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The mobile phone as a free-rotation laboratory

Michael S. Wheatland,?® Tara Murphy, Daniel Naoumenko, Daan van Schijndel,

and Georgio Katsifis

School of Physics, The University of Sydney, New South Wales 2006, Australia

(Received 21 August 2020; accepted 3 November 2020)

Modern mobile phones contain a three-axis microelectromechanical system (MEMS) gyroscope,
capable of taking accurate measurements of the angular velocity along the three principal axes of
the phone with a sampling rate of 100 Hz or better. If the phone is tossed in the air, then, neglecting
air resistance, it is in free rotation (rotation in the absence of a torque) with respect to its centre of
mass, and the phone’s gyroscope can be used to record the rotational dynamics. This enables
experimental investigation of free rotation. In this paper, we use a mobile phone to demonstrate the
steady states for rotation of the phone about two of its principal axes, and the instability in rotation
about the third corresponding to the intermediate moment of inertia. We also show the approximate
conservation of angular momentum and rotational Kinetic energy during motion in the air, and
compare the data with numerical solution of Euler’s equations for free rotation. Our results
demonstrate the capability of smartphones for investigating free rotation, and should be of interest
to college and university teachers developing “at home” physics labs for remote learning.

© 2021 American Association of Physics Teachers.
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I. INTRODUCTION

Modern mobile phones (smartphones) are versatile data
collection devices for experimental physics.'* Mobile devi-
ces, such as smartphones and tablets, can measure accelera-
tions, rotations, magnetic fields, pressure, and sound and
light levels, and are also able to record and analyze video.*®
They are increasingly used in undergraduate physics labora-
tories, and they can easily facilitate “at-home” labs because,
in many countries, most students will own a mobile phone.
The use of smartphones for this purpose increased in 2020
with the need to rapidly develop online undergraduate phys-
ics labs during the COVID-19 crisis.”®

Modern smartphones measure acceleration and angular
velocity along three axes that are fixed with respect to the
phone using microelectromechanical system (MEMS) iner-
tial sensors. The three-axis MEMS gyroscope is a relatively
recent addition to phones: For example, it first appeared in
the iPhone in 2010.” In applications designed to use the sen-
sor, the gyroscope sampling rate is typically 100Hz or
200Hz,"® which allows data collection during fairly rapid
movements of the phone. The accelerometer and gyroscope
can be used for physics experiments, including measuring
the acceleration due to gravity,"'™'* measuring moments of
inertia,”’15 demonstrating the parallel axis theorem,16
exploring pendulum dynamics,'” and measuring the radial
acceleration and Coriolis force in circular motion.'®°

If a mobile phone is tossed in the air, then, neglecting air
resistance, its centre of mass is in simple projectile motion,
and the phone is in free rotation (rotation in the absence of a
torque) about the centre of mass. Free rotation provides a
beautifully simple demonstration of rotational dynamics. It
also exhibits counter-intuitive results, including the interme-
diate axis theorem: For an object with three different
moments of inertia about its principal axes, like a mobile
phone, the axis with the intermediate moment of inertia is
unstable to rotation.?'*? As a consequence, if the object is
initially set rotating only about the intermediate axis, it will
start to rotate about the other two axes. Moreover, with the
right initial conditions, the object can execute a 180° turn
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about the axis with the smallest moment of inertia, while
performing a 360° turn about the intermediate axis. This is
called the “tennis racquet effect,” or the Dzhanibekov
effect.> 23 It can be demonstrated by tossing a tennis rac-
quet upwards from an initially horizontal position: After
the racquet rotates about the unstable axis by 360° the
opposite face is upwards, showing that it has also made a
half-turn about its long axis. A more extreme example is
provided by spinning wingnuts and t-handles in zero
gravity.”® Their orientation in space repeatedly reverses
when spinning rapidly about the unstable axis. This strik-
ing consequence of the instability was identified by
Dzhanibekov.?’

It is easy to demonstrate the tennis racquet effect with a
mobile phone, with the MEMS gyroscope collecting data on
the rotational dynamics. The instability in rotation about the
intermediate axis was previously demonstrated using phone
sensors, but the investigation was qualitative, and presented
only linear acceleration data.?®

In this paper, we analyse gyroscopic data from a mobile
phone tossed in the air and show how it enables a variety of
basic physics experiments, including demonstration of the
approximate conservation of rotational kinetic energy and
the magnitude of angular momentum, as well as a quantita-
tive study of the tennis racquet effect. To collect data, we
use the app phyphox®’ (RWTH Aachen University), which is
available for iOS and Android phones. The data presented
here are from an iPhone 8 Plus, but the results have been
reproduced on a variety of other phones.

II. THEORY

We consider the motion of the phone using the principal-
axis coordinate system Gxyz shown in Fig. 1. The origin G is
the centre of mass of the phone. The y-axis is chosen such
that the positive direction is from the bottom of the phone
towards the top, and the z-axis is directed outwards from the
front face of the phone.

The rotational equation of motion is
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Fig. 1. The three principal axes (x, y, and z) of the phone. The centre of
mass is G.

dL

& nyz—}—wa—r, (1)
where L is the angular momentum, dL/dt|,,, is the rate of
change of the angular momentum in the rotating frame
Gxyz, o is the angular velocity of the phone (which is the
rate of rotation of Gxyz in the Newtonian reference frame),
and 7 is the net external torque about the centre of mass.
The left-hand side of Eq. (1) separates the rate of change of
the angular momentum into the rate of change with respect
to Gxyz, and the change due to the rotation of the frame.
This approach can be used to calculate the rate of change
of any vector in the rotating frame.?'**> The angular veloc-
ity is

0= 0X + oy + 0.z, ()

where X, y, and Z are the unit vectors in the body-fixed refer-
ence frame Gxyz. Because x, y, and z are the principal axes,
the angular momentum is

L =lwx+ Loy + Loz, 3)

where I, I, and I, are the principal moments of inertia.

When the phone is tossed in the air, the torque about the
centre of mass due to gravity is zero. Air resistance can pro-
duce a net torque, but it is usually negligible, so that Eq. (1)

reduces to Euler’s equations

de)x - _(IZ - [y)wywza (4)
Loy = —(I, — L)oo, ()
Izd)z = —(Iy — Ix)wxa)y, (6)

where the dot denotes the time derivative.
The rotational kinetic energy and angular momentum are
constants of the motion, given by

K—llw?+5af+11w2 (7
I A

and
L=ILox+Loy+Loz, (8)
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respectively. The components of L in the Gxyz frame are not
constant, because the frame is rotating. However, it is easy
to construct the magnitude of the angular momentum vector
from the components

L=/ (Lo + (o) + (Lo ©)

Mobile phones are approximately rectangular cuboids, so
the moments of inertia may be approximated by

1
g:EmW+fx (10)
1 2 2
I, = Em(w +d?), (1D
and
1 2 2
L:EmM+wL (12)

where m, h, w, and d are the mass, height, width, and depth
of the phone, respectively. For the standard phone shape
h>w>d, and hence [, <I,<I,. The x-axis is the
“intermediate axis,” i.e., has the intermediate moment of
inertia.

It is interesting to consider the steady states of Egs.
(4)—(6). Setting the derivatives to zero gives (assuming dis-
tinct moments of inertia)

Wy, = W0, = W0y = 0. (13)

This implies that, for a steady state, two of the angular veloc-
ity components must be zero, i.e., a steady state rotation can
involve only one principal axis. The possible steady states
therefore are

o) = =*(L/I,0,0), o, =*(0,L/],,0),
w3 = *(0,0,L/I,). (14)
However, only @, and w; are stable steady states—the

intermediate axis is unstable to steady rotation. To see this,
consider the state®”

0 = 0 + (&, &, ), (15)
where ¢, ¢, and ¢ are time-dependent, with |¢;| < L/I,

for i = x,y,z. Substituting Egs. (15) into Egs. (4)—(6) and
ignoring the quadratic terms in ¢; gives

i, =0, (16)
Iyéy = i([z - Ix)wlsza (17)
Li, = x(I; — I,)w&,, (18)

where @ = L/I,. Equation (16) gives ¢, = const, and Egs.
(17) and (18) imply

é}’/‘q)’ = .éz/gz - 127 (19)
where
L—1)1I,—1,)
)»2 _ ( Z x)\x y 2 20
—Iylz w7 (20)
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Fig. 2. Rotations about the three principal axes (the x-, y-, and z-axes, from
left to right). We consider experiments involving tossing the phone in the air
to achieve rotations predominantly about these axes.

is positive. Equations (19) have the solutions &, = syoew and
&, = eoell'. If the spin is initially predominantly about the x-
axis, any small perturbations in spin about the other two axes
grow exponentially, which is the definition of instability. It
is straightforward to show using the same approach that the
y- and z-axes are stable for rotation, i.e., in these cases per-
turbations from the steady states lead to oscillations rather
than exponential growth.

The linear analysis given here describes the onset of the
instability in rotation about the x-axis. More complete analy-
ses show how, for a range of initial conditions close to the
unstable steady state, one complete rotation about the x-axis
is accompanied by a nearly half rotation about the y-axis—
the tennis racquet effect.”> 2

III. RESULTS

We consider three experiments, in which the mobile phone
is tossed in the air and then caught again. In each case, the aim
is to set the phone spinning predominantly about one principal
axis. The necessary rotations are illustrated in Fig. 2. The
experiments should be performed over a soft surface, in the
event of a failed catch!

A. Spinning the phone about the z-axis

We start with the z-axis, which has the largest moment of
inertia. An example of data collected using phyphox on the

+ + +
Of T + +
vl A g F 2
0 ® 1 Y v & F o +°o®é%++‘
@ | e} Ee & I 0 0
ke X | W n | o * 0
g e | e | “é'} P X O
> 51 % | lo . O a
5 x>< | | ++ X o)
g ] | B
q>) | [ISoN 5
& -101 x| I b
=1 | |
2 + o I
< X| | I
-15 + | | 4
© vyl X |
Y il !
z | |
ool— N L L . . A . .
07 08 09 1 1.1 1.2 13 14 15
Time (s)
(a)

iPhone 8 Plus for a spin about the z-axis is shown in Fig. 3.
Panel (a) shows the three angular velocity components in the
principal axis frame (w,, w,, and w.) versus time. It is easy
to identify the time interval when the phone is in the air
(between the dashed vertical lines) by the smooth variation
in the angular velocities. The sampling frequency of the
gyroscope data (100Hz) is more than sufficient to resolve
the variations in the angular velocities. The angular velocity
about the z-axis is large and approximately constant
(w, = —17 rad/s), and the spins about the other two axes are
substantially smaller and oscillatory. This is consistent with
the z-axis being stable to rotation.

It is straightforward to calculate the rotational kinetic
energy and the magnitude of the angular momentum of the
phone from the angular velocity data, using Eq. (7) and Eqgs.
(9)—(12). Table I lists the parameters of the phone (obtained
from the manufacturer’s web site*!) together with the calcu-
lated moments of inertia about the principal axes. The uncer-
tainties in I, I,, and I. are calculated by assuming an
uncertainty of one in the final digit of the stated values of m,
h, w, and d. Panel (b) of Fig. 3 shows the calculated angular
momentum magnitude and rotational kinetic energy versus
time for our first experiment. The values of L and K are very
nearly constant over the interval when the phone is in the air.
There are small decreases in L and K, which are less than
0.4% and 0.8%, respectively. This figure provides a remark-
able demonstration of the near-conservation of angular
momentum and rotational kinetic energy during the motion.

B. Spinning the phone about the y-axis

Next, we consider the y-axis, which has the smallest
moment of inertia. Figure 4 shows the results of an attempt
to set the phone spinning only about the y-axis. This requires
giving the phone a flick about its long axis, as it is tossed,
and then caught. Panel (a) shows the angular velocity values.
The results are similar to Fig. 3. The dashed vertical lines
again identify the approximate interval the phone is in the
air. During this time, the angular velocity about the y-axis is
wy &~ —28 rad/s. Because I, is the smallest of the three
moments of inertia, it is easy to achieve a relatively large
spin rate around this axis. There are small oscillatory

0.01

0.005

Angular momentum (J s)

Z0.08
o
20.06
f
S (.04
o
To02

Fig. 3. Data collected for a toss (and catch) of a mobile phone producing a spin predominantly about the z-axis. The dashed vertical lines indicate the approxi-
mate interval during which the phone was in the air. (a) The components of angular velocity about the three principal axes (x, y, and z) versus time. (b)
Magnitude of angular momentum and rotational kinetic energy versus time. The variation in L and K is less than 1% during the time the phone is in the air.

344 Am. J. Phys., Vol. 89, No. 4, April 2021

Wheatland et al. 344



Table I. Properties of the iPhone 8 Plus.

m (kg) h (m) w (m) d (m)

I, (kg m?)

I, (kg m?) I (kg m?)

0.202 0.1584 0.0781 0.0075

(423 £0.02) x 107*

(1.04£0.02) x 107* (5.250.02) x 107*

components of the angular velocity about the other two prin-
cipal axes, which is consistent with the stability of the y-axis
to rotation. Panel (b) shows the time variation of L and K.
Once again these quantities are nearly constant during the
time in the air. Small variations in L and K are observed, of
order 1.5% and 3%, respectively.

C. Spinning the phone about the x-axis

Finally, we consider the x-axis. Figure 5 shows a typical
result of an attempt to toss the phone in the air so that it spins
only about the x-axis. The results in panel (a), for the angular
velocities versus time, are strikingly dissimilar to those in
Figs. 3 and 4. It is again easy to identify the interval of time
during which the phone is in the air (indicated by the dashed
vertical lines) because of the smooth variation in the angular
velocities. The phone initially has a substantial positive
angular velocity about the x-axis (w, ~ 17 rad/s), and small
components about the other two axes (w, ~ 4 rad/s and
w, ~ 3 rad/s), but this situation quickly changes. The com-
ponents of spin along y and z initially grow exponentially,
whilst the rate of change of w, is initially stationary—results
consistent with the linear analysis given in Sec. II. The non-
linear development sees the phone reverse its spin about the
x-axis, so that its final angular velocity is w, ~ —17 rad/s,
and the other two components of angular velocity have again
fallen to relatively small values. This is the tennis racquet
effect. The phone has rotated by 360° around x and rotated
by 180° about y, leading to a reversal (a flip) of the sign of
its spin about x. The difference in the results for the x-axis
compared with z and y will be obvious to a student: The
phone refuses to simply flip about the x-axis—it pivots in
mid-air around the other axes. The data collected by the
gyroscope provide a quantitative confirmation. Panel (b)
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(a)

shows the time variation of L and K. In contrast to panel (a),
this is quite similar to the results in Figs. 3 and 4. The angu-
lar momentum magnitude and kinetic energy are nearly con-
served during the time in the air. A small decrease in each
quantity is observed, however, with the angular momentum
decreasing by about 3%, and kinetic energy decreasing by
almost 7%.

We can compare the results with the direct numerical solu-
tion of Egs. (4) using fourth order Runge-Kutta.** The solid
blue curves in Fig. 5 are obtained by integrating the Euler
equations, using the initial values of the angular velocity
components (the values at the left vertical dashed lines in
panel (a)), together with the calculated moments of inertia.
Panel (a) shows that the model reproduces the observed time
variation in the angular velocities, although a small discrep-
ancy is apparent over the course of the integration. Panel (b)
compares the constant model values of L and K with the
observations. As noted above there is a small decrease in
measured values.

D. Air resistance

Although gravity cannot produce a torque about the centre
of mass, air resistance can. Figure 6 illustrates this point. We
assume that at a certain time, the centre of mass of the phone
is moving upwards through the air with speed vy, and the
phone is rotating about the x-axis which is perpendicular to
the direction of motion. The right side of the phone has a
speed vy + v with respect to the air, and the left side has
speed vy — v. Since the drag force is proportional to the
square of the relative velocity, the right side experiences a
greater drag force, leading to a torque opposing the rotation.
Our argument assumes the particular configuration shown,
but the result is general: If the centre of mass is moving

i -3

34><10 ‘ ‘ . = .
€

S

<

Q

CE>2 [ \ 1
£ | |

— | |

3 ‘ | 5 my
[0} L | L L | L L

5:0.9 1 1.1 1.2 1.3 1.4 15 1.6 1.7

©
o
=

o
o
o

Kinetic energy (J)

o

Fig. 4. Data for a toss (and catch) of the phone producing a spin predominantly about the y-axis. (a) The components of angular velocity about the three princi-
pal axes (x, y, and z) versus time. (b) Magnitude of angular momentum and rotational kinetic energy versus time. The variations in L and K are only a few per-

cent during the time the phone is in the air.
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Fig. 5. Data for a toss (and catch) of the phone attempting to produce a spin predominantly about the x-axis. The numerical solution of the rotational equations of
motion is shown as solid blue curves. (a) The components of angular velocity about the three principal axes (x, y, and z) versus time. (b) Magnitude of angular
momentum and rotational kinetic energy versus time. The values of L and K decrease by about 3% and 7%, respectively, during the time the phone is in the air.

perpendicular to the rotation axis, air resistance will generate
a torque opposing rotation.

We can estimate the effect of air resistance on the results
of our experiments as follows. If we consider the configura-
tion shown in Fig. 6, then the magnitude of the torque is

1
rzEpCDAZ (vo + v)* — (vo — v)?|, (21)
= 2pCDA€UU(), (22)

where p ~ 1.2 kg/m’ is the density of air, C), is the dimen-
sionless drag coefficient, A ~ (1/2)hw is the area one side of
the phone presents to the air, and ¢ ~ h/4 is the distance at
which the force is applied. For our purposes, it is sufficient
to assume a constant value vy ~ (1/2)¢T from the time of
flight (T ~ 0.5 s), with g=9.8 m/s>, and we can assume
v = wl, where w ~ 10 rad/s is a typical angular velocity. We
will assume Cp ~ 1 since measured drag coefficients for
non-streamlined objects in air are typically of order unity.>
Assuming AL/T = 7 leads to

1
AL = > ph*wogT? (23)

~3x10747s. (24)

Fig. 6. Air resistance can produce a torque with respect to the centre of
mass. The side of the phone that has an instantaneous velocity in the same
direction as the centre of mass motion has a greater relative velocity with
respect to the air, and hence experiences a larger drag force.
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If we compare this with the total angular momentum
L ~75x 1073 7J s in the third experiment, then AL/L ~ 4%.
This is comparable to the observed decrease in the angular
momentum magnitude in this case.

We can also consider the first experiment, where the rota-
tion was predominantly about the z-axis. In this case, the
area presented to the air was about ten times less, since
d/w = 0.1. The observed change in angular momentum was
also about ten times smaller.

These estimates are imprecise, but they suggest that air
resistance may account for some (or most) of the observed
variation in angular momentum and kinetic energy, and
hence for the departure between the observations and the
numerical solution to Euler’s equations.

There are additional sources of error in these experiments.
If the mobile phone is spun too fast, the angular velocity
measurements saturate at a “full-scale” value.>® For the
iPhone 8 Plus the full-scale value is 2000 deg/s, which is
about 35rad/s. This can be demonstrated by tossing the
phone so that it is rapidly spinning about the y-axis. The
MEMS gyroscopes also exhibit nonlinearity, which can be as
large as 5% of the full-scale value. Given the magnitude of
the nonlinearity, in principle, this effect could also be con-
tributing to the observed departures from the free rotation
model. Finally, if we take the uncertainties in Table I and
propagate them through to the values of L and K calculated
from the data for the third experiment, the implied errors are
about 0.5% in each case. Hence the error in modeling the
moments of inertia is likely to be less important than the
other effects.

IV. CONCLUSION

The 3-axis MEMS gyroscope in a mobile phone enables a
variety of experiments in rotational dynamics. In this paper,
we use a phone to investigate free rotation, by tossing and
catching the phone while it is collecting data. The stability of
rotation about two principal axes, and the instability about
the third, intermediate axis, is easy to demonstrate. It is also
straightforward to calculate the rotational kinetic energy and
angular momentum magnitude from the data, and to show

Wheatland et al. 346
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Fig. 7. The monster flip: A skateboard trick in which the board executes a 360° flip about the unstable axis.

that these quantities are nearly conserved during the time
that the phone is in the air.

Various extensions of the experiments described here are
possible. The accelerometer and the gyroscope on the phone
could be used to collect data simultaneously, and this could
be used to determine the centre of mass motion as well as the
rotational motion of the phone. Objects could be attached to
the phone to change the moments of inertia or the principal
axes of the combined object. If a calculator is attached to the
phone with rubber bands, such that the long axis of the calcu-
lator is perpendicular to the long axis of the phone, it is pos-
sible to stabilize the rotation about the x-axis of the phone.
The phone could also be strapped to a half-filled plastic
water bottle, which, when tossed, changes its moments of
inertia in mid-air, and hence exhibits interesting rotational
dynamics.>

The instability in rotation about the intermediate axis of a
three-dimensional rigid body was identified by Poinsot in the
1800s and is discussed in classical mechanics texts,zl’22 but
it has attracted renewed attention with investigations of the
tennis racquet and Dzhanibekov effects”* 2 and is the sub-
ject of recent popular expositions.*® The instability and
related effects may have applications in spacecraft altitude
orientation and quantum control.”>*’ It is also relevant for
skateboard tricks. Different versions exist of the trick of
jumping with the skateboard and flipping the board around
the unstable axis, and then landing on the board again with
the wheels down. One version, called the “impossible,” is
achieved by guiding the rotation of the board about the
unstable axis with the foot.*’ However, a version with the
board in free rotation (the “monster flip”) can also be exe-
cuted,® as illustrated in Fig. 7. The difficulty of performing
this trick whilst avoiding the board exhibiting the tennis rac-
quet effect (so that the board lands wheels-up) has been
assessed.”

Experiments on free rotation with a mobile phone are
likely to appeal to undergraduate students, and to encourage
interest in dynamics. The material here is a suitable basis for

347 Am. J. Phys., Vol. 89, No. 4, April 2021

an undergraduate physics lab, and is highly suited to an “at-
home” or online lab. It requires only a mobile phone for the
experiment and a computer for data analysis. Students can gain
an authentic experience of experimental physics, and can see
the relevance of the basic equations of rotational dynamics to
the behaviour of a favourite object—the mobile phone.
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