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Mo2va2on	
  
•  Construct	
  novel	
  (bePer	
  ?)	
  QECC	
  

•  Help	
  high	
  energy	
  theorists	
  understand	
  appreciate	
  
quantum	
  informa2on.	
  

•  Help	
  me	
  quantum	
  informa2on	
  theorist	
  understand	
  
high	
  energy	
  theory.	
  

•  Solve	
  fundamental	
  open	
  problems	
  in	
  physics.	
  



Birds	
  eye	
  view	
  of:	
  AdS/CFT	
  

"AdS3	
  (new)"	
  by	
  Polytope24	
  -­‐	
  Own	
  work.	
  Licensed	
  under	
  CC	
  BY-­‐SA	
  3.0	
  via	
  Wikimedia	
  Commons	
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  Deriva2on	
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  AdS/CFT	
  (2006)	
  

AdS	
  metric	
  

Class	
  of	
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Post	
  Shor	
  Quantum	
  Informa2on	
  

Entanglement	
  entropy	
  (1964)	
   Quantum	
  Error	
  Correc2ng	
  Codes	
  (1995)	
  



AdS-­‐Rindler	
  reconstruc2on	
  

lim
r!1

r

�
�(r, x) = O(x)

Mul2ple	
  AdS-­‐Rindler	
  reconstruc2ons	
  on	
  CFT	
  



AdS-­‐Rindler	
  reconstruc2on	
  
AdS/CFT	
   QECC	
  
Bulk	
  operators	
   Logical	
  operators	
  
CFT	
  operator(s)	
   Physical	
  operator(s)	
  
AdS-­‐Rindler	
  reconstruc2on	
   Cleaning	
  lemma	
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AdS	
  -­‐>	
  CFT	
  



Holographic	
  QECC	
  

•  They	
  have	
  a	
  MERA	
  like	
  structure	
  
•  They	
  can	
  realize	
  stabilizer	
  QECC	
  
•  They	
  respect	
  bulk	
  locality	
  for	
  physical	
  
representa2ons	
  of	
  logical	
  operators.	
  

•  Generalize	
  concatenated	
  codes.	
  
•  Simple	
  interpreta2on	
  of	
  cleaning.	
  
•  They	
  allow	
  for	
  flexibility	
  in	
  the	
  	
  
– Lakce	
  realiza2on	
  (shape	
  +	
  curvature)	
  
– Arrangement	
  of	
  logical	
  inputs.	
  
	
  

	
   	
  	
  



Tensors	
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•  Bra	
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Stabilizer	
  codes	
  =	
  stabilizer	
  states	
  

| i ! [[5, 1, 3]](| i) | i ! T | i
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Maximally	
  entangled	
  =	
  Unitary	
  

T

•  [[n,0,d]]	
  means	
  any	
  (d-­‐1)	
  shares	
  are	
  maximally	
  
entangled	
  with	
  the	
  rest.	
  

•  [[2n,0,n+1]]	
  means	
  maximally	
  entangled	
  along	
  
any	
  balanced	
  bipar22on!	
  

•  Always	
  propor2onal	
  to	
  a	
  k	
  par2cle	
  unitary!	
  

UT,⇧



Not	
  that	
  special	
  

•  Canonical	
  typicality:	
  
	
   	
  Average	
  entanglement	
  for	
  high	
  dimensional	
  
states	
  is	
  close	
  to	
  maximal.	
  
	
  
Most	
  states	
  represent	
  tensors	
  which	
  are	
  
approximately	
  like	
  a	
  unitary.	
  
	
  
Stabilizer	
  states	
  provide	
  exact	
  realiza2on	
  in	
  low	
  
dimension.	
  
	
  
	
  



The	
  mixer	
  

T

[[5, 1, 3]]



Holographic	
  QECC	
  



Holographic	
  QECC	
  



Holographic	
  QECC	
  
(Pauli	
  pushing)	
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We	
  can	
  always	
  do	
  this!	
  

P U U†PUU⌘

Stabilizer	
  states	
  push	
  like	
  Cliffords!	
  

Hyperbolic	
  lakce	
  
=>	
  

More	
  out	
  than	
  in.	
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  recovery	
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Greedy	
  geodesic	
  algorithm	
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Code	
  property	
  checklist	
  

•  Does	
  the	
  central	
  qubit	
  have	
  a	
  threshold?	
  
•  Code	
  distance	
  =	
  (	
  3	
  for	
  suburban	
  logicals)	
  



Weight	
  4	
  logical	
  ops.	
  
affec2ng	
  downtown	
  logicals	
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Digression	
  to	
  	
  
Kaleido2le	
  

(on	
  drawing	
  more	
  than	
  6	
  polygons	
  on	
  a	
  hyperbolic	
  lakce)	
  



Make	
  the	
  code	
  less	
  dense	
  

Pentagons	
  and	
  hexagons	
  (4	
  polygons	
  per	
  vertex)	
  	
  



Code	
  property	
  checklist	
  
•  Erasure	
  threshold	
  with	
  a	
  n.n.	
  correlated	
  noise.	
  
•  Numerical	
  erasure	
  threshold	
  for	
  greedy	
  recovery.	
  



Arbitrarily	
  high	
  erasure	
  threshold?	
  



Almost	
  op2mal	
  threshold	
  
•  Numerical	
  greedy	
  recovery	
  threshold	
  ~0.52.	
  
•  Actual	
  threshold	
  of	
  0.5?	
  



The	
  concatenated	
  code	
  limit	
  
Vertex	
  coordina2on	
  
number	
  >	
  Radius	
  

T
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How	
  general	
  can	
  we	
  be?	
  

•  [[	
  6,	
  0,	
  4	
  ]]2	
  	
  	
  -­‐>	
  	
  	
  	
  [[	
  2k,	
  0,	
  k+1]]χ	
  
	
  	
  	
  	
  	
  	
  Exists	
  for	
  any	
  k	
  if	
  χ	
  >	
  O(k1/2)	
  	
  

•  Arbitrary	
  lakce.	
  
•  Any	
  nega2ve	
  curvature?	
  
•  Limit	
  the	
  number	
  density	
  of	
  bulk	
  legs.	
  



What	
  is	
  the	
  right	
  vacuum?	
  



Holographic	
  state	
  

What	
  is	
  the	
  normaliza2on?	
  

No	
  bulk/logical	
  legs.	
  

Does	
  it	
  sa2sfy	
  	
  
Ryu-­‐Takayanagi?	
  
	
  

Ryu-­‐Takayanagi	
  -­‐>	
  Entanglement	
  entropy	
  =	
  length	
  of	
  bulk	
  geodesics.	
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Circuit	
  interpreta2on	
  
Flux:	
  #Incoming	
  =	
  #Outgoing	
  

DAG:	
  Directed	
  acyclic	
  graph	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  No	
  2me-­‐like	
  curves	
  

No	
  local	
  (bulk)	
  maxima	
  for	
  distance	
  

Non-­‐posi2ve	
  curvature	
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Holographic	
  state	
  
Is	
  it	
  normalized	
  state?	
  

No	
  bulk/logical	
  legs.	
  

Does	
  it	
  sa2sfy	
  	
  
Ryu-­‐Takayanagi?	
  

T = U

T = U = ULUR

UL

UR

Geodesic	
  

Exactly!	
  



Geodesics	
  and	
  the	
  greedy	
  algorithm	
  

Greedy	
  geodesics	
  region	
  RA	
  for	
  A	
  contains	
  all	
  simple	
  geodesics.	
  

Proof:	
  For	
  holographic	
  states,	
  just	
  follow	
  the	
  arrows.	
  



Greedy	
  geodesics	
  recede	
  with	
  cuts	
  

Proof:	
  

Greedy	
  geodesics	
  recede	
  with	
  cuts.	
  

RA \RĀ \RL = ;



Is	
  the	
  encoder	
  normalized?	
  

Holographic	
  code:	
  has	
  bulk/logical	
  legs.	
  

T = U

Boundary	
  	
  

Bulk	
  

If	
  we	
  can	
  build	
  a	
  DAG-­‐Flux	
  
with	
  all	
  bulk	
  as	
  input.	
  

|Boundary|=2k+l	
   |Bulk|=l	
  

Boundary	
  	
  
l	
  

k+l	
  
k	
  

U

S = hXj ⌦ U †X†
jU,Zj ⌦ U†Z†

jUi

Give	
  me	
  the	
  stabilizers!	
  

Iff	
  greedy	
  algorithm	
  succeeds.	
  	
  



When	
  does	
  the	
  greedy	
  algorithm	
  fail?	
  



Finding	
  mul2region	
  minimal	
  geodesic	
  

Op2mal	
  algorithm	
  
≈	
  	
  

Entanglement	
  wedge	
  

Greedy	
  algorithm	
  	
  
≈	
  	
  

Causal	
  wedge	
  





Black	
  holes	
  and	
  Bekenstein-­‐Hawking	
  	
  
Consider	
  the	
  perimeter	
  of	
  an	
  encoded	
  region	
   |R \RL|  @R



Ryu-­‐Takayanagi	
  Correc2ons	
  
Minimal	
  curve	
  length	
  =	
  8	
   Entanglement	
  entropy	
  =	
  6	
  



Thoughts	
  on	
  discrete	
  curvature	
  



Local	
  curvature	
  in	
  discrete	
  lakces	
  

Z
c dV = �1 + �2 + �3 � ⇡

Z
c dV =

NX

j=1

�j � (N � 2)⇡

For	
  general	
  polygons.	
  

For	
  triangles	
  



No	
  interior	
  maxima	
  from	
  
No	
  contrac2ble	
  bubble	
  

•  Conjecture	
  1:	
  If	
  there	
  is	
  no	
  convex	
  region	
  in	
  
the	
  manifold	
  with	
  curvature	
  greater	
  than	
  Pi,	
  
there	
  will	
  be	
  no	
  interior	
  maxima	
  to	
  the	
  
distance	
  func2on.	
  



No	
  contrac2ble	
  bubble	
  

•  Conjecture	
  2:	
  If	
  there	
  there	
  is	
  a	
  convex	
  region	
  
in	
  the	
  manifold	
  with	
  discrete	
  curvature	
  >=	
  Pi	
  
we	
  may	
  apply	
  exact	
  TNR.	
  



Length	
  scales	
  

l
Planck

⌧ l
Coarse grain

⌧ R
AdS



Conclusions	
  

•  Illustrated	
  power	
  of	
  perfect	
  tensors	
  
–  	
  For	
  construc2ng	
  QECC	
  
–  	
  For	
  providing	
  exact	
  connec2on	
  of	
  entanglement	
  and	
  
geometry	
  

•  Constructed	
  a	
  family	
  of	
  holographic	
  QECC	
  
– With	
  holographic	
  proper2es	
  
–  Showed	
  the	
  possibility	
  of	
  a	
  threshold	
  

•  Constructed	
  holographic	
  “vacuum”	
  states	
  
–  Proved	
  exact	
  Ryu-­‐Takayanagi	
  entanglement	
  entropy	
  



Open	
  problems	
  

•  Analyze	
  and	
  op2mize	
  code	
  parameters.	
  
•  Error	
  decoding	
  algorithms!!	
  
•  Non-­‐posi2ve	
  curvature	
  from	
  TNR	
  
•  Iden2fying	
  bulk/boundary	
  dynamics	
  
•  Emergence	
  of	
  frame	
  independence	
  from	
  perfect	
  tensors.	
  
•  Con2nuum	
  limit	
  in	
  bond	
  dimension	
  CSS	
  
•  Lakce	
  con2nuum	
  limit	
  
•  Bounding	
  of	
  RT	
  correc2ons	
  
•  RT	
  proof	
  generaliza2on	
  to	
  higher	
  D.	
  

•  GUT	
  =	
  Grand	
  unifying	
  tensor	
  	
  	
  J	
  



Regular	
  flat	
  lakces	
  



Flat	
  angles	
  
Trivalent	
  

Fourvalent	
  

Five	
  valent	
  



Small	
  curvature	
  hyperbolic	
  tessella2ons	
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face the same number of sides, the regular lattices
with the least amount of curvature per face/vertex
are given in the following table

f v cf cv
3 7 ⇡/7 ⇡/3
4 5 2⇡/5 ⇡/2
4 6 2⇡/3 ⇡
5 4 ⇡/2 2⇡/5
6 4 ⇡ 2⇡/3
7 3 ⇡/3 ⇡/7

For the moment we do not have a strong argument
to impose such regularity. In fact, we should be able
of finding quantum error correcting codes associated
to any lattice using a constant number of di↵erent p-
gons. It is possible to construct [[2n, 0, n+ 1]]d codes
and their respective tensor for arbitrarily large n. We
may take n to be a multiple of the number of sides
for every face. Namely [[2nm, 0, nm + 1]]d may be
used as [[2n, 0, n + 1]]dm furthermore, [[2n, 0, n + 1]]d
may be used to construct [[2n, 0, n + 1]]dm by simply
stacking m decoupled tensors. These constructions
may be used to provide perfect tensor for each face
on the tiling and guarantee uniform matching bond
dimension along every edge.

If we allow arbitrary polygons and vertex regularity,
the minimal curvature per vertex is given by having
a triangle, a heptagon and a 43-gon adjacent at each
vertex (vertex coordination number 3). This yields
a curvature of ⇡/903 per vertex. However, this con-
struction can not be extended due to trivalence and
odd parity of the polygons. If one imposes vertex
regularity and polygons with even number of sides,
a requirement for perfect tensors, one finds that the
minimum curvature of ⇡/42 per vertex is given by hav-

ing a square a hexagon and a 14-gon adjacent at each
vertex.

Considering these, facts, if we aspire to present a
small average curvature, one needs to relinquish reg-
ularity. One systematic way to do this is via the
leapfrog construction, where a flattening step for the
lattice consists of introducing a polygon at every ver-
tex with twice the number of sides as the coordina-
tion number of the vertex. This is in analogy to
the leapfrog Fullerene construction. Furthermore, one
may allow non-regular lattices with small amounts of
local positive curvature as long as this curvature does
not accumulate and the no local maxima condition is
satisfied. An interesting question which has proba-
bly been addressed by the mathematical literature is
to identify the construction of such lattices in higher
dimensions.

Acknowledgements.– FP acknowledges funding pro-
vided by the Institute for Quantum Information and
Matter, a NSF Physics Frontiers Center with sup-
port of the Gordon and Betty Moore Foundation
(Grants No. PHY-0803371 and PHY-1125565). FP
and BY would like to acknowledge useful comments
and discussions with Ning Bao, Nima Lashkari, Grant
Stanton, Isac Kim, Oliver Buerschaper and Kristan
Temme.

[1] The dual graph is obtained by assigning one vertex per
face and looking at the lattice as a tiling and inserting
one vertex per face.

[2] Here we assume RAdS = 1.
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[2] Here we assume RAdS = 1.
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face the same number of sides, the regular lattices
with the least amount of curvature per face/vertex
are given in the following table

f v cf cv
3 7 ⇡/7 ⇡/3
4 5 2⇡/5 ⇡/2
4 6 2⇡/3 ⇡
5 4 ⇡/2 2⇡/5
6 4 ⇡ 2⇡/3
7 3 ⇡/3 ⇡/7

For the moment we do not have a strong argument
to impose such regularity. In fact, we should be able
of finding quantum error correcting codes associated
to any lattice using a constant number of di↵erent p-
gons. It is possible to construct [[2n, 0, n+ 1]]d codes
and their respective tensor for arbitrarily large n. We
may take n to be a multiple of the number of sides
for every face. Namely [[2nm, 0, nm + 1]]d may be
used as [[2n, 0, n + 1]]dm furthermore, [[2n, 0, n + 1]]d
may be used to construct [[2n, 0, n + 1]]dm by simply
stacking m decoupled tensors. These constructions
may be used to provide perfect tensor for each face
on the tiling and guarantee uniform matching bond
dimension along every edge.

If we allow arbitrary polygons and vertex regularity,
the minimal curvature per vertex is given by having
a triangle, a heptagon and a 43-gon adjacent at each
vertex (vertex coordination number 3). This yields
a curvature of ⇡/903 per vertex. However, this con-
struction can not be extended due to trivalence and
odd parity of the polygons. If one imposes vertex
regularity and polygons with even number of sides,
a requirement for perfect tensors, one finds that the
minimum curvature of ⇡/42 per vertex is given by hav-

ing a square a hexagon and a 14-gon adjacent at each
vertex.

Considering these, facts, if we aspire to present a
small average curvature, one needs to relinquish reg-
ularity. One systematic way to do this is via the
leapfrog construction, where a flattening step for the
lattice consists of introducing a polygon at every ver-
tex with twice the number of sides as the coordina-
tion number of the vertex. This is in analogy to
the leapfrog Fullerene construction. Furthermore, one
may allow non-regular lattices with small amounts of
local positive curvature as long as this curvature does
not accumulate and the no local maxima condition is
satisfied. An interesting question which has proba-
bly been addressed by the mathematical literature is
to identify the construction of such lattices in higher
dimensions.
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[1] The dual graph is obtained by assigning one vertex per
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cv = ⇡/42, n1 = 4, n2 = 6, n3 = 14

Smallest	
  per	
  vertex	
  curvature	
  (non-­‐extensible)	
  

cv = ⇡/903, n1 = 3, n2 = 3, n3 = 7, n4 = 43
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  is	
  reference	
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  independent	
  
•  Evolu2on	
  should	
  be	
  unitary	
  along	
  different	
  
2melike	
  direc2ons.	
  	
  

•  Perfect	
  tensors	
  may	
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  right	
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  to	
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  evolu2on	
  in	
  space2me.	
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