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Figure 2. Lattice definitions. (a) Elementary cell of the cluster lattice L. one
chain of L (dashed lines), and graph edges (solid lines). (b) A pair of electric (‘e’)
or magnetic (‘m’) holes in the code plane each support an encoded qubit. Z

e/m

and X
e/m

denote the encoded Pauli operators Z and X, respectively.

perpendicular 2D slices provide space for a quantum code. The code which fills this plane after
the mapping of the 3D lattice L on to a 2+1 dimensional one is the surface code [24].

The number of qubits which can be encoded in such a code depends solely on the surface
topology. Here we consider a plane with pairs of holes, creating internal boundaries. A hole is
called ‘magnetic’ if a plaquette of the primal code lattice is removed and ‘electric’ if a plaquette
of the dual code lattice is removed. See figure 2(b). More precisely, a magnetic hole is a plaquette
f where the associated stabilizer generator S!(f) = Z(∂f) is not enforced on the code space,
and an electric hole is a site s where the associated stabilizer S+(s) = X(∂ #s) is not enforced on
the code space (‘#’ denotes the duality transformation in 2D). Each hole is the intersection of a
defect strand in the 3D cluster state with a constant-time slice. Note that the holes are related to
but distinct from the excitations introduced in [16]. For the latter, the respective plaquette or site
operators S!(f), S+(s) are enforced, with eigenvalues of (−1).

A pair of holes supports a qubit. For a pair of magnetic holes f, f ′, the encoded spin
flip operator is X

m = X(c1), with {∂c1} = {#f, #f ′}, and the encoded phase flip operator is
Z

m = Z(c1), with c1
∼= ∂f or c1

∼= ∂f ′. The operator Z(∂f + ∂f ′) is in the code stabilizer S,

Z(∂f + ∂f ′) ∈ S. (4)

For a pair of electric holes s, s′ we have X
e = X(c′

1), with c′
1
∼= ∂#s, Z

e = Z(c1), with {∂c1} =
{s, s′}, and

X(∂#s + ∂#s′) ∈ S. (5)

1.2. The simplest gate

Here we illustrate the relation between quantum gates, quantum correlations and correlation
surfaces (two chains). We choose the simplest possible example: the identity gate.

The identity operation is realized by two parallel strands of defect of the same type. We
consider a block-shaped cluster C ⊂ L for the support of the identity gate. One of the spatial
directions on the cluster is singled out as ‘simulated time’. The two perpendicular slices of the
cluster at the earliest and latest times represent the code surfaces I and O for the encoded qubit,
with I, O ⊂ {C1} being an integer number of elementary cells apart. As before, we ask which
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