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Lecture 9

Non-degenerate perturbation theory;
Example: quantum harmonic oscillator.




Weakly interacting systems

Consider a non-degenerate interacting system: EX)
H=H = /1 H, . complicating
. 0 T 1 interactions E(g)
simple dimensionless »
System parameter E(;? )
We want to find all of the eigenstates: £©
2
Hly,) = E,|w,) o
l

Idea: suppose A is small and expand as a power series:
bare system is solvable H, | ¢’/(10)> — E,go) | ¢IEO)>

E =E9 4+ 1EWD 4+ }2E@ |,

energies and wave function
depend smoothly on A.

[y = 14) + A1) + 22| 7Y + ...



Matching term by term

Plug in the series expansion ansatz and define separate equations term by term:

Hly,) = (Hy + AH)) |y,)
= (Hy+ AH)(14,”) + 21 ,7) + 22147 + ..)
= (EP) + AED + 2EP + . )19 + Al @) + 22| 82) + ..)

Hol ") = E;” 1 ¢,) Order 19

HO I Qbr(ll)) 5 Hl | gbr(z())) - E;g()) ‘ §br(ll)> = E,/(ll) ‘ ¢7(10)> Order Al

Hy| ) + H, | p) = EQ | o) + EV Y + EP | Y Order 22



First-order energy shift

Take the inner product with the zeroth-order eigenstates to derive:

Hylo\") + H | D)y = EV | pDY + EV | D) Use nth eigenstate
(0 1 Hol ) + (" | Hy | §,7) = EXX, 1 60) + E(y | )

(0" 1 Hy = ¢y | E,” (b1 #0”) =6,

> ED=(¢0H, |4



First-order correction to the eigenstates

Take the inner product with the zeroth-order eigenstates to derive:

Hylo\") + H | D)y = EV | pDY + EV | D) Use kth eigenstate, k = n.

(O | Hyl D) + (@0 | Hy | 98"y = ED (| p50) + ESV (9P | 97)
(¢, |1 Hy = (¢, | E,” (8 160”) = Bu
EV00 00y + (00 1H 167y = E X &)

(1 H1¢,”)

— (O HD #



First-order correction to the eigenstates

Now expand in the zeroth-order basis:

Hylo\") + H | D)y = EV | pDY + EV | D) Use kth eigenstate, k = n.

| gb;ll)) == ( Z | ¢I§O)><¢]§O) | ) | ¢r(zl)> Insert resolution of identity.
k

= ‘ ¢]§O)><¢]§O) ‘ ¢;§1)> T Z ‘ ¢;§O)><¢]§O) ‘ ¢r(zl)> Isolate term k.

k#n

(0) (0)
= | pON PO [ D) + Z (@ | Hy | p,”)

EO _ O

‘ ¢ l§0)> Follows from earlier.



First-order correction to the eigenstates

What about (¢”14,”)?  Use normalization condition:
—

1 = (g, lw,) = (@216 + A({(@V | Y o) + 0%

= (qb,fto) | qb,,(ll)) —4a .- areal

Therefore:
) = 109 +iadl 6@ + 2 ¥ 160N 1 D) + 0(32)
k#n
= ¢P) +1 ) 180K 18) + 00D (¢ = 1 +iad+ 00D
/ k#n
Re-phase to a = 0: oot

= B0y =0 (DD H, | D)

— I ) (0)
= 1y =160 +2 ), 162 FO _ O

k#n

+ O(1?%)



Second-order energies

The second order energies follow from similar considerations:

Hold®) + Hy 1) = O 16®) + EL 141) + EP 1 4”)

Take the overlap with the zeroth-order eigenstate:

cancels =
(G THARD) + (7 Hi | 40) = EPRERAGY) + EXGDT8) + BN 14,7)

cancels

Now plug in the first-order
0 1 2
o <¢;§ ; | H | 45;2 )> = Er(l ) corrected eigenstates to get:

(0) (0)\ |2

0) _ 10
iy i

In general, computing the nth order energy shift requires knowing
the (n-1)th order corrections to the energy.



Example: perturbed harmonic oscillator

Consider a charged particle in a 1D harmonic potential, and an applied electric
field that leads to a linear potential term:

pe |
= 2 +—m2a)2fcz H1=—Q‘E‘)%
2

1
L e v L
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The unperturbed energies and states are simply:

1
Bl <n+5) he - o) = 1o

Now recall the harmonic oscillator raising and lowering operators:

fc—\/ 7 @+ a'\ln) =y/n+1|n+1)
alny=+/nln-1)

2mo



Example: perturbed harmonic oscillator

The first order energy corrections are: E\"” = (¢\” | H, | p")

E,(ll)= (n\Hl\n)oc(n\(&+cAlT)\n) =\/Z(n\n—1)+\/n+1(n\n+1) = {)

(| H, | pD)|?
Efgo) = EIEO)

We have to go to second order to see an effect: E = )

k#n
Introduce: . \/ hq? |E ‘2

2maw

ED =), (k| = C@+aHm) > _ C*  [Vnlkln=1) +v/n+ Ik|n+1) 7

(n — k)hw T ho (n — k)

k#n k#n
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Example: perturbed harmonic oscillator

Thus the total corrected energies to second order are:

1 g*|E|’
E=|n+—)low
5. 2mw?

We can check explicitly the accuracy in this case by completing the square:

V)
|
A R T
)
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= pyzc it QZ‘E‘Z QZ‘E‘Z
= +~—=hnw " r— =

2 mw? 2mm?

The eigenstates are just translated copies of the original number states.



