Macquarie University
Department of Physics

PHYS 304 Quantum Physics IT

The content of this course, as outlined in the Universily Calendar, consists of more
advanced aspects of quantum physics following on from the material presented in
PHYS301.

CONTENT AND TEXTS
A. Das and A. C. Melissinos Quantum Mechanics, A Modern Introduction;
I. I. Sakurai Modern Quantum Mechanics.

R. L. Liboff Introductory Quantum Mechanics

A copy of the first book is essential, the second and third are highly recommended
reference texis.

STAFF

First half 6.5 weeks DrJ Cresser (Office: E7A 318, Ext. 8951)
Second half 6.5 weeks Dr. M Wheatland (Office: 777777)
ASSESSMENT

Assignment 30%

Final Take-home Exam 70%

The assignments will be approximately weekly. There is no minimum number of
assignments required to be handed in, but of course, if you don't attempt the
assignments, you will miss out on 30% of your final grade, and you will also miss out
on valuable problem-solving experience. You will learn as much from the
assignments as from lectures themselves.

COURSE CONTENT

The subject matter we will be aiming to cover will be drawn from the following list.
Not every topic will necessarily be covered, and not all topics will be treated to the
same depth.

First Half Semester (Dr J Cresser)

(1) Introduction: A brief introduction to the literature.
(2) Mathematical formalism: Hilbert space formulation, bra/ket vectors,
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of Hilbert space, continuous eigenvalue spectra and the Dirac delta function.

(3) Basic postulates of quantum mechanies: observables and operators,
measurement in quantum mechanics, the state function and expectation values,
quantum dynamics: time evolution and the Schrodinger equation, Heisenberg
picture and Schrédinger picture, examples.

(4) Symmetry in quantum mechanics: operations on quantum system, symmetry
operations and conservation laws in quantum mechanics.

(5) Simple harmonic oscillator as an important example.

(6) Angular momentum in quantum mechanics: angular momentum operators,
orbital and spin angular momentum, spherical harmonics.

econd Half Semester (Dr M Wheatland)

(1) Particle spin, spin half patticles and the Pauli spin matrices.
(2) Identical particles: symmetric and antisymmetric two-particle states,
__ singlet and triplet states.

(3) Semiclassical treatment of electromagnetic field in quantum mechanics,
the minimal coupling Hamiltonian, the Zeeman effect, dipole approximation,
Rabi oscillations,

(4) Quantization of the electromagnetic field in a single mode cavity.

(5) Transition probabilities; time-dependent perturbation theory, stimulated

emission

and absorption.

(6) Time independent perturbation theory, the Stark effect, van der Waals forces.
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PHYS304 QUANTUM PHYSICS II 2000

I taught the second six weeks of this course: the first six weeks were taught by Jim
Cresser. Jim covered the fundamentals of quantum mechanics, principally in the Dirac
notation, and I taught four topics involving applications of the principles: the co-ordinate
representation, the simple harmonic oscillator, angular momentum, and the treatment of
identical particles. I would have liked to have covered more ground, but given the problems
that T met (see below) I felt that it was wiser to restrict the course to a few topics.

The division of the course into two halves with separate lecturers was unsatisfactory,
for both the students and myself. For the students, there was a lack of continuity in the
style of presentation and in the material covered. From my own point of view (in the
absence of printed lecture notes) I had no way of knowing exactly what was covered in the
first six weeks. In the end I borrowed a set of hand-written lecture notes from one of the
students, to determine what had been presented. Even then I found it difficult to get the
students to acknowledge that something had been met before, or to accept as a starting
point a result that Jim had arrived at. This situation would perhaps have been improved
if there was a single textbook for the course, that covered most of the topics.

These are however structural problems. The fundamental problem with a course of this
type is that the majority of the students do not have the requisite level of mathematical
ability. I don’t see any easy way around this problem. The use of the Dirac/Feynman
approach is advantageous in that it reduces the mathematics to algebra, but it has the
disadvantage that it is more abstract, and the students have difficulty with abstraction. I
could complain a lot on this point, but I won't.

I took the approach of handing out weekly assignments, with just a few questions, with
a view to monitoring the progress of the students. I felt that this approach was successful.
I had regular visits from a number of the students seeking help with the assignments, and
the marks on the assignments were reasonable. In lectures I asked a lot of questions of
the students. The majority of them were answered by Martin Ams, who was on the right
track about half of the time.

Regarding the exam, the marks were low. The students evidently found my part of the
exam more difficult than Jim’s, which is probably due to their having met the principles
of quantum mechanics in this form before (in 301). Perhaps I made the exam too difficult,
although I felt that since we had covered relatively few topics, it should be reasonably
demanding. For the final lecture of the course (at the request of the students) I gave a
summary lecture, which basically outlined what would be in the exam. I think most of the
students must have ignored this.

I did not obtain a student assessment on this course, although I should have. The last
weeks of the course were hectic for me and I simply forgot.

In summary I feel there were structural problems and a fundamental difficulty with the
course. The structural problems could be solved, but the mathematical weakness of the
students will always make a course at this level difficult to teach.

— Mike Wheatland
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PHYS304 QUANTUM PHYSICS II 2000
Assignment 5 due Friday October 20

This assignment introduces the “momentum representation,” and shows its relationship to
the co-ordinate representation. :

Consider a particle undergoing one-dimensional motion in the x direction. The momentum
eigenstates of the particle must satisfy

plp) = plp). (1)

(a) Write down the co-ordinate representation version of this equation and solve it to show
that the wavefunction corresponding to a momentum eigenstate of a particle is

Pu(z) = (w|p) = C exp(ipz/h), (2)

where C is a normalisation constant. [This wavefunction is not strictly normalisable,
because the restriction to a specific momentum means that the wavefunction spreads
out over all z. However, the normalisation C' = {(27h)~/? can be justified on certain
grounds. You do not have to derive this value of C, but you can assume it for (b)
and (c) below.]

The momentum representation is concerned with the “wavefunction in momentum space,”

$(p) = (pl), (3)

where [9) is an arbitrary state of the particle. By construction, |¢(p)|*dp is the probability
that the particle has momentum in the range (p,p + dp).

(b) Expand the right-hand side of (3) in position basis states and use the result of part (a)
to establish -

#(p) = (@) 2 [ dwer Iy z). ()
—00

You may recognise this equation means that ¢(p) and () are related by a Fourier
transform.

(¢) Following a similar procedure to (b), show that

¥(@) = k)2 [ dpeihg(p). )




PHYS304 QUANTUM PHYSICS II 2000
Assignment 6 due Friday October 27

1. Use the results of lectures to show that the matrix elements corresponding to the
momentum operator for the simple harmonic oscillator are given by

-1 0 0 )
vi 0 -2

0 ..
NEl 0 V2 -3 ..
el =5 ("52) | 0 0 vE o

. . .

)
2. Consider the matrix elements corresponding to the square of the position operator,
{(n]7%|m), for the SHO. Expanding in energy cigenstates [I} we have

wﬁw=2wwmmm. W

This equation can be interpreted as meaning that the matrix corresponding to 72 is
the matrix corresponding to # times itself. With this knowledge and using the result
for the matrix representation of the position operator given in lectures, determine
the matrix corresponding to 72

3. In lectures it was shown that the creation and annihilation operators @! and @ for
the simple harmonic oscillator satisfy

—— —

H 1 H 1
ot 1 P P .y
T hw T 2 and @ hw 2 @)

Use (2) to establish the commutation relations

@all=1, [@ H)=hoa, [al,H)=—hwd




In the momentum representation the expectation value of an operator §2 is

@ =] g )6 (0), ©)

where €2 is the momentum representation of the operator. Because the expectation value
is the average, we must have

w = dpple)P, (7

and comparing this with (6) we infer that § = p, i.e. in the momentum representation the
action of the momentum operator is multiplication by momentum.

The wavefunction in momentum space for a particle with a known position is

¢2(p) = (plz}, (8)
and taking the complex conjugate of (2) we have
$o(p) = (275) ™2 exp(~ip /h). 9

Because ¢,(p)} is the eigenfunction for the position operator in the momentum representa-

tion, &, we must have
E¢5(p) = T¢a(p). (10)

(d) Use (9) together with (10) to guess the form for the position operator in the momentum
representation.
(e) Show that the fundamental commutation relation

%, 7] =i (11)

is satisfied for the position and momentum operators in the momentum representa-
tion.




PHYS304 QUANTUM PHYSICS IT 2000
Assignment 7 due Friday November 10

1. A system is prepared in the state |jm)}.

& (a) Calculate the expectation values {7,), (J,) and (J2). [Hint: you may find it useful
to use Jy = £(J} + J_)/] Vo1 3

. (b) What arc the possible outcomes of measurements of the z component of mo-
mentum, the x component of momentum, and the square of the x component of
momentum of the system?

o (c) Give a brief physical explanation of the results for () and (J2) from part (a)
(e.g. if one of the expectation values is zero and the other is not, why?).

2. {a) Construct the matrix representation of the angular momentum operator for j = 1.
Specifically, assume the forms for the eigenstates

1 0 0
111)%(0), ;1,0)—>(1), |1—1)—>(0),
0 0 1

Jolgmy = hmljm),
Jelimy = Bl —m)(G +m+ D) Pim+ 1),

© J_limy = R[(G+m)(§—m+ D]Vim—1)
- L

to construct the 3 X 3 matrices representing :T;, fy and fz.

and use

(b) Confirm the matrices satisfy the commutation relation

k o, Jy] = thd,. ¥

Vo

\ o




PHYS304 QUANTUM PHYSICS IT 2000
Assignment 8 due Friday November 17

1. Assume that J; and J5 are two independent angular momenta. The assumption of
independence implies o
[J1,Jd2] = 0.

Show that J = J; + J, is also an angular momentum, i.e. its components satisfy the
commutation relations
(6 )

(Joo Jy) = ihd,,  [J, T} = ihda, [, J] = ik,

% o

¢

2. Using the properties of the Pauli matrices

— 2L 2
o, =0,=0,=1
and
OpOy = 105, Oy0, =10, 0,05 = i0y,
show that the Pauli matrices satisfy the vector identity 8

(0 A){(o-B)=A Bl+ic- (A xB).

3. Recall the problem addressed in lectures, of determining the expectation value for
the spin measured along a direction d = (0, sin ¢, cos ¢) for a spin % particle prepared
with its spin in the z direction. The projection of the spin operator in the d direction
is

J.d = J,cosd+ J, sin ¢

= f,,cosqﬁ—]—%.(@w J.) sin ¢, Co

Use this form to evaluate the expectation value of J - d, confirming the result found
in lectures.
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UNIVERSITY~SYDNEY

Fnd of Year Examination 2000

Unit: .~ PHYS304-QUANTUM PHYSICS

Date and Time: 28 November 2000 9:20am

Time Allowed: THREE (3) howurs, plus 10 minutes reading time.
Total Number of Questions: Eight (8)

Instructions: | Answer FIVE (5) questions, at least TWO (2)

from each of Sections A and B

Answer Sections A and B in separate books.
The questions are of equal value,

Calculators may be used except for those having

a full aiphabet on the keyboard.

The following information may be useful:
All vectors in ordinary space are in bold type, e.g. A, 1.
All operators are indicated by a “~”, e.g. .Ef, T.

4] 2] g

All operators in the position representation are indicated by a “~”, e.g. §.




Phys304 Page 3

QUESTION A2

(a) (3 marks)
The ket vectors {|ga);n = 1,2,...} form a complete, orthonormal set of basis states.

Explain what the terms “complete”, “orthonormal®, and “basis” mean.

(b) (4 marks)
One of the following ket vectors is not a physically permissible state. Which one is ac-
ceptable, and explain why.

|

9) = 3 o=lpnhi 1) = >l

n=0

{¢) (7 marks)
State whether each of the following statements is true or false, and if false, either write
down the correct statement or explain why the statement is false.
(i) For any operator A, if A1h} = |¢), then (YA = (¢].

(ii) The ket vectors J¢) and e*®|¢) represent different physical states of a system.

(iii) If A is a linear operator, then E(]@b) + |¢)) = Elgb) + ;ﬂgﬁ)

(iv) If A = Al then A has real eigenvalues,

(v) I AAT = ATA =T then A is Hermitean.

2
(vi) The state [4) = | | is normalized to unity.
i

(vil) {pl) = (p]¢)*
{d) (6 marks)

If A is a Hermitean operator with eigenstates {Jan);n = 1,2,...} and associated eigenval-

ues anp,n = 1,2,..., show that
@A) = Y Fan)] (Plan)?

where f(z) is a function that can be expanded as a power series in z.




Phys304 Page 5

QUESTION A4

{a) (8 marks)
State, without proof, what the mathematical and physical significance is of two observables
A and B (i) commuting, (i) not commuting. Your answer should include comments
concerning the link between the commutation relation between two observables and the
uncertainty principle.
(b) (8 marks)
The space displacement operator ﬁ(a) is defined such that ﬁ(a)l'r) = |+ a), and can be
shown to be given by D(a) = P/,
(i) Show that [Z,P] == ih.

(ii) Show that p'is a Hermitean operator.

{ili) What observable can § be identified with?
(¢) (4 marks)

Describe briefly the procedure of canonical quantisation for a system consisting of a single

particle moving in one dimension under the action of a potential.,




Phys304 Page 7

QUESTION B2

(a) (7 marks)
The solution to the Schrédinger equation for the simple harmonic oscillator (SHO) is

facilitated by introducing the variable

and by introducing the wavefunctions in this variable, v, {£€), which are normalised accord-

ing to
I"/’n(m)Pdm = fun(€)|%d€.

The new wavefunctions satisfy the recurrence relations

% (g + %) () = n3v,_y(8),

7 (5 - d—‘é) onl€)

Use these results to determine the matrix elements for the position operator for the SHO,

(R -+ 1) vn1 6).

+oo

Tpm = P ('E)$"1brn($) dx.

{b) {3 marks)

Construct the matrix corresponding to the elements znpn,.

{c) (4 marks)

What is (z) when the SHO is in an energy eigenstate? Give a physical reason for this
result.

(d) (6 marks)

The recurrence relations above provide the co-ordinate representation of raising and low-

ering operators @' and @ for the SHO. The general definition of these operators is

and their action is
Gy =nifn—1);  @ln) = (n+ 12t 1),

where |n) is the nth energy eigenstate for the SHO. Express & in terms of @ and at and
use this result to determine (n|%|m}, i.e. the matrix elements for the position operator for

the SHO. Show that the results are the same as (a).
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QUESTION B4

(a) (4 marks)

Consider a system consisting of two identical particles. Summarise the argument that the
system is described by a state that is either symmetric or antisymmetric under interchange
of the particles.

{b) (3 marks)

Let (g1, g2) be an unsymmetrised wavefunction describing a system of two identical par-
ticles, where @1 and ¢y denote the co-ordinates and spin states of the particles. If the
particles are Fermions, construct an appropriately symmetrised wavefunction to describe
the system. If the particles are Bosons, construct an appropriately symmetrised wavefunc-
tion to desecribe the system,

{(c) (3 marks)

Summuarise the argument that two identical spin % particles have four possible spin states,
three being symmetric and one antisymmetric.

(d) (4 marks)

The creation and annihilation operators for multiple-particle states of a system of identical

weakly interacting Bosons are defined by

iy, ngy vy gy ) = né[nl,ng, e — 1,0

al,lnl, T3, «ony Ty ) = {np+ 1)%]7!,1,71,2, N T TR R
Confirm that these operators satisfy the commutation relation [’dk,&‘f} = gy,

{e) {2 marks)

Explain why the operator Ny, = a:;ak is the “number operator.”

{(f} (4 marks)

The creation and annihilation operators for a system of identical weakly interacting
Fermions satisfy a set of anticommutation relations,

&a +ae, =0, elef +efel =0, @@ + o = o

Use these relations to show that the number operator (ﬁk = ’c‘i’c}) obeys ﬁf = N

Hence determine the possible values of the n,. What principle does this represent?
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