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Abstract. Charged dust particles strongly affect collective processes in plasmas. Here we review
recent advances in the theoretical study of collective effects in dusty plasmas. In particular, we con-
sider processes of charging of dust by plasma currents, wave propagation and scattering, properties
of Alfvén waves, and discuss collective effects in plasma-dust crystals.

1. Introduction

A great deal of interest in studying the physics of dusty plasmas, whose con-
stituents are electrons, ions, and extremely heavy highly charged dust particles,
was primarily connected with an increasing worldwide effort to model DC, RF,
and microwave plasma discharge devices (where dusty particles grains appear nat-
urally, grow in size, and play a role as natural contaminants in the processes) used in
plasma-assisted materials processing for sputtering, deposition and implantation, to
produce materials such as diamond films and selective surfaces for solar collectors
(Selwyn et al., 1989, 1990). Another example of recent interest is the low tem-
perature edge plasma physics in nuclear fusion devices, where dust grains emitted
from walls may strongly influence anomalous transport properties (Benkadda et
al., 1995; Tsypin et al., 1997).

Dust grains are usually of micron and submicron size, negatively charged, with
many electrons collected on each particulate, and have a mass that is much larger
than the positive ion mass. The negative charge of the dust grains could be due
to different processes, such as due to bombardment by charged particles from sur-
rounding plasmas, ultraviolet irradiation, sputtering of energetic ions (Northrop,
1992; Allen, 1992). Since the dust particles are almost immediately electrically
charged being immersed in the ambient plasma, they must be coupled to each
other as well as the plasma via the electric and magnetic fields (Whipple et al.,
1985). The presence of chaotically moving charged dust grains has been shown
to lead to considerable modification of plasma collective properties strongly af-
fecting dispersion relations and damping of the usual plasma waves, as well as
leading to specific oscillation modes associated with dust motion (Tsytovich and
Havnes, 1993; Vladimirov, 1994a; Melandsg et al., 1993; Cramer and Vladimirov,
1996a, 1996b; Vladimirov and Cramer, 1996). Interaction of dust particles with
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themselves is also naturally affected by their plasma environment and therefore by
plasma collective effects.

Dusty plasmas are also common in a variety of low-temperature plasmas in
space environments, such as the lower ionosphere of the Earth, planetary at-
mospheres, asteroid zones, nebulas, and cometary tails (Goertz, 1989; Mendis
and Rosenberg, 1994). Although in space physics research effects of dust grains
has been studied for many years (Spitzer, 1978), only recently the role of plasma
collective phenomena was recognized due to progress in experiments on comets,
planetary rings, and Earth’s environment (Northrop, 1992; Mendis and Rosenberg,
1994).

An exciting area of the most recent research is the plasma-dust crystal forma-
tion, theoretically predicted in (Ikezi, 1986). The success in creation of crystalline
dusty structures (Chu and I, 1994; Thomas et al., 1994; Hayashi and Tachibana,
1994; Melzer et al., 1994) in laboratory radio frequency discharge plasmas makes it
possible to study fundamental processes of phase transitions in a Coulomb system
of charged particles (Melzer et al., 1996a; Chiang and I, 1996; Thomas and Moffill,
1996), as well as opens new possibilities for formation of new materials from dust
with a big binding energy. Thus the Coulomb crystallization of dust grains in a
laboratory plasma holds great potential as a model system for studies of structure,
dynamics, and phase transitions in condensed matter (Melzer et al., 1996a; Chiang
and |, 1996; Thomas and Morfill, 1996). This makes the topic of dusty plasmas of
interest to a wide community of researchers.

The macroscopic lattices, named “dust-plasma crystals”, are made of highly
(negatively) charged particulates of micrometer size levitated in the sheath region
above a horizontal negatively biased electrode. The grains in the lattices strongly
interact via repulsive Coulomb forces, which is affected by ions and electrons of
surrounding plasma. The patrticle system crystallizes when the interaction potential
far exceeds their thermal energy (Ikezi, 1986).

Although the dust-plasma crystal systems are generally three-dimensional, in
the most experiments the charged particles are located just in few layers above the
horizontal electrode, where gravity is balanced by the sheath electric field. These
layers act mainly as two-dimensional systems, with limited out-of-plane particle
motion (Thomas and Morfill, 1996; Quinn et al., 1996). On the other hand, it
was demonstrated that aligning of dust grains from different layers in the vertical
plane is strongly connected with plasma collective mechanisms, namely, with the
presence of super-sonic ions flowing towards the negative electrode (Vladimirov
and Nambu, 1995; Vladimirov and Ishihara, 1996). It was shown (Melandsg and
Goree, 1995; Ishihara and Vladimirov, 1997) that in otherwise uniform plasma, the
flow leaves a polarized oscillating wake potential behind a stationary dust particle,
with ions focussing to make the plasma potential positive in a local region. This
positive region attracts negative particles, promoting the vertical alignment clearly
observed experimentally (Melzer et al., 1996a; Chiang and I, 1996; Thomas and
Morfill, 1996).
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Theoretical studies of waves and instabilities in such dust-plasma crystal sys-
tems are just started (Melandsg, 1996; Vladimirov et al., 1997). At the same time,
an enhanced level of plasma oscillations has been reported in experiments on dusty
crystals (Chu et al., 1994; Praburam and Goree, 1996) thus allowing us to assume a
significant role of plasma collective phenomena in these strongly coupled systems.

Here, recent advances in the study of collective effects in dusty plasmas are
reviewed. The important point is that dust grains embedded in a plasma change its
collective properties considerably and cannot always be considered just as an addi-
tional ideal plasma component (when one can directly apply the known results for
multi-component plasmas), in particular, since the number of grains in the dust De-
bye sphere may sometimes be less than unity (Whipple et al., 1985). Moreover, the
charges on dust particles are not fixed in processes of their interactions with plasma
fields and other dust grains (Tsytovich and Havnes, 1993; Vladimirov, 1994a).
Indeed, the floating charges are mostly determined by plasma electron and ion
currents on the dust grains (Allen, 1992). The currents are naturally affected by the
interactions which lead to a change of dust charges in the interaction process. This
leads to qualitatively new effects (Tsytovich and Havnes, 1993; Vladimirov, 1994a,
1994b, 1994c, 1996), especially strong for low-frequency oscillations whose fre-
guencies are comparable to the charging frequency. Below, we discuss some of this
effects in more details.

Another important feature of dusty plasmas is that the presence of grains with
even constant charges can strongly modify the existing wave spectra; as an ex-
ample, we consider here modification of linear (Cramer and Vladimirov, 1996a)
and nonlinear (Vladimirov and Cramer, 1996) Alfvén waves as well as surface
Alfvén waves (Cramer and Vladimirov, 1996b) in a magnetized dusty plasma.
Finally, influence of plasma collective processes on arrangements and vibrations
of dust particles in the crystal-like Coulomb structures is considered. Note that the
wake potential formation which leads to the vertical alignment of dust grains in
the experiments, and, as a consequence, to quasi-two-dimensional features of the
structures (i.e., hexagonal arrangements) when the number of dust layers is not high
(the three-dimensional lattices corresponding to minimum of the potential energy
are body-centered-cubic or face-centered-cubic) can also affect the specific lattice
modes propagating in such systems.

2. Charging of a Dust Particle

Let us consider an unmagnetized plasma whose constituents are electrons, ions, and
massive staticg, = oo) negatively charged dust grains. The latter are assumed to
be point charges (i.e., their sizes are supposed to be much smaller than the effective
Debye radius., of the dusty plasma).

The basic charging equation is given by
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whereg is the charge residing on a dust grain, and the cutkemt the dust particle
is a sum of electron and ion plasma currents

1@) =Y [ eutuoutw. ayudv. @

Here, the subscriptt = e,i describes electrons or iong, and f, are the
corresponding charge and distribution function of plasma patrticles, respectively,
e. = —e; = —e, v = |V| is the absolute value of particle speedo, is the
charging cross-section (Spitzer, 1978):
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and, finally,m, is the mass of the plasma electrons or ions. The last inequality in
(3) gives restriction on particle charging velocities for electrons (we remind that we
consider the negatively charged dust particles, 4.e<, 0). Thus we see that only
sufficiently fast plasma electrons (which have enough energy to cross the potential
barrier) can charge the dust particles.

In the state of equilibrium, we have

1°9(Q) = IF%Q) + I7(Q) = 0, 4)

whereQ = —Z,e is the equilibrium charge of the dust particulate. The equilibrium
electron and ion currents are given by
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and
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Here,vr, = (T,/m4)Y? is the thermal velocityy, is the number density, arif,
is the corresponding temperature of plasma particles. Thus the equilibrium charge
can be found as a solution of the equation following from Equation (4):

2 2 2 2

Whe Z w, (T Z

P exp| — Chilp I L 7)
UTe aTe VT Te aTe

wherew,, = (4rnqe?/my)Y? is the plasma frequency (electron or ion).
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Furthermore, it is convenient to introduce the dimensionless variables

T; _ Zg€?

- aTl, ®)

For hydrogen plasmas, Equation (7) gives 25if t = 1andz ~ 1.9if t = 0.1.
Usually, Z, is of order 16—10, but the total negative charge on the dust particles

is close to (and does not exceed as a rule) the total charge of electrons. Thus, the
following dimensionless parameter is of order unity

Zang

n= ~ 1, 9)

e
wheren, is the dust density. However, more accurate calculations (which were
done for a dust cloud in a thermal plasma, see Havnes et al., 1984) give that the
following parameter is of order unity
T,
p=ld e K (10)

n, e? z

Whenz ~ 1, these two conditions coincide.
The charging dissipative process is characterized by the charging frequency

8I(q) 1 a)lz,ia
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Note that the charging frequency describes the process of charging of the dust par-
ticles for small deviations from the equilibrium; it naturally contains contributions
from both electrons and ions. To obtain the last expression on the right-hand side
of Equation (11), Equation (7) has been used. Comparison of the rate (11) with
the plasma collision frequencies (Tsypin et al., 1997; Tsytovich and Havnes, 1993)
demonstrates that this process can be the most important dissipative process for
dusty plasmas. For our purposes, the frequency characterizing the rate of capture
of plasma electrons by dust particleg is also interesting

eq ng T+2Z2
v = — o,vdV =v;P——
ed ne,/fee 1yt +z
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= 2 —exp| ———, 12
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wherew,o = (4rn.e?/m.)Y?, o = Zanao/n.o, andn.g andngg are, respec-
tively, the electron and dust densities at the initial moment. The latter expression
on the right-hand side of Equation (12) is used when studying wave amplification
processes in non-stationary dusty plasmas (Vladimirov, 1994c).
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3. Dielectric Permittivity of a Dusty Plasma

We introduce the distribution function of dust particles as (Vladimirov, 1994a)

fd:fd(qu’t)’ (13)

where the charge is the additional independent variable. The corresponding ki-
netic equation is given by (we remind that the dust particles have infinite masses
and, consequently,;, = 0)

ofy ad

RO IR =0. 14
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The state of equilibrium corresponds to the equilibrium distribution funcﬁf)?]
of charges on dust particles. We have

L[ e
0=~ [as (15)
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The kinetics of electrons and ions are described by usual distribution functions
o
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We assume that in the equilibrium state the electron and ion capture by the dust
is compensated by external sources and the equilibrium electron (ion) distribution
f.3is isotropic. Term with magnetic field has been neglected on the left-hand side
of Equation (16).

Presence of wave gives rise to small perturbations of the above distribution
functions

fa=f0+8f0,  fu= [+ 8f, (17)

where|df,;| < |f4] and|df,| < | f«|. Furthermore, we linearize kinetic equations
(14) and (16) with respect to these perturbations. Here, we note that, in principle,
the ionization process can either be perturbed fy(e.g., if the ionization is due
to electron impact) or can affect dust (e.qg., if the ionization is by radiation). For
simplicity, we exclude such possibilities in the present investigation.

Thus, we obtain for the dust particle distribution function

9814 d eq d eq
e + 9 [I7(q)dfa] + % [61(q)f;1=0, (18)
where

1(q) = I®%gq) + 81 (q), / 1%%(q) f,;%dq = 0,

5I(g) =) / dVey 0,8 . (19)
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The Fourier-component of the linear perturbation of the equilibrium charge on dust
particles is

1 e
50 = o f ¢8fudg = 1 f 19(q) f2%g, (20)

w + wdq 1+ ka
and that of the linear perturbation of the electron (ion) distribution function is given
by
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In Equations (20) and (21), the following notations have been used:
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Note thato, is also the step function on, which should be taken into account
by the same phase-space voluiig of integration overv as in integration of
expressions containing the charging cross-section (3).

To find the dielectric permittivity of longitudinal waves, we use Poisson equa-
tion. In the case of the thermal particle distributions and sufficiently high frequency
[w ~ Wpe > max(kvr,, vd , eq)] of the waves, we have the following approximate
expression (Vladimirov, 1994a)
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Therefore, the charging process leads to appearing of additional imaginary and real
parts in the high-frequency longitudinal dielectric permittivity. These additional
terms depend on relation between the charging frequency and electron plasma
frequency. For Langmuir waves, the damping due to the charging process is given
by
1 1 T+72
L~—Z 2 A= PQR4+7)—— " 27
Ya 3( +Z)ng 3 ( +Z)1+t+zvd (27)
For the transversal dielectric function we use Maxwell equations and find

_p2 eq eq 2
gl((ta)) ~ l+ 27T ea /dV{l—lvail)(v) _ [Uo(d(v)] } (k X V)Zf;q

22 2 2
w®k — My V7, w

2

. 5 eq eqy 2
— 1o [1 —iZ 2422 — JrzAl (U—> (28)
w 3 w

ed
w

which exactly coincides with expression (25) for the high-frequency longitudi-
nal dielectric permittivity. Equation (28) gives the following damping rate for
electromagnetic waves due to the charging effects on dust particles

1 w?
vt = =5 or @OV 29)
If the frequency of electromagnetic waves does not far exeggdvhen the phase
velocity is significantly influenced by the conduction current, the damping rate
(29) is of the order of the electron capture raj§ Note the real corrections to the
electron plasma frequency which are also effective for electromagnetic waves.

4. Wave Scattering

The usual Thomson scattering of a wave on a test particle of clyaegel mass
m takes place when the incident wave causes patrticle oscillation in its field. The
scattered power in this case is proportionakito?, and because of the very large
mass of the dust particle, the effect decreases despite the large charge residing
on the dust particle. Thus because of the large masses of dust grains comparing
with masses of electrons and ions, the wave scattering on the plasma particles
forming their Debye spheres can dominate over the Thomson scattering on the
the test “bare” dust grain.

To find the scattering of electromagnetic waves on a dust particle, we use the
procedure elaborated in (Vladimirov, 1994b). In particular, the scattering cross-
section is given by

o2
1 Zi
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o =0 o | Ak (14008 0) T2 s (00— Jof +k22).(30)
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whereo ! is the cross-section of the Thomson scattering,

4
T_87T e

ol =22 —
203"
3 msc

(31)

c is the light speed® is the angle between incident and scattered waves, subscript
0 corresponds to the incident wave with frequengy = (w3, + k5c»)'/?, and

Zl‘fff = Q/e is Fourier component of the “effective charge” residing on the dust
particle. In the linear approximation, the effective charge is given by

(e)
~1
zef = 7,5 — = (32)
ex

where —Z,e, as elsewhere in this paper, is the equilibrium charge of the dust
particle, and

g = slie) + el((i) -1 (33)

is the complete static dielectric permittivity (i.e,(f) corresponds to the dielectric
function ofa plasma component) taking into account perturbations of the charging
process.

Using the kinetic theory introduced above, we obtain in the static approximation

1 1++7 T+2
weo=1 1+P—" F), 34
Fho=0 + k22, T ( + 147472 k) (34)

whereip, = vr./wp. is the electron Debye length and the formfactqy, is
defined by

1+ Tkw=o

= . 35
1+ Gkw-o (35)

k

In this equation, the factagy,, is given by Equation (23) and

—ieqo vfal
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We see that the charging process leads to appearing of the additional real part
in the static longitudinal dielectric permittivity. In particular, this additional term
depends on the parametRr Note also that the factor before the functiBpin the
right-hand side of Equation (34) is exactly equabiy/v5", see Equation (12).

In the case of thermal particle distributions and static longitudinal perturbations
[0 < max(kvry, v5% veD)], we have the following expressions:

Do = 2140 | 7 1 e f " dxete (37)
k,w=0 Pk vri T+ 2 T J1 ’
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and
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Therefore, for the electron part of the longitudinal dielectric permittivity, which is
present in Equation (32), we can easily obtain [29]

1 T4z
(e)
14— (1+P—""% R). 39
Fkw=0 +k2k%e( LR e k) (39)

Finally, for the effective charge (32) we find

1 k25,2 -
Zeff=Z 1 - De
“ d( +r+1+PFk<r+z)/<1+r+z))

(40)

Thus, we have found that the effective cross-section of scattering of electromag-

netic waves on a dust particle depends not only on the scattering paramtetgr 1

but also on the parameters characterizing the charging process, in paricular
Finally, we note that here, for the sake of simplicity, we presented only the linear

theory of the scattering on the isolated dust grain. In general, nonlinear effects

can be important for the process. Some of these effects (although not taking into

account dust charge fluctuations) have been considered in (Tsytovich, 1992).

5. Alfvén Waves in a Magnetized Dusty Plasma

We consider here the influence on the dispersion properties of Alfvén waves of
the collection of electrons and ions from the background plasma by the charged
grains. This affects the equilibrium state when the electron and ion charge balance
necessarily includes the charge and density of the particulates

—en, +en; — Zgeny = 0. (42)

For many dusty plasmas, an appreciable proportion of the negative charge in the
plasma may reside on the dust particles. In that case the dispersion properties of
Alfvén in the plasma are strongly modified by the dust, because the ion Hall current
is not compensated by the electron Hall current at low frequencies as well as at
frequencies comparable with the ion-cyclotron frequency, so that ion cyclotron
effects extend to frequencies much less than the ion-cyclotron frequency (Cramer
and Vladimirov, 1996a; Vladimirov and Cramer, 1996). The waves at frequencies
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comparable to the ion-cyclotron frequency are also circularly polarized modes,
as in the dust-free case. The Alfvén resonance (Cramer and Vladimirov, 1996a)
is strongly modified in the presence of dust grains because of the imbalance of
electron and ion charges.

We invoke the standard two-fluid MHD model which includes the fluid momen-
tum equations for the plasma (singly charged cold) ions and (inertialess) electrons,
the ion continuity equation, as well as Maxwell's equations ignoring the displace-
ment current. The background magnetic fiBlgis in thez-direction, and the dust
grains have infinite masses (we thus exclude dust dynamics from consideration).
Furthermore, we introduce the parametee n./n; which measures the charge
imbalance in the plasma. The total system is supposed to be neutral with the
remainder of the charge residing on the dust particles according to Equation (41).

The starting equations are Euler equations for the ion and electron velocities
v; andv,, Maxwell equations for the wave electric fiettland magnetic field
(the latter also includes the background fiBlg}, and continuity equations for the
ion and electron densitieg andn,.. The electron inertia is neglected. In the one-
dimensional case (being interested in evolution parallel to the external magnetic
field), we introduce the right(left)-circularly polarized magnetic field components
B, = B, +iB, and find

ddij ::FiQi¥ (UzBi—Ui)+Z—§ % (44)
W 2220 1By - ;; (B, (45)

where the right(left)-circularly polarized velocity component has been introduced
analogously to the magnetic field component: = v, £ iv,. In Equations (42—
45), we have introduced the dimensionless magnetic field amplitude normalized
asB = B/Bg, whereBy = |Bg|, and omitted the subscriptfor the ion velocity.
Furthermorep = m;n;/pq is the normalized density of the ion component of the
plasma, wherey = m;n;q andn;q corresponds to the equilibrium ion concentra-
tion, ; = eBo/m; is the ion gyrofrequency, angy, = (B3/uopo)Y/? is the Alfvén
velocity.

Linearizing Equations (42—-45) with respect to the wave magnetic field, we find

32 1-8 8 v§ 92 i 93 )
— FiQ— —— = — i B =0, 46
( ' 277Qi80 01022) (46)
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wheredy = n.o/n;o measures the unperturbed electron and ion number density
imbalance. First, we consider the case

1-6
kg € Q———= < 2, 47
4 V21 + 8p) 1)
(region A) and find the following approximate solutions:
kv k%v?
1 = ~ Qm 1 4/4 5 =S ~ 4 ) 48
W_1 = WHF [ + 1 80)2521-2:| Wyl =OLF 7(1 EyRYey (48)
where
1-6
Q= —. (49)
o
If we consider the higher wavenumber range defined by
1-60
Qe < kvy < Q;, 50
20+o0) 0

(region B) then we obtain

[1+60 k?v?
wHF,LF:kvA > Oi?(l—80+ QZA)' (51)

1

i.e. an almost linear dispersion relation, with a displacement in frequency due to
the charge imbalance and ion cyclotron dispersion, of opposite sign for the two
modes.

The linear electromagnetic modes do not involve perturbationsafv,. Fur-
thermore, the fluctuations ip and v, are assumed to be of small amplitude [of
order|B.|? from Equation (45)], so we can linearize Equations (42—45) in these
quantities and find

o [0By . ivd 32By
— | —=FiQ, B+ —4
at[ or TR ES Q022
0 iviAp 0BL v,BL viAp
Jraz(]F o 9z | s | 5
1 9
= 8_0 8_Z2 (Ui Bi — UZUi) . (52)

The higher frequency mode is assumed to propagate at a frequency close to
Q,,, so that we introduce the envelope amplitudes of the wave magnetic field and
ion velocity perturbations aB_; = b1 exp(—i2,,¢) andv_; = vy exXp(—iQ,,1).
Retaining the largest dispersion and nonlinear terms, we thus find

0by N va3 9%y 1480 d(v.by)
11— l
85, 022 8o 9z

+ Q. Apby = 0. (53)
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For the parallel component of the ion velocity perturbation, we have

dv, iQm o V5 0(b1)
? = — 2 (Ulbl — Ulbl) — TSO aZ .
Equations (53) and (54), together with the linearized continuity equation (42), form
the set of equations describing evolution of the higher frequency mode amplitude.

For the lower frequency mode, we find that the nonlinear contribution in the
approximation used is negligible containing high orders of field derivatives. We
also should mention that for the lower-frequency mode, the dust dynamics can be
of large importance, so that the starting equations should be modified to include
dust dynamic terms. For the range of wavenumbers corresponding to the region B,
defined by Equation (50), the same method of stretched coordinates as used for the
dust-free case can be invoked. As a result, there are no qualitatively new features
comparing with the dust-free case, although in the resulting DNLS equation the
dispersion and nonlinear coefficients are affected by the presence of dust.

We now seek wave solutions of the weakly nonlinear equations for the higher
frequency mode of region A. We have the linear solution of Equations (53) and
(54) in the formb, = bigexp(—iQt +iKz) andvy = vigexp(—i 2t +iKz), where
bip andvg are constants, ard ~ K 2v§ /agszm is the dispersion correction to the
frequencys2,,. Furthermore, we allow for a slow dependence of the amplitéges
andvp, as well as their phas®, ont andz and consider a propagating solution
only, where all functions (including phases) dependosa z —vqt. In this case, for
substitution in Equation (54) we hawe(Z) = —é&qvob1(Z). This is an important
simplification which holds only under the assumption of the dependence of both
amplitudes and phase ¢h

Assuming that all perturbations vanishzat> +oo, we can write Equation (53)
in the form of a mixed DNLS—NLS equation

2

i+ D it (b + viba by = O (55)
where the coefficients ar® = v3/85Q,, 1 = (1 + 8o)vi/280v0, andv =
Q,,v4/265v5. Furthermore, separating the imaginary part we fikidz) =
(vo/2D) — (Bbeo/4D), andQ2(Z) = K(Z)vo. The equation for the real part of
(55) can be written as

by U (byo)

(54)

=— , 56
dz? db1o (56)
where the nonlinear potential is
V2 1% JIA) MZ
Ub) = =20+ (-—= - == ) b* b®. 57
® = 557+ (25~ 3p2) *' * 3302 ®7)

The potential (57) describes nonlinear conoidal waves; the corresponding solutions
can be written in terms of elliptic functions. Note that wher: vo/2D orv3 <
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(1 + 80)85v, a metastable equilibrium state withy # O appears. A separatrix
dividing the quasiperiodic oscillations in this case corresponds to a localized wave
packet. Also, we find that no solutions in the form of standard soliton solutions
occur if the conditions opposite to the above are applicable.

6. Formation of Dust Crystals

The possibility of formation of Coulomb quasilattices (lkezi, 1986) involving the
micro-meter sized highly charged dust particulates was first time demonstrated
experimentally in works (Chu and |, 1994; Thomas et al., 1994; Hayashi and
Tachibana, 1994; Metzer et al., 1994). In the experiments, the dust-crystal structure
is observed in the sheath region of a radio-frequency discharge plasma where there
is balance between the gravitational and electrostatic forces. The distance between
the dust grains is of order Debye lengtp.

It is well known that in the sheath region strong ion flow is established; ac-
cording to the Bohm criterion the speed of the flow exceeds the ion acoustic
velocity (Vladimirov and Nambu, 1995; Vladimirov and Ishihara, 1996). The drag
force on a test particle in a plasma with finite flows necessarily includes collec-
tive effects. It was shown that if the speed of the flow exceeds the velocity of
ion oscillations in the flow, an oscillating stationary wake is formed behind the
static test particle (Vladimirov and Nambu, 1995; Vladimirov and Ishihara, 1996;
Melandsg and Goree, 1995; Ishihara and Vladimirov, 1997). The effect is similar
to the Cooper pairing of electrons in superconductors, and was earlier studied, e.g.,
for two-component electron-ion plasmas (Nambu and Akama, 1985). We note that
the collective mechanism can be responsible for the oscillatory potential in the
direction parallel (Vladimirov and Nambu, 1995; Ishihara and Vladimirov, 1997)
as well as perpendicular (Vladimirov and Ishihara, 1996; Ishihara and Vladimirov,
1997) to the flow, and the attraction due to the wake potential can overcome the
static Coulomb repulsion. The characteristic spacing in this case is of order Debye
lengthip in agreement with the experiments.

We consider the cylindrical geometry, ¢, z); the plasma ion flow is in the
—z-direction with velocityv;o. The test dust particle of the chargkis placed on
the position(0, 0). Furthermore, we calculate the potential behind the test particle
downstream the flow within the wake cong: > pv M2 — 1, whereM = v;o/v; is
the Mach number and = (7,n;/m;n.)*? is the sound velocity. Note that because
we are interested in static dust particulates placed in the ion flow, the Cherenkov
angle depends only on the speed of the flow. The static Coulomb repulsion between
the dust particles is strong if the distance between them is less than the Debye
length. Here, we note that the main contribution to the effective Debye length
in a typical discharge conditions Chu and I, 1994; Thomas et al., 1994; Hayashi
and Tachibana, 1994; Melzer et al., 1994, 1996a; Chiang and I, 1996) is due to
the plasma electrons;, = Ap, = (7, /47n.e?)/?. Below, we are interested in the
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case where dust particles are subject to the Debye screening potential as well as the
wake potential which arises when the ion flow velocity exceeds the critical speed.
We write the electrostatic potential of the static dust particle as

B exp(ik - r)
e = Q/ankz e(K, —k;vi0)’ 58)

wherek = (k, k,). The dielectric response function of the plasma in the presence
of the finite ion flow with the speed (v, < vio < vr., Wherevy, = (T,/m,)*?

is the electron thermal velocity and, is the electron mass) is calculated under
condition

kvr; < |k viol < kvre, (59)

wherevy; = (T;/m;)*? is the ion thermal velocity]; is the ion temperature, and,
as we stated already, the flow is-Hx-direction. For the plasma dielectric response
function, we have

w2,

1
K, —k,vio) = 1 — r : 60
el =vio) +k2k§) (—kyvi0 +i0)2 (60)

wherew,; = (4rn;e?/m;)*/? is the ion plasma frequency. Note the imaginary part

+i0 (appearing due to causality) which is important when integrating/gver
Furthermore, we separate in Equation (58) (using the inverse of function (60))

the static Debye and oscillating wake potentials and obtain outside the Mach cone

D(r) = dp(r), (61)
where
@) = expiirl/1n) (62)

and inside the Mach cone
D(r) = Dy (r), (63)

where @y, (r) involves the collective effects caused by the oscillations in the ion
flow:

k%122 explik - 1)

Pw() = Q/ w2k? (14 k22 5)[(—k:vio + i0)% — wf] o

Here,wx = kv,/(1 + k?12))Y2 is the characteristic frequency of the oscillations

in the flow; it naturally appears when we equal to zero the plasma response func-
tion (60). The potential (64) describes the strong resonant interaction between the
oscillations in the ion flow and the test particulate wiemn;q| is close tow.
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In dimensionless units normalized by the inverse of the Debye length, we can
write Equation (64) as
0 dk.dk, Kk? expik - r/Ap)

d) r) = ’
VO =T0ME | T2x THR [k — 107 + KiK. — 107 — k2]

(65)

wherek? = kZ + k7 andk§, = (1 — M2+ k2)/2+ [KIM 2+ (1 — M %+
k2)2/41%2. Note that the contribution from the polesiat= +iko provides the
non-oscillating part which modifies the static Debye shielding scale (62) in plasmas
with finite ion flows.

After integration ovek, in (65) we find

0 dk, k2 +k? explik,p cosp/Ap)
ApM? | 2mlky| K3+ k2 14Kk +k?

Oy (r) = sin(lk1z|/Ap). (66)

Taking into account the cylindrical symmetry of the wake cone, we obtain

+00
0 f kidk, k> + k% Jotkip/p)

_/\DMZO kol K2+ K2 1+ k2 + K2

Dy (p,27) = sin(lk1z|/Ap),  (67)

whereJp is the Bessel function of zero order.

It is difficult to find analytically the mathematically exact expression for the
potential (67). Thus, below we present an estimation to evaluate the asymptotic
behavior of the function. The main contribution to the integral (67) comes from
k, ~ 1. Then for the distance small in the perpendicular directtom, <« 1, and
for |z| > Ap+/M? — 1, the main contribution to the stationary wake potential is
given by

4: 2Codz|/Ly)

) =0~ — ————,
w(p 2) 2l 1o M2

(68)

whereL; = Ap+/ M2 — 1 is the effective length.

From Equation (68), we can conclude that the wake potential is attractive
for coq]z|/Ls;) < 0. On the other hand, for the distanpe> ip and|z| >
Ap~/ M2 — 1 we find the following approximate expression for the wake potential:

o) [ A
Py (p,z) 1_Mm-2 ﬁ

y { cod(/4) + (z—/*pvVM? — D] . cod(/4) — (z+/ApvVM? — 1]

Z— Z+

. (69)

wherezy = |z| £ pv/M?2 — 1 > 0 (we remind that the oscillating potential exists
only in the wake of the test particle, i.e., for< 0 and|z| > p+v/M2 — 1). Ob-
viously, this function oscillates as we changer z. Because oscillating potential
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(69) is proportional to the same dust particle chaggas the static Debye poten-

tial (62), and contains no screening exponential, there are regions in space which
correspond to the change of the effective potential sign and, hence, to the most
probable positions of the particulates. We stress that these regions are not only on
the linep = 0. The effective periodic spacing in the plane perpendicular to the
flow is of order Debye length; note that this can be seen not only from approximate
expression (69), but also from more exact formula (67).

Thus, we have demonstrated that collective effects can provide the oscillating
potential on the line as well as in the plane perpendicular to the direction of the
ion flow downstream the dust particle. Since in the experiments the most probable
effective spacing is of order Debye length (the estimation &2+-1.71p), we see
that the polygon structure can appear in plasma crystal formation. Indeed, because
the wake potential cannot change the sign of the effective potential at the distances
less than the.p, the dust particulates are not expected to be arranged with the
distances less than the Debye length. At the same time, the characteristic spacing
of the polar radius-vector in the plane perpendicular to the flow is also of order
Ap. Therefore, we can expect the particulates on the equal distances the
periphery of the circle of the radius of ordep. This may correspond to polygon
of order not higher than hexagon. Note that hexagonal structures were observed
practically in all the experiments on dust crystallization (Chu and I, 1994; Thomas
et al., 1994; Hayashi and Tachibana, 1994; Melzer et al., 1994, 1996a; Chiang and
[, 1996).

The proposed mechanism can provide a qualitative explanation of the arrange-
ment of particles downstream the test dust particulate. For quantitative picture,
it is necessary to calculate the potential of ensemble of dust particulates as well
as contribution of other factors such us gravitation, plasma inhomogeneity, etc.
Moreover, the regular arrangement of the particles in the first (with regard to the
ion flow) layer of the plasma crystal needs more investigations; we mention only
that if the regular quasicrystal structure is established in downstream layers, this
may also affect the arrangement of particles in the first layer.

7. Vibrational Lattice Modes in the Dust Crystals

The considered above dust-crystal structures are observed in the sheath region
where there is balance between the gravitational and electrostatic forces, and in
many experiments it consists of just a few layers of dust particles levitating above
the horizontal negatively biased electrode (Chu and I, 1994; Thomas et al., 1994;
Hayashi and Tachibana, 1994; Melzer et al., 1994, 1996a, 1996b; Chiang and I,
1996; Peters et al., 1996).

Recently, it was demonstrated (Melandsg, 1996; Vladimirov et al., 1997) that
lattice waves can propagate in the one-dimensional chain of strongly coupled dust
particles. The waves include motion of dust particles in horizontal direction (which
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is the simplest situation) (Melandsg, 1996) as well as in the vertical direction (when
the grain oscillations depend also on the shape of the external potential of the elec-
trode) (Vladimirov et al., 1997). Note that motion of the dust grains in the vertical
direction can provide a useful tool for determining the grain charge (Melzer et al.,
1996b; Peters et al., 1996).

We demonstrate here that oscillations of the dust grains in the vertical plane can
lead to a novel low-frequency mode. We note that excitation of this mode can also
be responsible for phase transitions in the system which are the subject of partic-
ular recent interest, see, e.g., (Thomas and Mofrfill, 1996; Quinn et al., 1996). The
mode is characterized by an optic-mode-like inverse dispersion (i.e., its frequency
decreases with the growing wave numbe®if <« 1 wherek is the wave number,
ro is the interparticle distance, and only nearest-neighbour interactions are taken
into account.

Consider vibrations of a one-dimensional horizontal chain of particulates of
equal mas3/ separated by the distangge We assume that the interaction potential
between particles can be approximated by the Debye law

P == exp(—L> . (70)

In addition to the electrostatic Debye shielded force, the gravitational fafge
and the sheath electrostatic forEg = Q E(z) act on the dust grains in the verti-
cal directionz. The balance of forces in the linear approximation with respect to
small perturbationsz of the equilibrium at; = 0 gives the equation for vertical
oscillations

dZSZ” Q2 —70/AD
dt2 = F € (1 + rO/)‘D)(Z(SZn - (Szn—l - (Szn-i-l) - Mg + Fe- (71)
0
Here
F,—Mg=—y68z,, (72)

wherey is a constant assuming linear variation of the sheath electric fieldizand

is the vertical deviation of a particle numberfrom its equilibrium position. We
note that although in general particles oscillate in the vertical as well as in hori-
zontal direction, in the linear approximation their transverse vibrations (which are
the subject of this study) and longitudinal vibrations are not coupled. Substituting
8z, = Aexp(—iwt + iknr,) into Equation (71) gives the dispersion of the vertical
oscillations

2 Y 4Q2

. kl’o
= g 7o/*n (1 Ap) SIF — . 73
w M M}"g ( + rO/ D) 2 ( )

We see that foik = O the characteristic frequency is given b} = y/M,
decreasing with growing wave number wheg <« 1.
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To estimate the effective width of the potential we)lwe consider the standard
model of the sheath (Vladimirov et al., 1997), which considers Boltzmann distrib-
uted electrons. For simplicity, we ignore the influence the dust grains may cause
on the field distribution in the sheath region. The ion continuity equation gives the
ion densityr; in terms of the density, in the plasma bulk

—1/2
ni(2) = no [1 - 26")(?} ,

m;vy,

(74)

whereuy is the speed of the ion flow towards the negatively charged electrgde,
is the ion mass, andl(z) is the sheath potential. From Poisson’s equation, we then
obtain

2 -1/2
COC) _ gremg |:exp(e¢(z)> = (1— 26‘“?) } . (75)

dZZ Te m; vy

This equation can be integrated once to give [applying the boundary conditions
E(00) = ¢(00) = 0]

2 2\ 1/2
E2(2) = 8mnoT, {exp(€¢T(Z)) —1+ % [(1 _20@) ”—2) - 1} } .(76)

e s Te U, 0

wherev? = T,/m; is the squared sound speed.
Linearizing Equation (76) with respect to small potential and field variations,
we find

A ngT, 2ecpo v2\ 77 es
sE ~ F0Te | o n (€00 _ (1 2P0l ¢ 77)
Eo T, T, & T,

where the electric fiel&, is atz = 0, and for the dust grains it is balanced by the
gravity

|QEo| = Mg. (78)

Now, we assume that the sheath electric field near the position of the dust grains
can be linearly approximated. Thus we find

2\ —1/2
e s [op((22) - (3 2e18) . ™

e T, Vg

and the effective width of the potential well is given by

2\ —1/2
y =4me|Qlng [exp(ef()) — (l— Zeqbov_;) :| . (80)

e Tg UO
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Equations (76) and (78) for the sheath potendiglin the equilibrium posi-
tion can be solved numerically. Wheiy <« T,, the characteristic frequency is
approximately given by

— v2/12
fo= 27'[ / s kvz/ 0) ~ 20 Hz (81)
D

where we assumet,, ~ (T,/4rnge?)Y2 ~ 2 x 1072 cm andv3/v2 ~ 1.5.

Thus, the vertical oscillations of a one-dimensional chain of dust grains levitat-
ing in the sheath field of a horizontal negatively biased electrode can give rise to
a specific low-frequency mode which is characterized by inverse optic-mode-like
dispersion when the wave lengths far exceed the intergrain distance. Excitation of
the mode may stimulate phase transitions in the system. We note that considering
the one dimensional chain we ignored the ion drag force which is not important in
this situation. However, for several layers of dust grains in the vertical direction,
the ion drag force which in a plasma with finite flows necessarily includes such
collective effects as generation of the wake fields studied in the preceding section
must be taken into account.
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