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Condensed

matter

Topological quantum order

® Topological quantum memories
® Topological quantum computation

e Tensor network phase classification
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How can topological matter be synthesized?

(topological ordered spin Hamiltonians in 2D)

Network of tunnel coupled Majorana Cooper boxes

_|_

Tensor networks and Hamiltonian gadgets
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Outline

1) Effective spin Hamiltonians from Majorana Cooper box networks
2) Levin-Wen string net models

3) Hamiltonian gadgets

4) Tensor network ground states and perturbative parent Hamiltonians

5) Synthesis and Results
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Majorana Cooper Box

Parity constraint Effective qubit
11727374 = 1 7172

V273 =
(@ o) my =

| sc
7 (@TSC @) e
—J

Béri & Cooper, PRL (2012)
Altland & Egger, PRL (2013)
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Tunnel coupled MCBs

Tunneling T1 = Aypyrel(Pa—%e)

Charge transfer ePA [Ny) = [Ny + 1)

4\\—
T2

A. Zazunov, A. Levy Yeyati, R. Egger Phys. Rev. B 84 165440 (2011)
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Low-energy effective theory

Hy: charge Hamiltonians,  H;: tunneling,

H = Ho + H;,

S. Bravyi, D. P. DiVincenzo, and D. Loss, Ann. Phys. 326, 2793 (2011)
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Low-energy effective theory

Py: charge free subspace

o0 1 k-1
Her =Y HY . HY =Py (Ht_ HO) HePy
k=1

S. Bravyi, D. P. DiVincenzo, and D. Loss, Ann. Phys. 326, 2793 (2011)
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Low-energy effective theory

Py: charge free subspace

Hep = > H®, HK = Py <Ht
k=1

k—1
H: P
) s

Example k =2 O12,+ = Py TJ%ECTPDO
" Ty ?\ Y2

<
7

S. Bravyi, D. P. DiVincenzo, and D. Loss, Ann. Phys. 326, 2793 (2011)

Engineering topological tensor network states — PRB 99, 115117 Carolin Wille, Cologne University



MCB networks
00®000000000

Low-energy effective theory

Py: charge free subspace

Hep = > H®, HK = Py <Ht
k=1

k—1
H: P
) s

Example k =2 O12,+ = Py TJ%ECTPDO
" Ty ?\ Y2

<
7

S. Bravyi, D. P. DiVincenzo, and D. Loss, Ann. Phys. 326, 2793 (2011)

Engineering topological tensor network states — PRB 99, 115117 Carolin Wille, Cologne University



MCB networks
00®000000000

Low-energy effective theory

Py: charge free subspace

Hep = > H®, HK = Py <Ht
k=1

k—1
H: P
) s

Example k =2 O12,+ = Py TJ%ECTPDO
" Ty ?\ Y2

<
7

S, ©

S. Bravyi, D. P. DiVincenzo, and D. Loss, Ann. Phys. 326, 2793 (2011)
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Low-energy effective theory

Py: charge free subspace
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Low-energy effective theory

Py: charge free subspace

Hep = > H®, HK = Py <Ht
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Low-energy effective theory

Py: charge free subspace

Hep = > H®, HK = Py <Ht
k=1

k—1
H: P
) s

AL
Example k =2 O124+ = — 32712117374
" Ty 21\ V2

<
7

S. Bravyi, D. P. DiVincenzo, and D. Loss, Ann. Phys. 326, 2793 (2011)
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Low-energy effective theory

Py: charge free subspace

Hep = > H®, HK = Py <Ht
k=1

k—1
H: P
) s

A A

AL
Example k =2 O1p4 = %ZAZB

n M V2

~

S. Bravyi, D. P. DiVincenzo, and D. Loss, Ann. Phys. 326, 2793 (2011)
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Low energy effective theory

Only closed loops contribute to the effective theory.

A= > Q) > s d)
I: closed loops d: loop directions s: sequences
* Q: Pauli word
® a(s,d)eC

I
® 3(s,d) x Eic‘ |

Short loops dominate the theory.

S. Bravyi, D. P. DiVincenzo, and D. Loss, Ann. Phys. 326, 2793 (2011)
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Designing Hamiltonians from MCB networks

Designing Hiarget = XX + 22

Hef[-' =azz
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Designing Hamiltonians from MCB networks

Designing Hiarget = XX + 22

Hefr = bXX
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Designing Hamiltonians from MCB networks

Designing Hiarget = XX + 22

Heﬂ-' = akXX + bzz + C}/}}/}
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Designing Hamiltonians from MCB networks
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Designing Hamiltonians from MCB networks

©Product operators with minimal overlap.

OEverything else.
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Majorana toric code

Hre=) SQXQ@%08%+) 2020202

\4

Terhal et al. PRL (2012), Plugge et al. PRB (2016)
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Beyond the toric code?

Engineering topological tensor network states — PRB 99, 11 Carolin Wille, Cologne University 12/



MCB networks
0000000e0000

Levin-Wen string-nets

Non-chiral topological order
Commuting projectors
12-local interactions

non-product operators

M. Levin and X. G. Wen, Phys. Rev. B 71, 045110 (2005)
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Levin-Wen string-nets

1) Increase toolbox

(cancellation mechanisms)
2) Hamiltonian gadgets

3) Tensor networks

Engineering topological tensor network states — PRB 99, 115117

Carolin Wille, Cologne University
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1) Toolbox
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Cancellation mechanisms

Overlapping links and symmetries

® Anticommuting hopping terms
® symmetry
® a(m[s],d) = —a(s, d)

Phase cancellation

® 3(d,s)+a(d,s)=0
* 3= ale?
® Loop phase ¢ = +7/2

Engineering topological tensor network states — PRB 99, 115117

Z a(d,s)=0

S: sequence

s [
Z"Q_ ®

Z a(d,s)=0

d: directions

[ o[ ]

Carolin Wille, Cologne University 15 /35
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Building blocks

Product operators
Or o< G1G2---§

i = 0i%i + Bifi + iZi

Matrix product operators D = 2

O, x Tr (2\(1) A ... A(n))
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Building blocks

Bell pair 'projection’

(W) =10,0) +1,1)

Repetition code qubit

Logical qubit
0) =10,...,0),|1) =1,...,1)

Logical operators X, Y, Z
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Hamiltonian gadgets
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Hamiltonian gadgets — locality reduction

H = Hp + €V low locality — Heg high locality

2-local Hamiltonian problem as hard as 3-local Hamiltonian
J. Kempe, A. Kitaev, and O. Regev , SIAM J. Comp. 35, 1070 (2006)

H = Hy + €V: 2-local — Heg: k-local

S. P. Jordan and E. Farhi, Phys. Rev. A 77, 062329 (2008)

Quantum doubles from 2-local Hamiltonians
C. G. Brell, S. T. Flammia, S. D. Bartlett, and A. C. Doherty, New. J. Phys 13, 053039 (2011)

Perturbative parent Hamiltonians
C. G. Brell, S. D. Bartlett, and A. C. Doherty, New J. Phys. 16, 123056 (2014)
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Hamiltonian gadgets
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Jordan-Farhi gadgets

Htarget:Ehi hi:UI®U2®U3
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Jordan-Farhi gadgets

Htarget:Ehi hi:UI®U2®U3
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Hamiltonian gadgets
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Jordan-Farhi gadgets

Htarget:Ehi hi:UI®U2®U3

1 Add auxiliary qubits
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Hamiltonian gadgets
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Jordan-Farhi gadgets

Htarget:Ehi hi:UI®U2®U3

1 Add auxiliary qubits

. 2 'polarize’ aux. qubits

@ 9
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Hamiltonian gadgets
ocoe

Jordan-Farhi gadgets

Htarget:Ehi hi=01®02® 03
1 Add auxiliary qubits
2 'polarize’ aux. qubits

3 Add target-aux interaction
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Jordan-Farhi gadgets
Htarget:Ehi hi:UI®U2®U3

O 1 Add auxiliary qubits

. 2 'polarize’ aux. qubits

' ‘ ' 3 Add target-aux interaction
O O

H:E Zij+1+€§ 0jX;
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Jordan-Farhi gadgets
Htarget:Ehi hi:UI®U2®U3

O 1 Add auxiliary qubits

. 2 'polarize’ aux. qubits

' ‘ ' 3 Add target-aux interaction
O O

H= E 2j2j+1 + GZO'J')?J' Her >~ PoxXXPy ® o10203
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Hamiltonian gadgets
ocoe

Jordan-Farhi gadgets
Htarget:Ehi hi:UI®U2®U3

O 1 Add auxiliary qubits

. 2 'polarize’ aux. qubits

' ‘ ' 3 Add target-aux interaction
O O

4 init aux |+)=1(0...0) +1...1)

H= E 2j2j+1 + GZO'J')?J' Her >~ PoxXXPy ® o10203
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Engineering topological tensor network state:
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Penrose notation

L) =

scalar vector

A

matrix multiplication Zﬁ AupBsy, = Coy
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Tensor network states
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Tensor network states
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Matrix Product States — 1D

i1,02,i4,i4,i5
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Matrix Product States — 1D

W)= > Tr[AWAR AR i i, i, s )

i1,02,l4,i4,i5
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Tensor network states
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PEPS — 2D

D ttr [AY AN [i, i)

iLyeein
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Tensor network ground state of string-net models
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Tensor network ground state of string-net models

O
o=
O

Z.-C. Gu, M. Levin, B. Swingle, and X.-G. Wen, Phys. Rev. B 79, 085118 (2009)
O. Buerschaper, M. Aguado, and G. Vidal, Phys. Rev. B 79, 085119 (2009)
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Perturbative parent Hamiltonian

Virtual encoding [V') = AT ® ... @ AT |V) = U |V)

(a) (b)

C. G. Brell, S. D. Bartlett, A. C. Doherty, New J. Phys. 16, 123056 (2014)
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Perturbative parent Hamiltonian

C. G. Brell, S. D. Bartlett, A. C. Doherty, New J. Phys. 16, 123056 (2014)
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Perturbative parent Hamiltonian

Po=TIATA  H® = PyPg & PeaiPo = AAL = UASALU!
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Perturbative parent Hamiltonian

l:/ = Z(l — ATA) -+ 82 _pBell

‘-
e 0" order: [Lir=1 AR AL 9

w¥s
l“
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Perturbative parent Hamiltonian

l:/ = Z(l — ATA) -+ 82 _pBell

+%n

e 0™ order: [Tjr=1 A’RA’}L2

* 2" order: [Ir=2 A’RA’}L2
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Perturbative parent Hamiltonian

l:/ = Z(l — ATA) -+ 82 _pBell

e 0™ order: [Tjr=1 A’RA’}L2

* 2" order: [Ir=2 A’RA’}L2
* 6" order: [z =6 AL AR
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Perturbative parent Hamiltonian

l:/ = Z(l — ATA) -+ 82 _pBell

‘-
e 0" order: [Lir=1 AR AL 9

* 2" order: [Ir=2 A’RA’}L2 e

n e
* 6" order: [z =6 AL AR

Heffﬁ HI ~ H
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MPO-isometric PEPS

Topologically ordered PEPS

e controlled growth of entanglement

o Al Ag = Pyg

® Piar): translation invariant Hermitian MPO projector

N. Bultinck, M. Marien, D. Williamson, M. B. Sahinoglu, J. Haegeman, and F. Verstraete
Ann. Phys. 378, 183 (2017)
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MPO-isometry of string-net ground states
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MPO-isometric PEPS

* 1 — ATA: MPO projector

® Bond dimension D ~ complexity
» D =1 Toric code — Abelian
» D = 2 Double semion — Abelian

» D =5 Double Fibonacci — non Abelian, universal

N. Bultinck, M. Marien, D. J. Williamson, M. B. Sahinoglu, J. Haegeman, F. Verstraete Ann.
Phys. 378 (2017)
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Double Semion Blueprint
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Synthesis
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Outlook — more general Hamiltonians?

MPOs with D > 2: combining gadget ideas

- Physical qubit

Bell pair projections

Careful wire routing
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e Majorana Cooper box networks
> Low energy theory
» Cancellation mechanisms

» Building block Hamiltonians

¢ Topological tensor networks

> String-net ground states

> Perturbative parent Hamiltonians

e Blueprint for the double semion model
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String deformation rules (RG)

M. Levin and X. G. Wen, Phys. Rev. B 71, 045110 (2005)

Engineering topological tensor network states — PRB 99, 115117 Carolin Wille, Cologne University 34 /35



Synthesis
0000

String deformation rules (RG)

M. Levin and X. G. Wen, Phys. Rev. B 71, 045110 (2005)
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Self-consistency condition
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Self-consistency condition
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Self-consistency condition

il .. i
»(570) - xrie (ML)

YN Y
Vv

Pentagon equation N FMla pib pisn — pip e

kp*n’ mns* " lkr* q*kr* " mls*
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