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glement relations (missing ‘edges’ in the graph state). The
task of determining a threshold for universal QIP depends
on proper choice of growth strategy together with a careful
audit of the accumulation of unknown errors in that pro-
cess. We show how to map this cluster state with missing
‘edges’ to one with missing qubits, thereby making contact
with the loss-tolerant thresholds quoted in the prior litera-
ture [21–23].

Several previous papers have considered the task of cre-
ating large entangled states when the elementary EO is fail-
ure prone (see Fig. 1 and caption). In principle a ‘divide
and conquer’ approach can permit the entangled state to
have positive growth on average for any nonzero success
probability ps = 1− ph [4, 5, 11–15]. Generally the so-
lution involves generating relatively small resource states
and subsequently connecting them. As shown in Fig. 1(a)
the possible ‘building block’ resources include stars [12],
linear clusters [4, 11] which in turn give rise to cross struc-
tures [13], and tree topologies [24]. The last of these,
also called the ‘snowflake’, has been proposed as a opti-
mal choice for minimising errors [15].

In the present paper our aim is to synthesise the TPC
state (Fig. 1b, inset top left). This structure has the prop-
erty that each node has four neighbours. Therefore we at-
tempt to entangle together each resource with four others,
as depicted in Fig. 1b). In the particular example illus-
trated we see that there will be N = 4 attempts to connect
to each of the surrounding snowflakes. If one or more of
these attempts succeeds, then have successfully connected
the snowflakes, while with probability pN

h all attempts will
fail and the resulting TPC state will have a missing ‘edge’
at that point. These missing edges are known, and there-
fore are not errors but rather defects which we must allow
for in the subsequent computation. Obviously, it will be
necessary to create resource objects which are sufficiently
large so that this net failure probability is below the thresh-
old for fault tolerant QIP, which we presently discuss. For
high values of ph we will see that the resource states must
be considerably larger than those illustrated in Fig. 1.

In order to evaluate this scheme, it is essential to deter-
mine the accumulation of unknown errors when we per-
form the star, cross, and snowflake strategies. These er-
rors will occur during growth of the resource, during the
fusion of resources (as in Fig. 1b), and also during the pro-
cess of removing redundant qubits to simplify down to the
TPC state. In order to minimise error accumulation during
growth we make the aggressive choice that whenever there
is a known failure during the growth of the resource object,
that entire resource object is abandoned. Fortunately all
three of the resources we consider – star, cross, snowflake
– can be grown through a series of steps each of which
(on success) doubles the entity’s size. Thus the process is
quick in the sense that it requires a number of successful
steps that is merely a logarithmic function of the target re-
source size. Here we assume each resource is grown using
one of two forms of EO: we use either parity projections,
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FIG. 1: The figure shows graph states: nodes correspond to
qubits, and connections (‘edges’) correspond to phase entangle-
ment. (a) The ‘building block’ resources that have been consid-
ered by previous authors. (b) Illustration of how one would syn-
thesise the TPC state (depicted in upper left) by fusing together
snowflake resource objects. One would use a quarter of the struc-
ture to bond with each of four adjacent objects; basically the same
approach applies for the star or the cross geometries. After the
bonding stage, there must be a ‘pruning’ phase where we remove
all but the core nodes and thus simplify down to the target lattice.
(c) One minor revision in the case of the snowflake is that the fi-
nal round involves fusing qubits that are one step from the ‘core’
in order to generate a 4-node.

i.e. projecting a pair of qubits into the odd or even par-
ity subspaces, or a canonical control-phase gate between
the qubit pair, depending on which is more efficient [25].
Both operations are known to be possible through suitable
measurements on emitted photons [4, 5, 11].

We consider various forms of error. Single-qubit er-
rors may occur during preparation, or while performing a
single-qubit rotation, or during measurement. Moreover
these errors may also occur passively in memory, i.e. there
is a rate at which qubits decohere even when not part of any
active operation. Meanwhile two-qubit errors may occur
when we perform entanglement operations. We account for
imperfections both in the emission of photons (e.g. from
an imperfect selection rule in an atomic system, say) and
errors arising from imperfect measurement of emitted pho-


