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Topological order

Quantum code

ΠOΠ = 𝑐 𝑂 Π

𝑂-local operator

Π-ground space projector

ΠEb
†EaΠ = 𝑐𝑎𝑏Π

Ea-error operator
Π-code space projector
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Symmetry 
Enriched 

Topological 
order

Transversal
Gates on 
Quantum 

Codes

Eastin Knill etc.
⇒ Restrictions?

All gates based 
on anyon

symmetries can 
be made 

transversal



A Motivating Example
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Anyons / Superselection sectors

(Modular Tensor Categories)

arXiv:cond-mat/0506438 Kitaev
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 

≠

𝜌 := 𝜌′ 𝜌′ = 𝑈𝜌𝑈−1, ∃𝑈}



𝑎 × 𝑏 = 𝑐 + 𝑑 +⋯
= ∑ 𝑁𝑎𝑏

𝑐 𝑐

𝑎 𝑏

𝑐

𝑎 𝑏
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𝑐
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𝑎 𝑏
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Pentagon

Hexagons



𝒞 = 1, 𝑒,𝑚, 𝑒𝑚

𝑒 × 𝑚 = 𝑒𝑚

𝑒 × 𝑒 = 𝑚 ×𝑚 = 1

Toric code anyons: D(ℤ2)

𝑅𝑒𝑚
𝑒,𝑚 = −1
= 𝑅𝑚
𝑒,𝑒𝑚

= 𝑅𝑒
𝑒𝑚,𝑚

𝐹 symbols trivial



𝑒 ↔ 𝑚
𝑒𝑚 → 𝑒𝑚

𝑈:



𝑈𝐻𝑇𝐶𝑈
† = 𝐻𝑇𝐶,

𝑈Torus = H⊗H 𝑆𝑊𝐴𝑃

𝑋
𝑋
𝑋
𝑋

𝑍
𝑍
𝑍
𝑍 →

𝑋
𝑋
𝑋
𝑋 →𝑈:

𝑒 ↔ 𝑚
𝑒𝑚 → 𝑒𝑚

𝑈:



ℎ| → 𝜋𝑔ℎ|𝜋𝑔
†Symmetry Domain walls



×

ℎ| → 𝜋𝑔ℎ|𝜋𝑔
†Symmetry Defects

arXiv:cond-mat/0506438 Kitaev
arXiv:1004.1838 Bombin
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arXiv:1303.4455 Brown, Bartlett, Doherty, Barrett



Defects in a topological phase

(Unitary G-Crossed Braided 

Fusion Categories )

arXiv:1410.4540 Barkeshli, Bonderson, Cheng, Wang



𝑎𝑔 × 𝑏ℎ = 𝑐𝑔ℎ + 𝑑𝑔ℎ +⋯

= ∑𝑁𝑎𝑏
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𝑎𝑔 𝑏ℎ

𝑐𝑔ℎ

= 𝜂𝑥(𝑔, ℎ)

𝑎𝑔 𝑏ℎ

𝑐𝑔ℎ𝑥𝑘 𝑥𝑘

𝑎𝑔 𝑏ℎ

= 𝑈𝑘(𝑎, 𝑏; 𝑐)
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Pentagon

Heptagons



𝜎± × 𝜎± = 1 + 𝑒𝑚

𝜎± × 𝜎∓ = 𝑒 +𝑚

𝜎± × 𝑒𝑚 = 𝜎±

𝜎± × 𝑒 = 𝜎∓ = 𝜎± ×𝑚

𝒞ℤ2 = 1, 𝑒,𝑚, 𝑒𝑚 ⊕ {𝜎+, 𝜎−}

Toric code with twists D(ℤ2)ℤ2



𝒞 = 1, 𝜓, 𝜎 ⊗ {1,  𝜓,  𝜎}

𝜓 × 𝜓 = 1

𝜎 × 𝜎 = 1 + 𝜓

𝜎 × 𝜓 = 𝜎

Double Ising



𝜎 × 𝜎 = 1 + 𝜓

𝜎 × 𝜓 = 𝜎

𝜎± × 𝜎± = 1 + 𝑒𝑚

𝜎± × 𝑒𝑚 = 𝜎±

Double Ising

Toric code
twists

?



Toric
code

T.C. 
with
twists

Double
Ising

Gauge ℤ2

Condense ℤ2

ℤ2 Defectification

Confine 
ℤ2 twists



𝒞 𝒞𝐺
× 𝒞/𝐺

Gauge 𝐺

Condense
Rep(𝐺)

Defectification

Confine 
Defects



Back to the lattice



String-net models

= 𝑠𝑠

𝐻 = −∑ −∑ 𝛿𝑎𝑏𝑐
𝑐
𝑏𝑎𝑠𝑑𝑠

𝑝, 𝑠 𝑣

𝑠 ∈ 𝒞 e.g. 𝒞 = ℤ2

= 1, 𝜓, 𝜎

arXiv:cond-mat/0404617 Levin Wen



String-net

Construction
Unitary 
Fusion 

Category

Input:

𝒞 𝐻 = −∑𝐴𝑣 − ∑𝐵𝑝

Output:

Commuting 
Projector 

Hamiltonian
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Construction
Unitary 
Fusion 

Category

Input:

𝒞

𝑍(𝒞)
Modular 
Tensor 

Category
Emergent Anyons:

𝐻 = −∑𝐴𝑣 − ∑𝐵𝑝

Output:

Commuting 
Projector 

Hamiltonian



𝐺-graded SET String-net models

−∑ −∑ 𝛿𝑎𝑏𝑐
𝑐
𝑏𝑎

𝑑𝑠𝑔
𝑝, 𝑠𝑔 𝑣

= 𝑠𝑔𝑠𝑔

= ℎℎ ℎ ∈ 𝐺

𝐿𝑔ℎ −∑ 𝛿ℎ𝑘
𝑔

𝑐𝑔
𝑣

ℎ 𝑘−𝟏

𝑠 ∈ 𝒞𝐺

arXiv:1606.08482, arXiv:1606.07816

e.g. 𝒞ℤ2 = 1,𝜓 ⊕ {𝜎}

𝑠𝑔



𝒞G 𝑍 𝒞0 𝐺𝐻𝒞0
𝐺 = −∑𝐴𝑣 − ∑𝐵𝑝 − ∑𝐶𝑒

Input: Emergent theory:Hamiltonian:

𝐺-graded
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Defect
supersel.
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Tensor Networks



A𝛼 𝛽

𝑖

= 𝐴𝑖
𝛼𝛽
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A𝛼 𝛾
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𝑀𝑃𝑆𝑁(𝐴) =  

𝑖1…𝑖𝑁

𝑇𝑟 𝐴𝑖1 …𝐴𝑖𝑁 |𝑖1… 𝑖𝑁⟩

=



𝛼
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𝛿

𝑖
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𝑃𝐸𝑃𝑆(𝐴) =



E.g. Toric code



E.g. Toric code



= ∑ 𝑖 𝑗

𝑘 𝑙
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𝑇𝑟 𝐴𝑖1𝑗1 …𝐴𝑖𝑁𝑗𝑁

=

|𝑖1… 𝑖𝑁⟩⟨𝑗1… 𝑗𝑁|
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E.g. String-net
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1, 𝜓, 𝜎

Double Ising

Form a matrix product operator algebra



With a global symmetry
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𝐺-Graded String-net
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1, 𝜓} ⊕ {𝜎

Toric code w/ twists

𝒇𝒈

Form a ℤ2-graded matrix product operator algebra



𝑎𝑔
𝐺-graded fusion category 𝒞𝐺

Objects 

𝑎𝑔⊗𝑏ℎX

morphisms

𝐺-graded 
tensor product 𝑎𝑔

𝑏ℎ



What about anyons and 
defects?
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≔ ∑ 𝐶

=
𝑋𝜇

𝑋𝜈

𝑑1
𝑎𝑔

𝑑1

𝑐𝑔

𝑏𝑔

𝐴𝑎𝑏𝑐𝑑
𝜇𝜈

𝒈
𝟏

𝒈

𝟏

𝒈
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=

†

=

*

Algebra

𝒈 𝒈

𝒈 𝒈



=

= Central

Idempotent

𝒈 𝒈

𝒈 𝒈



: 𝒞𝐺

: 𝑍 𝒞0 𝐺

𝑎𝑔

𝒈



Examples



Toric Code
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= 𝑍

00

11



𝑋

𝑋
𝑑

𝑎𝑑

𝑐

𝑏

𝐴𝑎𝑏𝑐𝑑

Double Ising



Condensing ℤ2

𝑋

𝑋
𝑑

𝑎𝑑

𝑐

𝑏

𝐴𝑎𝑏𝑐𝑑



1

Splits

~

~

𝑒,𝑚

𝑒𝑚

𝜎+

𝜎−

~

~

Condensing ℤ2

⇒
→



𝑈𝑔:

𝒈

𝒉

𝒉
−𝟏

𝐴1111

𝐴𝜓𝜓𝜓1

𝐴1𝜓1𝜓

𝐴𝜓1𝜓𝜓

𝐴1111 + 𝐴𝜓𝜓𝜓1 + 𝐴1𝜓1𝜓 + 𝐴𝜓1𝜓𝜓

𝐴1111 + 𝐴𝜓𝜓𝜓1 − 𝐴1𝜓1𝜓 − 𝐴𝜓1𝜓𝜓

𝐴1111 − 𝐴𝜓𝜓𝜓1 + 𝐴1𝜓1𝜓 − 𝐴𝜓1𝜓𝜓

𝐴1111 − 𝐴𝜓𝜓𝜓1 − 𝐴1𝜓1𝜓 + 𝐴𝜓1𝜓𝜓



𝑈:

𝐴1111

𝐴𝜓𝜓𝜓1

𝐴1𝜓1𝜓

𝐴𝜓1𝜓𝜓

𝐴1111 + 𝐴𝜓𝜓𝜓1 + 𝐴1𝜓1𝜓 + 𝐴𝜓1𝜓𝜓

𝐴1111 + 𝐴𝜓𝜓𝜓1 − 𝐴1𝜓1𝜓 − 𝐴𝜓1𝜓𝜓

𝐴1111 − 𝐴𝜓𝜓𝜓1 + 𝐴1𝜓1𝜓 − 𝐴𝜓1𝜓𝜓

𝐴1111 − 𝐴𝜓𝜓𝜓1 − 𝐴1𝜓1𝜓 + 𝐴𝜓1𝜓𝜓

𝐴1111 − 𝐴1𝜓1𝜓 𝐴𝜓𝜓𝜓1 + 𝐴𝜓1𝜓𝜓

𝑒 𝑚



• Tensor networks describing SET states have 
matrix product operator symmetries

• By studying these MPOs we extract a graded 
fusion algebra

• From this we can construct a dube algebra to 
extract (all) information about the SET order 
in the system



Questions?



Questions?





Normal form

𝑀𝑃𝑆𝑁(𝐴) = 

𝑘

𝑀𝑃𝑆𝑁(𝐴𝑘)

𝐴𝑖 ∼
𝐴0
𝑖

𝐴1
𝑖

𝑀01
𝑖

0
s.t. 𝐴𝑘

𝑖
𝑖

generates 

an irred. algebra



𝑀𝑃𝑆𝑁(𝐴) = 𝑀𝑃𝑆𝑁(𝐵) ∀𝑁

⇒ ∃ 𝑋 s.t.

A BX
-1

X =

Fundamental Thm. of MPS



Normal form: 𝑀𝑔 = ⨁ 𝑎𝑔
𝑎

= ∑
𝒂𝒈

𝒈
𝒂𝒈



𝑀𝑔(𝐿)𝑀ℎ(𝐿) = 𝑀𝑔ℎ L

𝑀𝑎𝑔Mbh = ∑ 𝑁𝑎𝑏
𝑐 𝑀𝑐𝑔ℎ

𝑐

𝑎𝑔

𝑏ℎ

= 𝑐𝑔ℎ𝑋𝜇
−𝟏

𝑋𝜇



=𝑋𝜇 𝑋𝜇

The Zipper condition

𝑎𝑔

𝑏ℎ

𝑐𝑔ℎ



𝛼
𝛽
𝛾

𝛿

𝑖

Zipper ⇒

=

=

𝟏

𝟏
𝒈

𝒈

𝟏𝒈



𝑋𝜇
𝑋𝜈 𝑋𝜆

𝑋𝜎
= 𝐹𝑑;𝑒𝑓
𝑎𝑏𝑐

𝑎

𝑏

𝑐

𝑎

𝑏

𝑐

𝑑

𝑒 𝑑

𝑓




