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Shape-phase transitions in the vibron model and bent molecules
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Abstract

A mean field study of triatomic molecules in the vibron model is carried out. Analytical solutions for the mean fields are
found, and shape-phase transitions in the model are investigated utilizing these solutions. The Majorana interactions are
shown to play an essential role in driving the phase transition from linear to bent shape. Results presented here will facilitate
realistic studies of bent molecules within the symmetry-breaking approach. q 1999 Elsevier Science B.V. All rights
reserved.

w xThe vibron model 1–5 provides an algebraic
framework for treating problems in molecular spec-
troscopy and has been especially useful in describing

Žcomplex spectra of polyatomic molecules see Ref.
w x w x6 for a recent review of the model and Ref. 7 for a
pedagogical introduction to the group theory in-

.volved . The basic building blocks of the model are
the scalar s and vector p bosons, the latter represent-
ing the dipole degree of freedom in a molecular bond
while the former is needed to generate a finite,
anharmonic, spectrum. The bilinear products of the
boson creation and annihilation operators generate

Ž .the U 4 algebra which describes the dynamics of the
system. The vibron model is extended to polyatomic
molecules by introducing a set of boson operators
� 4s , p for each molecular bond i, and the dynamicsi im

of the coupled system is described by the product
algebra U mU m . . . . There are two basic classes1 2

Ž . Ž .of dynamical symmetries of the model: i O 4
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Ž . Ž .limits associated with rotational spectra, and ii U 3
limits associated with vibrational spectra. The former
provides an analytically solvable zeroth-order ap-
proximation for molecular rotation–vibration spectra
and, therefore, has been the focus of developments.
This zeroth-order description can be improved by
including either higher-order interactions formed ex-

Ž .clusively from the O 4 generators in the Hamilto-
Ž .nian, which preserve the O 4 symmetry, or interac-

Ž .tions formed from the U 3 generators, which break
it. The latter approach normally requires numerical
diagonalization, while the former has the advantage
of analytical formulation and, therefore, it has been
used almost exclusively in practical applications of
the vibron model.

A geometrical interpretation of the vibron model
in terms of the bond lengths and angles can be

w xprovided using the mean field techniques 8–14 . An
extension of the formalism to finite temperatures and
discussion of the resulting phase space transitions in

w xexcited triatomic molecules was given in Ref. 15 .
The general mean field formalism for triatomic

w xmolecules was developed in Refs. 12–14 , where it
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was pointed out that the dynamical symmetry limits
of the model are restricted to a description of linear
molecules, and one has to break the symmetries to
obtain a geometrically correct bent molecule. Due to
the complexity of the results, a general investigation
of shape-phase transitions in the vibron model was
not performed in these studies. Rather, a numerical
mean field analysis of the water molecule was pre-

w xsented in Ref. 14 as a specific example of bent
molecules. Unfortunately, as an independent investi-
gation of the results shows, the numerical fit ob-

w xtained in Ref. 14 appears to correspond to a run-
away solution, nothing to do with the actual proper-
ties of the water molecule. 1 Clearly, a mean field
study of the shape-phase transitions in triatomic
molecules, depicting the critical points in a phase
diagram of parameters, would provide a valuable
guide in searches for realistic description of bent
molecules. An intuitive understanding of the role
each parameter plays in the shape transition would
help avoid the pitfalls encountered in multiple-
parameter fit situations.

In a recent detailed study using the analytical
1rN expansion method, the symmetry breaking ap-
proach was shown to provide a viable description of

w xdiatomic molecules 17,18 . Extension of the 1rN
expansion to triatomic molecules requires prior
knowledge of the shape of the molecule for angular
momentum projection purposes; thus, it gives an-
other incentive for such a study.

The purpose of this Letter is to present a mean
field study of the shape-phase transitions in triatomic
molecules using a general Hamiltonian with one- and
two-body terms

HsH qH qH . 1Ž .1 2 12

where H , is1,2, represent the individual bondsi

ˆ ˆ X ˆ ˆ 2H syk D PD qk L PL q´ n qs n , 2Ž .ˆ ˆi i i i i i i i p i i p i

1 w xThe equilibrium mean fields given in Ref. 14 do not satisfy
the extremum conditions. Further, the Hamiltonian parameters
found in the fit are two orders of magnitude larger than the typical

w xvalues used in the literature 16 , and as a numerical diagonaliza-
tion of the Hamiltonian shows, they lead to a similarly inflated
spectrum compared to the experimental spectrum of water.

and H , the interaction between the two bonds12

ˆ ˆ X ˆ ˆH syk D PD qk L PL qs n nˆ ˆ12 12 1 2 12 1 2 12 p1 p2

ql M ql M . 3Ž .4 4 3 3

The dipole, angular momentum and the p-boson
Ž .number operators in 2 are defined, respectively, by

Ž .1 Ž .1† † †ˆ ˆ 'D s s pqp s , L sy 2 p p ,˜ ˜ ˜m m mm

n s p† p , 4Ž .ˆ Ýp m m

m

where brackets denote tensor coupling and tilde,
˜ mŽ . Ž .b s y1 b . M and M in 3 are the Majo-lm lym 3 4

Ž .rana operators of the combined groups U 3 , and12
Ž .U 4 , defined by12

Ž . Ž .1 1† †M s2 p p P p p ,˜ ˜3 1 2 2 1 5Ž .
† † † †M s s p ys p P p s yp s qM .˜ ˜Ž .Ž .4 1 2 2 1 2 1 1 2 3

Ž . Ž .The n terms and M in Eqs. 2 and 3 belong toˆ p 3
Ž .the U 3 algebras and are, thus, responsible for

Ž .breaking the O 4 symmetry. The Hamiltonian pa-
w xrameters are determined from fits to spectra 6 ,

according to which the dipole interactions dominate
Žand are attractive hence the negative signs for k i

.and k above . Study of the rotational expansion of12

vibrational bands in diatomic molecules indicates
that the strength of the ´ and s terms should be
limited to a perturbative range compared to the

w xdipole interactions 17,18 . Otherwise, the rotational
spectra obtained in the model exhibit large devia-
tions from the experimentally observed ones.

The ground state of the combined boson system is
given by a product of individual condensates

N Ny1r2 1 2† †< : < :N , N , r , r s N !N ! b b 0 .Ž . Ž . Ž .1 2 1 2 1 2 1 2

6Ž .

Aligning the first bond along the z axis and rotating
the second one in the xyz plane, the intrinsic
bosons can be written as

y1r2† 2 † †b s 1qr s qr p ,Ž . Ž .1 1 1 1 10

y1r2† 2 † †b s 1qr s qr cos u pŽ . ½2 2 2 2 20

† † 'qsin u p yp r 2 . 7Ž .Ž . 52y1 21
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Here the mean fields r and r are associated with1 2

the bond lengths and u is related to the bond angle
w xu by uspyu . The range of r is 0,` , and u isb b i

w x Ž w x0,pr2 from the usual range of u , pr2,p forb
.XYZ and XY molecules . The energy surface fol-2

lows from the expectation value of the Hamiltonian
Ž . Ž .1 in the condensate 6 , and, in the large N limit, is
given by

E r , r , uŽ .1 2

22 N ri i X 2s y4k q´ 1qrŽ .Ý i i i2ž /1qriis1

N N1 22 2 2qs r q l r qrŽ .i i 4 1 22 21qr 1qrŽ . Ž .1 2

2 2 2 2 2qs r r y2y r r cos uqlr r sin u ,12 1 2 1 2 1 2

8Ž .

where we have introduced

´
X s´ rN , ys 2k ql , lsl ql . 9Ž . Ž .i i i 12 4 3 4

Ž .The extremum conditions on 8 lead to a set of three
coupled non-linear equations, which appear rather
complicated, so that no attempt has been made for
analytical solutions. In the 1rN expansion study of

w xdiatomic molecules 17,18 , it has been found that
the variable

as2 r 2r 1qr 2 , 10Ž . Ž .

which corresponds to the ‘average angular momen-
tum squared’ carried by an intrinsic boson, provides
a much more convenient parametrization for the
energy surface. It maps the infinite range of r mono-

w xtonically onto 0, 2 for a. Using the transformation
Ž .r ™a in Eq. 8 , we find that the energy surfacei i

becomes

E a , a , uŽ .1 2

2
X2s N a yk 2ya q´ r2Ž .Ý i i i i i

is1

qs a r4 qN N r4 2l a qa ya aŽ .i i 1 2 4 1 2 1 2

2qs a a y2y f f cos uqla a sin u ,12 1 2 1 2 1 2

11Ž .

w Ž .x1r2where f s a 2ya . To find the extremumi i i
Ž .points, we set the derivatives of E a ,a ,u w.r.t.1 2

a , a and u to zero1 2
XN y4k 1ya q´ qs a qN l 1yaŽ . Ž .1 1 1 1 1 1 2 4 2

qs a r2yy 1ya f rf cos uŽ . Ž .12 2 1 2 1

2qla sin ur2 s0 , 12Ž .2

XN y4k 1ya q´ qs a qN l 1yaŽ . Ž .2 2 2 2 2 2 1 4 1

qs a r2yy 1ya f rf cos uŽ . Ž .12 1 2 1 2

2qla sin ur2 s0 , 13Ž .1

w xsin u y f f qla a cos u s0 . 14Ž .1 2 1 2

Ž .Eq. 14 has three solutions for the variable u , given
Ž .by us0, p and cos usy y f f rla a . Substitut-1 2 1 2

Ž . Ž .ing cos u in Eqs. 12 and 13 , one gets two linear
equations for a and a , so solutions for the bent1 2

shape can be readily obtained. For the linear shapes,
Ž .obtained by substituting u s0 or p in 12 and1

Ž .13 , we find linear equations in a and a , save for1 2

the dependence on f . Thus, they can be solvedi

iteratively in the spirit of the Hartree–Bose equa-
tions, starting with the initial values of f s f s1,1 2

and updating them until a and a converge.1 2

Rather than pursuing these still complicated solu-
tions, we first consider the special case of symmetric
XY molecules, for which simple expressions for the2

mean fields can be obtained in all three cases. With
the insight gained from XY molecules, the study of2

shapes in the general case will become more trans-
parent. Due to the symmetry of XY molecules,2

N sN sN, H sH , and we further set a sa s1 2 1 2 1 2

a, k sk sk , etc. Since N is now just a scale1 2

parameter for the energies, we put Ns1 for conve-
Ž . Ž .nience. Solution of Eqs. 12 – 14 then yields the

following mean fields and the corresponding ener-
gies for the extremum points

us0, a s1y ´
X qs

X r vqs
X ,Ž . Ž .0

E sya vy´
X r2 , 15Ž . Ž .0 0

usp , a s1y ´
X qs

X r vy2yqs
X ,Ž . Ž .p

E sya vy2yy´
X r2 , 16Ž . Ž .p p

cos usyy gygX rlgX , a s2 gXrg ,Ž . u

y1
X XE s vy´ vy2yy´ lŽ . Ž .u g

X X 2y2 ´ qs y . 17Ž . Ž .
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Here the two functions g and gX are defined as

gsl2 q2 vyyqs
X

lqy 2 ,Ž .
gX s vyyy´

X
lqy 2 , 18Ž . Ž .

and we have introduced two new parameters for
convenience

s
X ssqs r2 , vs4kq2k . 19Ž .12 12

The physical significance of v above is that the
symmetric stretching energy is given by Nv to

Ž .leading order in the O 4 dynamical symmetries.12

Note that l appears only in the bent solution and it
will be seen to drive the shape-phase transition. To
determine the nature of the extremum points we need
to examine their second derivatives

2 2 < X 2 2 <E ErEa s vqs , E ErEu sa g r2 ,Ž .0 0 0 1

20Ž .
2 2 < X

E ErEa s vy2yqs ,Ž .p

2 2 <E ErEu sya g r2 , 21Ž .p p 2

2 2 < X 2E ErEa svyyqs qy cos uql sin ur2 ,u

22 2 <E ErEu syl a sin u r2 ,Ž .u u

2 <E ErEaEu syy sin u , 22Ž .u

where

g syqlq ´
X qs

X
yyl r vqs

X ,Ž . Ž . Ž .1

g syylq ´
X qs

X
yql r vy2yqs

X .Ž . Ž . Ž .2

23Ž .

The cross-derivatives vanish at 0 and p but not at u ,
so we need the Hessian at u as well

22 2 2 2 2E ErEa E ErEu y E ErEaEuŽ . Ž . Ž .
u

2syg a sin u r4 . 24Ž . Ž .u

Finally, the energy differences will be handy in
finding the absolute minimum. After some algebraic
manipulations, these can be written as

2X XE yE sy 1y ´ qsŽ .p 0

X Xr vqs vy2yqs , 25Ž . Ž . Ž .

E yE s vqs
X g 2r2 g , 26Ž . Ž .u 0 1

E yE s vy2yqs
X g 2r2 g , 27Ž . Ž .u p 2

In all of the above equations for XY molecules, we2

have deliberately separated the ´
X and s

X terms. As
noted earlier these terms are limited to a perturbative
range in realistic applications of the vibron model.

Ž . Ž .Inspection of Eqs. 20 and 25 shows that E is a0

minimum and lower than E provided g )0 andp 1
Ž . Ž .y)0. From Eqs. 22 and 24 , two essential condi-

tions for the existence of a bent minimum are that
l-0 and g-0. These also ensure that E is theu

absolute minimum since both energy differences in
Ž . Ž . ŽEqs. 26 and 27 are negative g-0 only if vy

X Ž Ž ...2yqs )0 see Eq. 29 .
In the light of these results, we can now unam-

biguously determine the range of parameters in Eq.
Ž .17 for which the bent mean fields have the desired
ranges, i.e., pr2-u-0 and 0-a -2. Inspectionu

Ž .of Eq. 17 shows that, in addition to the above
conditions, gX

-0, gygX
-0 and g -0 are re-1

quired. These inequalities are satisfied when l is in
the range l -l-l , where l and l are thep r2 0 p r2 0

critical points given by

l sy vyyqs
X ,Ž .p r2

X X X
l syy 1q2 ´ qs r vy´ . 28Ž . Ž . Ž .0

Ž .It is easy to see from the quadratic form 18 that
g-0 when l -l-l , wherey q

X 'l sy vyyqs " D ,Ž ."

Ds vqs
X

vy2yqs
X , 29Ž . Ž . Ž .

are the roots of gs0. Comparing the two ranges in
Ž . Ž .Eqs. 28 and 29 , we see that the latter brackets the

former, hence the condition g-0 is automatically
satisfied once the bent solution exists. Substituting

Ž . Ž .Eq. 28 in 17 , we find for the mean fields and
their corresponding energy at the critical points

< < <cos u s1, a sa , E sE ,l l lu 0 u 00 0 0

< <cos u s0, a s2,l lup r2 p r2

< XE sy vyyy´ . 30Ž . Ž .lu p r2

We demonstrate the shape-phase diagram in a simple
case with ´

X ss
X s0, and vs3y in Fig. 1. For

l)l syy there is no bent solution and E is the0 0

absolute minimum. For l-l , E becomes a sad-0 0

dle point and E , the absolute minimum. With de-u
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Fig. 1. Shape-phase diagram for XY molecules for the case2

´
X ss

X s0, and v s3y . The mean fields cos u , a , and theu

Ž .corresponding energy E are plotted against l in units of y .u

creasing l, the bending angle u increases from 08

until it reaches the maximum value of 908 at ls
Ž .l sy2y . At this point as2 rs` , and thep r2

molecule is dissociated. Including the ´
X and s

X

terms in the energy surface shifts the critical points
and the values of E and a at l , but otherwise the0 0 0

main features of the shape-phase diagram in Fig. 1
are maintained.

Interestingly, a shape-phase transition is also pos-
Ž .sible in the case of a minimal O 4 dynamical12

symmetry, i.e., when ´
X ss

X sl s0. In this case,3

l drives the shape transition and a phase diagram4

similar to Fig. 1 is obtained when l is within the4

critical points, y2k -l -yk . Note that the12 4 12

energy of the bending mode in the linear phase is
Ž .given exactly by 2 N k ql , which vanishes at12 4

the critical point as it should. In realistic applications
w x16 , l is determined from the difference of the4

symmetric and antisymmetric stretching energies, and
typically it is positive and smaller than k . There-12

fore, a realistic description of bent XY molecules2
Ž .within the O 4 dynamical symmetry does not12

appear to be feasible.
Ž . Ž .Inclusion of the U 3 terms specifically l avoids3

this problem, in that one can fix l from the energy4

difference and use l to drive the shape transition.3

The l term has a small effect on the stretching3

energies but it has a relatively large contribution to
the bending energy. In the linear phase, the bending

Ž . Ž .energy is given by 2 N k ql ql r2 sN yql12 4 3

to leading order in N. Thus, the bending energy
again vanishes at the critical point l syy .0

The above study indicates that shapes in triatomic
molecules are mainly determined by the dipole and
Majorana interactions, while the other terms based
on the n operator play a small, perturbative role.ˆ p

Thus, to get the main features of shape-phase transi-
tions in XYZ molecules, one can set ´

X ss ss si i 12
Ž .0 in the energy surface 8 . Then one sees from Eqs.

Ž . Ž .12 and 13 that the solutions for us0 and p are
trivially given by a sa s1 with the corresponding1 2

energies

2 2E sy N k qN k qN N k ,0 1 1 2 2 1 2 12
31Ž .

2 2E sy N k qN k yN N k ql .Ž .p 1 1 2 2 1 2 12 4

The mean field expressions for the bent solution are
slightly more complicated

8 N k ly N y 2 q l2 y l2Ž .2 2 1 3 42 2a s1q y y l ,Ž .1u 22 2 2 2N 64k k l y y q l y lŽ .1 1 2 3 4

8 N k ly N y 2 q l2 y l2Ž .1 1 2 3 42 2a s1q y y l ,Ž .2u 22 2 2 2N 64k k l y y q l y lŽ .2 1 2 3 4

1r2Ž .Ž .y 2y a 2y a1u 2u
cos u sy , 32Ž .

l a a1u 2u
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with the bent energy given by

E syN 2k a 2ya yN 2k a 2yaŽ . Ž .u 1 1 1u 1u 2 2 2u 2u

2N N y1 2
q 2ya 2yaŽ . Ž .1u 2u4 l

q l yl a a q2l a qa . 33Ž . Ž . Ž .3 4 1u 2u 4 1u 2u

An analysis of the three extremum points similar to
the XY case above shows that the critical point for2

the linear to bent shape transition is still given by
l syy , and a shape-phase diagram similar to Fig.0

1 follows.
In conclusion, we have obtained analytical solu-

tions in a mean field study of triatomic molecules in
the vibron model, which clarified the phase transition
from linear to bent shape. The shape of triatomic
molecules is determined from the competition be-
tween the dipole and Majorana interactions. The
Ž .U 3 Majorana interaction especially plays a critical

role in obtaining a bent molecule, while the other
interactions in the Hamiltonian are found to play a
marginal role. Details of the mean field analysis of
shapes in the general case, as well as applications to
bent triatomic molecules, will be presented in a
longer article.
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