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Spin-orbit coupling;
Fine structure of Hydrogen.




A quick recap

Suppose a complicated Hamiltonian splits into two pieces,

and that an eigenspace of Hp with energy E is degenerate with N states.
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Then the first order corrections to the eigenstates and eigenvalues are found by
diagonalizing the perturbing Hamiltonian:
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Perturbations will in general break the degeneracy.



Spin-orbit coupling

Moving charges generate currents, and hence magnetic fields:

Biot-Savart Law
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In the electron’s rest frame: B — v = p/m, = electron velocity in proton rest frame
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This B-field will couple to the electron spin:

o ge _ZeV Xr Z€2 g =2 is the Landé g factor,
i = H B S e D relating the spin and magnetic
Zmec Cr 3 mgc 2 r 3 moment of an electron.

This argument ignores relativistic effects. A complete treatment includes an
effect called Thomas precession and gives the spin-orbit Hamiltonian:

H SO —— S - L It’s a natural dipole coupling term.



Spin-orbit coupling

We will consider the spin-orbit interaction as a perturbation that will split the
degenerate states of a hydrogen atom. To that end, define:

| ,m,s,m) = |lm)®|s,m;) [L,S]=0 &= % for an electron

S*|s,m) = s(s + DA*|s,m.) S.|s,my) =m|s, my)

J == L - S orbital + spin = total angular momentum

To do degenerate perturbation theory, we must diagonalize:



T'otal angular momentum is conserved

Total ] and |, also give good quantum numbers for Hso:

J=S+L etz S LIS |
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Explicitly: [JZ’ i B [LZ = SZ’ LxSx e LySy -+ LZSZ]
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= ihL,S, — ihL.S, + ihL.S, — ihL.S, = 0

Note: [LZ’ H SO] ?é 0 : [SZ’ H SO] ?é 0 Som and z are not separately good quantum numbers anymore!

We conclude that s, [, j and mj = m; + m; are all good quantum numbers for Hso.



Degenerate perturbation theory tor Hsp

There are now 2n2 degenerate states for each n (due to electron spin). We can
again use symmetry to our advantage to diagonalize in each subspace.

Since [ is still a good quantum number, we can solve for each value of [ separately.

‘ l, my, S, mS) —— ‘], mj> Suppress [ and s in this notation. — 1 , M, = il
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Original Symmetry-adapted

unperturbed eigenbasis Electrons have spin 1/2

eigenbasis

Of the original eigenstates, which can possibly contribute as a linear
combination of the new eigenstates? At most two states are consistent:

. 1 P ol .
| J; mz+§> =all,m, 5,5) + b |, m + 1,3,—3) Set b = 0 if my = 1.
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mj == (ml) + (3) == (ml 55 1) i (— E) Adding other states would violate conservation of J..



Matrix elements for Ao

What are the matrix elements (x| Hso | 1) of Hso in this basis?

s=l 1 1

Order the original basis as follows: |)(1> — ‘ l, ml, 5, 5 2 |){2> — ‘ l, ml -+ 1,5,—5
Rewrite in terms of raising and lowering operators:

2Nl — 1 _|_S_ c B o 2LZSZ Easily verified from definitions.

Matrix elements are now straightforward to calculate. Example:

e 1]
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g i
z e
— <l, ml, E, E ‘ 2LZSZ ‘ l’ ml’ 3, E
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Kigenvalues

The matrix in this basis (for fixed [, n) is:

m, VIA+ 1) —my(my + 1)
VI + 1) —my(m;+ 1) —(m; + 1)

2S-L—>h2[

Diagonalizing this gives us the new eigenstates and eigenvalues.

Eigenvalues: For consistency, use:
th=(+ D) =253 5 |
Two choices: S A5

[ Total angular momentum
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Figenvectors

The eigenvectors are as follows:

-k 1

Recall: m; = mz"‘%»j = li%, ) = 1Ly, 5 2 3 ) = |1, my+ 1,3,—3
Eigenstates are:
l+m]+— [ Fm, _|__
U"‘zamj) =\ 1 1) "'\ 1 > 1)
Expressed in terms of 1, we find:
) = 1hm=55.5), L) =1Lmt+s, 5~

As in the Stark effect, the new energy eigenstates will now have distinct energies.



Energy corrections

The final step is to compute the corrections to the energy at 1st order:
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