
because the measurements of the encoded observables ðX " Y Þ=
ffiffiffi
2

p
(as well as of X , Y ,

and Z) are accomplished fault-tolerantly by the respective measurements at the bare level.
(Only bare level measurements are allowed in the QCC.) If we were somehow given a graph
state as an algorithmic resource where each cluster qubit were encoded with the concate-
nated Reed–Muller code and where noise acted locally on the bare level, then fault-toler-
ant quantum computation would be trivial to achieve. However, it is not obvious how to
create such an encoded graph state with noise only acting locally, but this is just what
topological error correction in cluster states can achieve.

This paper is organized as follows. In Section 2, we introduce the ingredients required
for the error correction mechanisms we use, namely cluster states, the planar code and the
15-qubit Reed–Muller quantum code. In Section 3 the measurement pattern used for fault-
tolerant cluster state quantum computation is stated, and in Sections 4–6 it is explained.
Specifically, in Section 4 we explain the role of the Reed–Muller quantum code for the
described scheme, and in the subsequent sections we explain the involved topological
quantum error correction. Section 5 describes the physical objects relevant for the dis-
cussed scheme—defects, cluster state quantum correlations, errors and syndrome bits—
in the language of homology. In Section 6, we introduce the techniques for structuring
quantum correlations via topological entanglement of lattice defects. Our error models
are stated in Section 7.1 and the fault-tolerance threshold is derived in Section 7.2. The
overhead is estimated in Section 8. We discuss our results in Section 9.

2. Cluster states and quantum codes

This section is a brief review of the ingredients for the described fault-tolerant QCC.
Cluster states. A cluster state is a stabilizer state of qubits, where each qubit occupies a

site on a d-dimensional lattice C. Each site a 2 C has a neighborhood N (a) which consists

Fig. 1. Topological error correction for the QCC . The three-dimensional cluster state comprises the three regions
V (vacuum), D (defects), and S (singular qubits). In each of the regions a different measurement pattern is used.
The engineered lattice defects and the singular qubits exist in two kinds: primal and dual. The defects wind
around another. Some of them hold singular qubits which realize the non-Clifford part of the quantum
computation.
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