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B. A universal set of quantum gates

To provide something definite to discuss right from the
beginning, we now give the procedures of how to realize
a CNOT-gate and a general one-qubit rotation via one-
qubit measurements on a cluster state. The explanation
of why and how these gates work will be given in Sec-
tion II G.
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FIG. 2: Realization of elementary quantum gates on the QCC.
Each square represents a lattice qubit. The squares in the
extreme left column marked with white circles denote the in-
put qubits, those in the right-most column denote the output
qubits.

A CNOT-gate can be realized on a cluster state of 15
qubits, as shown in Fig. 2. All measurements can be
performed simultaneously. The procedure to realize a
CNOT-gate on a cluster with 15 qubits as displayed in
Fig. 2 is

Procedure 1 Realization of a CNOT-gate acting on a
two-qubit state |ψin〉.

1. Prepare the state

|Ψin〉C15 = |ψin〉1,9 ⊗
(
⊗

i∈C15\{1,9} |+〉i
)

.

2. Entangle the 15 qubits of the cluster C15 via the
unitary operation S(C15).

3. Measure all qubits of C15 except for the output
qubits 7, 15 (following the labeling in Fig. 2). The
measurements can be performed simultaneously.
Qubits 1, 9, 10, 11, 13, 14 are measured in the σx-
eigenbasis and qubits 2-6, 8, 12 in the σy-eigenbasis.

Dependent on the measurement results, the following
gate is thereby realized:

U ′
CNOT = UΣ,CNOT CNOT (c, t). (23)

Therein the byproduct operator UΣ,CNOT has the form
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γ(t)
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(24)
Therein, the si represent the measurement outcomes si

on the qubits i. The expression (24) is modified if re-
dundant cluster qubits are present and/or if the cluster
state on which the CNOT gate is realized is specified by
a set {κa} different from (12), see Section II C. This con-
cludes the presentation of the CNOT gate, the proof of
its functioning is given in Section II G.

An arbitrary rotation URot ∈ SU(2) can be realized
on a chain of 5 qubits. Consider a rotation in its Euler
representation

URot[ξ, η, ζ] = Ux[ζ]Uz[η]Ux[ξ], (25)

where the rotations about the x- and z-axis are

Ux[α] = exp
(

−iα
σx

2

)

Uz[α] = exp
(

−iα
σz

2

)

.
(26)

Initially, the first qubit is prepared in some state |ψin〉,
which is to be rotated, and the other qubits are prepared
in |+〉. After the 5 qubits are entangled by the unitary
transformation S, the state |ψin〉 can be rotated by mea-
suring qubits 1 to 4. At the same time, the state is also
swapped to site 5. The qubits 1 .. 4 are measured in ap-
propriately chosen bases

Bj(ϕj) =

{
|0〉j + eiϕj |1〉j√

2
,
|0〉j − eiϕj |1〉j√

2

}

, (27)

whereby the measurement outcomes sj ∈ {0, 1} for j =
1 .. 4 are obtained. Here, sj = 0 means that qubit j is
projected into the first state of Bj(ϕj). In (27) the ba-
sis states of all possible measurement bases lie on the
equator of the Bloch sphere, i.e. on the intersection of
the Bloch sphere with the x-y-plane. Therefore, the mea-
surement basis for qubit j can be specified by a single pa-
rameter, the measurement angle ϕj . The measurement
direction of qubit j is the vector on the Bloch sphere
which corresponds to the first state in the measurement
basis Bj(ϕj). Thus, the measurement angle ϕj is the an-
gle between the measurement direction at qubit j and
the positive x-axis. In summary, the procedure to realize
an arbitrary rotation URot[ξ, η, ζ], specified by its Euler
angles ξ, η, ζ, is this:


