Listing of fourier.R

Below is a script that generates discrete approximatioesth of the three test cases (delta, sine, white
noise), performs a DFT, and checks the results against {hected values.

#! Jusr/local/bin/R —vanilla

# Run from within R by typing source ("fourierTests .R")

# or from the Linux command line Rscript fourierTests.R

# This program evaluates and checks the discrete Fourier ngforms

# of several standard functions. The emphasis is on correstn of

# scaling, self-consistancy, and clear correspondence with the case
# of Fourier integrals.

The convention assumed here for continuous aperiodic signis:
X(f) = Int_inf x(t) expt2 pi i f t) dt
x(t) = Int_inf X(f) exp( 2 pi i f t) dt
Energy = Int.inf |x(t)|"2 dt = Int_inf |[X(f)| 2
This corresponds to the discrete periodic signals:
c_k = (1/N) SumN x_n exp2 pi i k n/N)
X-n = SumN c_.n exp( 2 pi i k n/N)
Power = (1/N) SumN |x-n|"2 = SumN |c_k| 2
The correspondence is proved in "Digital Signal Procesgin 4th ed.”
by Proakis and Manolakis, pp 227 245.

HOH KR HHHHHHR

HHBHBHBHHRHR SR B BB BHBH BB R SRS T T R S
# This convention is implemented in R by

# c <— (1/N) = fft(x)

# x <— fft(c, inverse=T)

# SO omitting the factor (IN) is always a danger with R'!
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# Common parameters. Changing these will cause some resuls
# change, but should not cause any tests to fail.

bigT <— 4.0 # T = duration of epoch, in seconds
bigN <— round(bigT«500) # TxsamplingRate = valuebepoch

time <— (bigT/bigN)xseq (0, bigN—1)

if (bigN%% 2 == 1) exit() # for simplicity ensure N is even

# Delta function

lagSecs<— 0.2 # seconds

lagN <— 1 + lagSecg(bigT/bigN) # index

ampli = 3.0 # Int x(t) dt = ampli « Delta t

X <— rep (0, bigN)

x[lagN] <— ampli # one non-zero element, with valuesampli>
# Do FFT

c <— (1/bigN)=*fft (x)

xPrime <— fft(c, inverse=T)

temp <— Mod(c)"2 # one-sided SPD, in uV“2bin

spd <— c(temp[1:(bigN/2)],0) + c(0,rev(temp[(bigN/2+1):bigN]))

# Check FFT

cMag <— mean(abs(c))

cArg <— Arg(c)

cat ("\nDelta_function.—_alternative.version:\n")

cat ("Time_.domain.contains”,ampli,"Lat_t.=",lagSecs ,”sn")

cat ("Freqg.domain.contains.phasor.with_magnitude” ,cMag,"V_expecting”,
ampli/bigN,"\n")

cat ("Freg.domain.contains.phasor.advancing.by” ,round(cArg[2]—-cArg[1],3),
"rad/step:.expecting” round(—2«pixlagSecd bigT,3),"\n")

cat ("l1-—sided_-SPD.has.mean” mean(spd),”V"2/bin:",
"expecting”,2«(ampli/bigN)~2 ,"V"2/bin\n")

cat ("Time.domain_power_.=",(1/bigN)«sum(Mod(x)"2),"V"2\n")

cat ("Freq-domain.power.=",sum(Mod(c)"2),"V"2\n")

cat (" ..Expecting.power.=",bigN*(ampli/bigN)~2,"vV 2\ n")

cat ("Mean.and_SD.of_error.in.inverse.=",mean(Re(xPrime)-x),”and”,
sd (Re(xPrime)-x),"V\n")

# Cosine function

ampli = 3.0 #V

fo <— 10.0 # Hz

phase<— 0.3

X <— ampli * cos(2xpixfOxtime+phase)
# Do FFT

c <— (1/bigN)=*fft(x)

xPrime <— fft(c, inverse=T)

temp <— Mod(c)"2 # one-sided SPD, in uV“"2bin

spd <— c(temp[1:(bigN/2)],0) + c(0,rev(temp[(bigN/2+1):bigN]))

# Check

cat ("\nCosine.function:\n")

cat ("Time_domain.contains”,ampli,"\Lx.cos (2.pi”,f0,”t .+",phase ,”)\n”")

cat ("Freq.domain.contains.zeros.except” Mod(c[1+round(fO*bigT)]),"V.at”,f0,
"Hz:_expecting”,ampli2,"V\n")

cat ("1—sided_SPD.contains.zeros.except” Mod(spd[1+round(fOxbigT)]),"V'2/bin_at”

"Hz:_expecting”,amplikampli/2,”V"2 /bin\n")

cat ("Time.domain.power.=",(1/bigN)«sum(Mod(x)"2),"V"2\n")

cat ("Freqg.domain.power.=",sum(Mod(c)"2),"V"2\n")

cat (" ._Expecting.power.=",(1/2)xampli~2,"V"2\n")

cat ("Mean.and.SD.of_error.in.inverse.=",mean(Re(xPrime)-x),”and”,
sd (Re(xPrime)-x),"V\n")

# White noise

fo,
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sd <— 3.0 #V
X <— rnorm(bigN, mean=0, sd=sd)
# Do FFT

c <— (1/bigN)=*fft(x)

xPrime <— fft(c, inverse=T)

temp <— Mod(c)"2 # one-sided SPD, in uV~"2bin

spd <— c(temp[1l:(bigN/2)],0) + c(0,rev(temp[(bigN/2+1):bigN]))
# Check FFT

cMag <— mean(abs(c))

# Check
cat ("\nWhite.noise:\n")
cat ("Time_.domain.contains.normally—distributed.noise.with.sd.=",sd,"V\n")

cat ("Freg.domain.contains.values.with_magnitude” ,cMag,"V.expecting”,
ampli/sqgrt (bigN),”\n")

cat ("1-sided_SPD.has_.mean” mean(spd),"V 2/ bin:",
"expecting”,amplikampli/ (bigN/2),"V"2/bin\n")

cat ("Time_domain_power_.=",(1/bigN)«sum(Mod(x)"2),"V"2\n")

cat ("Freq.domain.power.=",sum(Mod(c)"2),"V"2\n")

cat (" ..Expecting.power.=",sd"2,"V"2\n")

cat ("Mean_.and_-SD.of_error_in.inverse.=",mean(Re(xPrime)-x),"and”,
sd (Re(xPrime)-x),"V\n")

# Example of oUutpuUt . ...

#Delta function:

#Time domain contains 3 V at t = 0.2 s

#Freq domain contains phasor with magnitude 0.0015 V: exgeg 0.0015
#Freq domain contains phasor advancing by0.314 rad/ step: expecting—-0.314
#1-sided SPD has mean 4.495504@ V~2/bin: expecting 4.5e06 V"2/bin
#Time domain power = 0.0045 V"2

#Freq domain power = 0.0045 V~2

# Expecting power = 0.0045 V"2

#Mean and SD of error in inverse = 6.52256&9 and 2.383765el17 V

#

#Cosine function:

#Time domain contains 3 V x cos(2 pi 10 t + 0.3 )

#Freq domain contains zeros except 1.5 V at 10 Hz: expecting ¥
#1-sided SPD contains zeros except 4.5 Vin at 10 Hz: expecting 4.5 V'/in
#Time domain power = 4.5 V"2

#Freq domain power = 4.5 V"2

# Expecting power = 4.5 V"2

#Mean and SD of error in inverse = 8.399531&8 and 7.658735e16 V

#

#White noise:

#Time domain contains normallydistributed noise with sd = 3 V

#Freq domain contains values with magnitude 0.05877766 \kpecting 0.06708204
#1-sided SPD has mean 0.008780943 VHn: expecting 0.009 V~2bin

#Time domain power = 8.789724 V"2

#Freq domain power = 8.789724 V"2

# Expecting power = 9 V"2

#Mean and SD of error in inverse = 5.679918&8 and 1.921692e15 V
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