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Abstract

Forces acting on a non-stationary medium in the presence of a high-frequency electrostatic field include the ponderomotive
force, the dissipative force (taking into account the slow non-stationarity of the system), and the force due to the full change
of the field momentum. For the fields of normal modes (propagating waves), only the ponderomotive force acts on the

medium.

Electromagnetic properties of a non-stationary
medium are interesting for many applications to plas-
mas as well as optics and condensed matter physics.
Forces acting on the medium due to the presence of
electric and magnetic fields are closely connected
with energy and momentum densities of the fields
[1-4]. Although the corresponding expressions in a
stationary dispersive medium are well known [1,2],
the problem for a time-dependent medium is less
trivial. The main point is that in a (weakly) time-
dependent transparent medium an imaginary part of
the dielectric function appears [1,5] which depends
on the slow time scale. In a closed system, waves
propagate adiabatically, conserving the wave action
(number of quanta) [3,5]. The conservation of the
quanta number is connecied with the slow time evo-
lution of the system thus determining its scale [6].
In contrast, the slow time scale in open systems is in
general indefinite and depends on the nature of the
energy exchange with external sources and sinks. For
forces acting on the medium in the presence of high-
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frequency fields, we can expect a similar situation.

To find the ponderomotive force, the macroscopic
[1,5,7-9] as well as microscopic (based on concrete
microscopic e.g. plasma models, see Refs. [9-14])
consideration can be used. In this Letter, we employ
the macroscopic approach based on general theory
of electrodynamics of a continuous fiuid-like medium
with linear dependence of its susceptibility on den-
sity. We demonstrate that, generally, a high-frequency
electrostatic field in a non-stationary medium creates
three types of forces (see also Ref. [11]): the pon-
deromotive force, the dissipative force (which can in-
clude terms because of the medium nonstationarity),
and, finally, the force due to the change of the field
momentum. We find that for normal modes, the gen-
eral macroscopic consideration is sufficient to estab-
lish that only the ponderomotive force acts on the
medium. Moreover, although for arbitrary fields act-
ing in open systems the general approach lacks a de-
talization necessary to establish the scale of the slow
time evolution, we demonstrate that even in this case
the full force can be written in a form similar to that
for propagating waves.
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We invoke the geometrical optics approximation
when the electrostatic field amplitude is written as

E(t,r)= %/ (;:)3E,,(t) exp (ik-r) +cc.

dk  k
_1 x o .
=3 (27T)3|k|Ek(t)exp(1k r)+c.c.
dk k&
=1 __E(a)
1) 2 k| v (1)
1
xexp(—i/w(t’)dt'+ik~r> +cc. (nH

In the linear approximation, the general relationship
(allowing for causality) between the spatial Fourier
components of the charge density pg(?), polarization
density Px(t), and electric field Ex(¢), is given by

pr(t) = Pe(1) ik - Ex (1)

[ dr. N
= / 2_["k|Pk(tsf)Ek(t ). (2)
T

— O

Here, we note that the conjugate charge density p*
contains the polarization operator P* adjoint to #; as
was demonstrated in Ref. [11], in a Vlasov plasma,
the adjoint operator P* corresponds to reversion of
time in the Vlasov equation.

The averaged over the high frequency w(r) force
acting on the medium is defined by a variation of the
free energy [1],

=fo+ fe (3)

where 8Fg is the change of the free energy of the
medium in the absence of electric fields and 8F¢ is
the change of the free energy because of the fields.
The spatial Fourier component of the force f (be-
low we omit the subscript E since only this part of
(3) will be considered) for a fluid-like homogeneous
medium (i.e. we allow for a weak inhomogeneity of
the field amplitude only) with linear dependence of
its susceptibility on density can be written as

fi(t) = (pE)x (1) — V(E - PE);(1). (4)

For the concrete model of plasma collisionless hydro-
dynamics, this expression coincides with Eq. (4) of
Ref. [14] written for electrostatic waves. Note that

the last term on the right-hand side of Eq. (4) was not
taken into account in Ref. [11].

In a stationary system, the medium polarization Py
depends only on ¢t — ¢’ If the parameters of the system
change sufficiently slow comparing with the charac-
teristic period of oscillations, Py is a rapidly changing
function of 7 =¢ — ¢’ and a slowly changing function
of another argument which depends linearly on 7 and
can be written in the most general form as t — ar,
where « is a constant. Thus we have
P (T, 1)

a

Pi(t,) = Pi(7,t) — ar (5)

Since the work [5], it is customary to assume a =
1/2. However, on this stage the choice of the second
argument in the form of 7/2 is in fact arbitrary. In this
situation, the authors of Ref. [ 15] concluded that the
magnitude of the imaginary part of the dielectric func-
tion due to the system’s nonstationarity depends on the
model used to describe the system. However, it is pos-
sible to demonstrate [6] that in general the “effective”
slow time scale of a closed system always (i.e. inde-
pendently of internal processes in the system) corre-
sponds to @ = 1/2, thus ensuring the conservation of
the total energy and wave action (number of quanta).
For an open system, the effective time scale is deter-
mined by the energy exchange with external sources
and sinks, and therefore no general answer can be
provided. Below, we demonstrate that the slow time
scale is irrelevant in calculating the full force acting
on the time-dependent medium, i.e. the final result can
be written in a similar form without time derivatives
of the slowly changing quantities such as amplitudes
and (high) frequencies of the electric fields and the
medium characteristics.

We note, however, that the above irrelevance does
not mean that the slow time evolution does not af-
fect the physical result. In the case of propagating
waves, the slow time dependence is contained in the
wave amplitude which satisfies the dispersion equa-
tion. The dispersion relation connects the (slow) time
evolution of the field amplitude with the change of
the wave eigenfrequency as well as with the change
of the medium parameters. In the case of non-wave
fields when there is no dispersion relation, the result-
ing full force still can be written in the similar form
using Poisson equation with the (external) charges
generating the field. In this case, the time evolution
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of the amplitude and frequency of the electric field as
well as the time scale of the medium parameters also
depend on the external sources.

In Eq. (2), we expand the electric field amplitude
and phase in 7. We have

(a)
E&(t—1) ~ EQ (1) - o'?t(t) (6)
and
exp(—i/w(t')dt')
1
2
~ exp [iw(1)7] (1 - %a“;(t’)). (7)
Using Eq. (5), we thus find
ox(t,7) zi|k|/E<P<°>(t) EP (1)
’ 4 \ K k
0
PO ., IEN (1)
—m————*m ED (1) - P () —E—
= 7 po )‘?“’( )E“’(r))
xexp(iw(t)r— i/w(z’)dt’) +cc.
. (0)
~ ﬂ( PO (1) E(a)(t)+1a————a a( )E;“)(t)

P“”(r) IEy" (1)
dw ot
i 2P9 (1) dw (1
(1) da( )E;‘a)(t)
2 dw? at

!

X exp( /w(t )dt) +c.c., (8)

where
PY(1) = /;—;P,ﬁm(r,r) exp [iw(1) 7]. (9)
0

In Eq. (8), the partial time derivative applies only
to the time dependence of the polarization function

(i.e. with the fixed frequency ). Thus the full time
derivative of the polarization is given by

dPSY (1) _ aPSY (1) aPLY (1) dw (1)
dt at dw a

w=w(t)

(10)

Assuming in Eq. (8) slow spatial inhomogeneity of
the electric field amplitude (i.e. putting k — k —iV,
where | V| < |k, and spatial inhomogeneity is of the
order of the time nonstationarity), we can write

(pE)(t,r) = };(ikP;‘,P(t) |EX (1,

+ PO VIER (1,1)

PP |
~ ka2 — |E (1.0)?
PO FE® (t,r
—k kaw( )[E()(I ’.)]* ka(t )
k 2PV (1) dw(1)
-y R EY
P (D) o @ (g 2
+k——"(—97—~~V|Eka (t,r)|)+c.c. (11)

Together with the second term on the right-hand side
of Eq. (4) we obtain

fi(tr) = %(—P,ﬁ‘”(t) VIEX (t,r))?

+ikP (1) [EX (8. 1) )

—kaazgi?c)(t)lE{“)(t P
ka_PL(%(’_)[ EW (1, r)]*a (a;(tt,r)
’;————522“(’2)2(” 2 B ()P

+ k?_”%(_’) : V|E;j’)(t,r)|2> +c.c. (12)

Next, we introduce the medium dielectric permittivity
according to

P® (1) Ex(t,r) = [e“”(r) — 1]E(1,1),

(13)

and suppose that the imaginary part of the dielectric
function £ () is of the same (small) order as the
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corrections due to the medium non-stationarity. There-
fore (12) can be rewritten as

fk(t,r)=—[[Res(0)(t) 1IVIE® (1)

+2kImeQ (0 |EX (2, r)]?

3 Resl)) (1)
_ ! AN E(a) 2
+ (2a — Dk———2=Z B (1,7)]
d{ aRee Q) >

We see that the full expression (14) includes the
ponderomotive force (the first term on the right-hand
side), the dissipative force (the second and third
terms), as well as the rate of change of the momen-
tum of the field (the last term) which also accounts
for the momentum flow in space, i.e. the full time
derivative there is (in contrast to (10))

dNk(r,r) _ d (dReel} (1) £ 5
dt— dt dw B (1.1)]

3’Re 8(0) (1)
= —|El(‘ﬂ)(t’ r)|2

dwot
N dReelQ (1) I|EX (1,r) ]
w ot
9*Ree'l) (1) z?w(t)|E(a)(t "2
dw?
aR (O)I
—ejk O 1B (1P (15)

The terms with partial time derivatives of Eq. (14)
for & = 1 coincide with those found on the basis of
collisionless plasma hydrodynamics by the authors of
Ref. [14] (if we neglect the external magnetic field,
consider all electric fields as longitudinal and allow
for the slow time variation of their frequency w).

If the electric field corresponds to a normal mode
of the medium (i.e. w(t) = wg(t) is the solution of
a dispersion equation), Eq. (14) can be significantly
simplified. Indeed, the dispersion equation of the (lon-
gitudinal ) waves in a slowly nonstationary medium is

dR dr
D(t,r):'/(zﬂ_)}/ ( (1. R)

B EERN [ B ¢ r R
at k

-7

Xexp<~i/wk(t')dt'+ik-(r—R)) =

t

(16)

Using expansions (6) and (7), we obtain

Di(t,r) ~ [(Reefk(t) +ilmeu(?)

. iaaZResg})(z) i 3*Reel)) (1) dwi(1)
dwdt 2 dw? at
8Ree(0)(t) JE®™ (1,r) E® (1.r)
dw at kBT
w=wi (1)
=0. (17)
In the first approximation, we have
Ree!) (1) =0. (18)
w=w (1)

The approximation next to (18) gives us

| GEM(nr)  [3ReeD D\
EM(t,r) 0t dw

3*Res' (1)
dwadt

13*Res'y (1) dog (1)
2 dw? dt

X <Ime,,,k(z) +a

(19)

w=wy (1)

Therefore we see that Eq. (11) can be written as

(PEN(1) = —1— [Res(o)(t) NVIEX (1,r)?

_ (a) 2
= = VIE (t,r)| . (20)

Thus in the case of propagating waves only the pon-
deromotive force

£, r) = —[Res“”(t) 1VIE® (8,7)]?

_- (a) 2
= 16 V|E (t, r)| (21)
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really contributes to expression (14) for the full force.

If the electrostatic high-frequency field does not cor-
respond to any propagating wave, instead of disper-
sion Eq. (17) we have

ik - Di(t,r) =4mp(t,r), (22)

where pf*(t,r) is the external charge density ampli-
tude. Thus instead of (17) we have

a*Reel) (1
[Ej;’”(r,r) (Imemk(t) + o R (D

dwat
18?Ree'l (1) do(r)
2 dw? ot
N IReelD) (1) IEP (1, r)
w at wmelD)

4
=._l~,:_’l'p§’“(t,r)+iResfy(;c)(t)E,(‘a)(fJ’)‘ (23)

Moreover, {pE) in Eq. (4) should be changed to

(pE) — ((p+ p™)E). (24)

This corresponds to accounting for the work of exter-
nal sources (see Ref. [1], §15). Thus we finally find
that the full force acting on the system again can be
written as

@ (1,) = ——[Ree% (1) ~ 1IVIED (1,2
(25)

In summary, we demonstrated that the full force of
the high-frequency electrostatic field acting on a time-
dependent medium includes, in addition to the pon-
deromotive force, the dissipative force and force due to

change of the momentum of the wave. Because of the
dispersion relation, for fields of normal modes (propa-
gating waves) only the ponderomotive force (21) con-
taining the slow changing wave amplitudes actually
contributes to the full force. For non-wave fields, the
corresponding equation (25) contains also the slowly
changing dielectric permittivity of the nonstationary
medium.
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